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Preface 


| 
| 
| 
| 
| 
| 


This two-volume book was written for students of technical colleges 
who have had the usual mathematical training. It contains just enough in- 
formation to continue with a wide variety of engincering disciplines. It 
covers analytic geometry and linear algebra, differential and integral calcu- 
lus for functions of one and more variables, vector analysis, numerical and 
functional series (including Fourier series), ordinary differential equations, 
functions of a complex variable, Laplace and Fourier transforms, and equa- 
tions of mathematical physics. This ligt itself demonstrates that the book 
covers the material for both a basic couse in higher mathematics and sever- 
al special sections that are important for applied problems. Hence, it may 
be used by a wide range of readers. Besides students in technical colleges 
and those starting a mathematics course, it may be found useful by en- 
gineers and scientists who wish to refresh their knowledge of some aspects 
of mathematics. | ' 

We tried to give the fundamental [material concisely and without dis- 
tracting detail. We concentrated on the: prensentation of the basic ideas 
of linear algebra and analysis to make it detailed and as comprehensible 
as possible. Mastery of these ideas is a requirement to understand the later 
material. | 

The many examples also serve this aim. The examples were written to 
help students with the mechanics of solving typical problems. 

More than 600 diagrams are simple illustrations, clear enough to 
demonstrate the ideas and statements convincingly, and can be fairly easily 
reproduced. | 

We were conscious not to burden the course with scrupulous proofs 
for theorems which have little practical application. As a rule we chose 
the proof (marked in the text with special symbols) that was constructive 
in nature or explained fundamental idkas that had been introduced, show- 
ing how they work. This approach made it possible to devise algorithms for 
solving whole classes of important on. 

In addition to the examples, we haye included several carefully selected 
problems and exercises (around 1000) Which should be of interest to thosc 
pursuing am independent mathematics|course. The problems have the form 
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of moderately sized theorems. They are very simple but are good training 
for those learning the fundamental ideas. 

Chapters 1-6, 26 and Appendix II were written by E.Shikin, Chapters 
7-8, 11, 12, 17-21, 27, 28 and 29-32 by M.Krasnov, Chapters 9, 10, 13-16 
by A.Kiselev, and Chapters 22-25 and Appendix I by G.Makarenko. There 
was no general editor, but each of the authors has read the chapters written 
by the colleagues, and so each chapter benefited from collective advice. 


The Authors 


Chapter 13 


Number Series | 


13.1 Definition. Sum of a Series 
. Consider an infinite number sequence 

Ai, G2, e An, o- . | 
A number series is an expression of the form 


Qa +05 +... tant... (13.1) 


A shorthand notation for this is 5, a. 


acl 
The numbers ai, a, ... are called the terms of the series, and the number 
аһ is called the nth or general term of the series. 
The sum of the finite number л of the terms of the scries is called the 
nth partial sum of the series: | 


a 
Sa = d +2 +... + On = Уа. 
kal 


Now consider the sequence (5,] of partial sums of the series (13.1) 
Si = а, 


S2 = a, + 0), 


Sa Q + a +... + аһ, oo 


Definition. If the sequence (5, ) has a finite limit lim 5, = 5, ie., (S.J 


converges to S, then the limit is called the sum of the series. Уа, and 


nel 


the series is said to converge: >) an = S. If there is по lim Sa, ie, {Sn} 
asl mm 


does not converge, then the series >)}a, is said to diverge and to have 


no sum. 
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Examples. (1) Show that the series 


1 1 1 1 > 1 
T tyg tagt кул te = — НИР 
3 1] 35 4л? – 1 4n! ~ 1 
n=l 
converges. | 
<4 We consider the nth partial sum of the series 


ztia to tT 


Using the obvious relation 


КЕЕ NEn E i ы К 
4п = 1 Qn—12Qn4+1) 2\2л-1 Int 1, 
we represent Sa in the form 


E ы. ды Бр фо S 
1x3 3x5 5х7 (2n — 1)(2л + 1) 


“боо то и 
=3( +) +34 5) +3 +). 

1f 1] b ЕУ eee Га 
EXEC xxii ni) 


Passing to the limit as n > œ, we will have 
| i 
nw 


5л = 


a 


By the definition the series converges and its sum is S = 1/2, or 
ELE 2 
жоу. > 


- 0) onside a series known as a geometric progression with.a ratio q 


a + aq + ад? +... + ag"! +.. = Yag) (а= 0). 
А 1 n=l ? 


4 The.sum of n terms is, . БСА 


Sn = a + ад + aq? +... + ад"! 


АБЫ Э. а — aq TEE а: +, aq" 


13.2 Operations on Series |: 15 


If 141 <1, then ітд" = 0, aid so 


lim 5, = lim (5 Hsc. 


aS wotl-q 1-4) 1-9 
19 





F 


T Е . + а 
ie. the series converges and its sum 15 Tog or 
eo 


2. aq" = ee 


a=l 


| 
If ig! » 1, then ітд" = œ alid hence lim S, = оо, ie, the series 


diverges. | 
At g = —1 we obtain the divergent series a — a + a — a +... (а #0). 


Its partial sum is 
'(a for odd л, 
S, = | 


| 
| 
| 
0 for even n. | 
It follows that lim 5, docs not ed: 


п о ` 
At q = 1 we will have the serie а+а+'а+..., for which S, = na, 
and hence lim 5, = lim na = œ, ile, the series diverges. 


' 
nda n-*oo 


Consequently, the series a + ag + aq? +... + aq" ^! 


‘++... cOnverges 
for lg! < I, its sum being i= and diverges for 141 2 1. > 
13.2 Operations on Series 


Operations on number series may be deduced from the following 


theorems: 


LLL LL 


Theorem 13.1. 7f the series a + а +t Qu +... = У а converges, 
Б acl 
then so does the series obtained fram it by discarding any finite number 
of terms in the beginning. Conversely if a series obtained from the given 
series by discarding a finite number of terms in the beginning converges, 
then the given series converges. 


"4 In the partial sum | 


Sn = dy + dios. + dy + Oat +... + а, 





of the series we denote by ox the sum of the first k(k < n) discarded terms. 
We get | 


n 


Sn = (dob a +... + a) + (ac «1 Tosscb (4) = ок + Sek. 
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! . Й 
It follows that if there exists lim Sa, then there exists lim 5: -к 


anew п- о 


(k = const) and, conversely, if there exists lim S,. к, then there exists 


пе о 


lim S4. > 


Remark. The resultant series акі + ak+2 -+ ... has the sum 
$ = S — ок, S being the sum of the original series. 


Theorem 13.2. Lèt the series ар + 0 +... + an +... = Уа, be conver- 


gent and & = 0 be a number. Then the series 


а + № +... + Маһ +... = >> Aan 
n=l 


converges and 


3a, = Anas: 


о о 
"* We write partial sums for the series Уа and Уа: 


n=l a=l 


Sn = а + @ +... + ап, On = Аа + Nan + ... + Ads. 


e . 
Clearly, оп = №5,. Since, as stated, the series У) a, converges, i.e, there exists 
n=} 


lim S,, then from the last equality there is lim ол, such that lim o, = 


п с 


lim AS, = А lim Sa, i.e., 
Dian = \ Уза. Р 
n=l nal 
Theorem 13.3. If the series У;а, and >} b, converge, then their sum 
n=l nei 
and difference, ie, У; (аһ + b.) and У (an — b), converge, and 
nel: nsl 
21 (an + bn) = Утан + 31 ba. 
a=] ant nel 


A Let S$,-atak.ta, Sa = bit brt. +0, and о = 
(а + bi) + (a2 + b2) +... + (an + On) be partial sums of the series 


Ya eM SHN X. + ba), 


n=l nal nal 
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respectively. Clearly, on = Sn + Sa. Since by the statement of the theorem 


the series 2;a, and 5,5, converge, i.e., there exist lim S, and lim Sy, 


n=% : n9 
па) asl 


wit follows from the last equality, which holds for all a, that there exists 
lin о„, and that 


lim on = lim (5, + $a) = lim Sa + lim S, 


п nw n» nog 


which is equivalent to 


Y. + bn) = Si + Y ba: » 


n=l n=l n-l 


а 
In а like manner, ме can prove the convergence of У, (an — bn). 
nz! 
We now introduce the concept of the remainder of a series, which we 
will use later. 
Definition. 1 we discard the first zt terms in the convergent series 


© 
а + а +... + On + дажу + алъ +. = Yan 


nel 


we will obtain the convergent series 


a 

at 
йл+ү + An42 +... H nek + e Un tks 

k=l 


which is called the nth remainder of the series and denoted by 
ae 
К, = 2, ал tk 


kel 
for a fixed л. 
The ‘original series can then be written as 


È an = Sa + Ra. 


nal 


If S is the sum of the series 2; an, then the remainder will be R, = 
asl i 


5 — 5, for any n = 1, 2, .... 


For example, for the series У; а4" 7, its nth remainder will be the 


series ant 
Rn = ag" + aq"! +... brag’ * 7 4 = Sagt" t, 


. . xsl 
which is convergent for lgl < I. 
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13.3 Tests for Convergence of Series 


Cauchy criterion for convergence of a sequence allows to formulate 
the general criterion for convergence of a number series. 
Theorem 13.4 (Cauchy criterion). A necessary and sufficient condition 


for a number series У} a, to converge is that for any number є > 0 there 
nal 


exists a number N = N(e) such that for any n >N there holds. 
4 


lan + Gna) +. + das fl «t€ (13.2) 


Jor all p = 0, 1, 2, ... | 
In terms of the partial sums Sn+p and S,-1 of »,a,, we can write 
(13,2) as | n=l 
[Snap = 51-11 < E. 


From the Cauchy criterion follows the necessary test for convergence 
of a number series. 


Theorem 13.5. If series У; а, converges, then lim a, = 0. 


noe 
n=l 


-4 Putting р = 0 in Theorem 13.4, we will have lanl < є, which holds for 
all n > Ме). The number £ > 0 being arbitrary, we have lim a, = 0. > 


п— о 


Corollary. If lim а, is not equal to zero or does not exist, then J} a, 


п- а 
nel 


diverges. 


-4 Suppose that >) a, converges. Then by Theorem 13.4, there must exist 
Е n | 


lim a, equal to zero. Our assumption has led us to a contradiction, hence 


it is wrong. Therefore, the series is divergent. > 
Examples. (1) The number series 


1/2 


= 24 Ne LEER m 
а 3 + cose +. 2 совт 


nl 


diverges, since 


lim a, = lim cos * = (050 = 1 = 0. 


nae ao 


13.3 Tests for Convergence 


9 





(2) The series 
eae eo ped cuo (emn 


nel б] 


diverges, since lima, = lim (— 1) 
noa nea 


Remark. Theorem 13.5 gives a йы condition for a series to con- 
verge, which is not, however, sufficient, ie, the condition lim a, = 0 


no 


n+] 





does not exist. 


may be met for a divergent series ja, as welt 
a= 


(3)-Consider the number series | 
le 
1,1 1 
+++ ++. = 
2 3 | п’ 
i xl 
known as the harmonic series. The harmonic series meets the necessary 
condition, since 
lim a, = lim — = 0. 


no nae П 


! 

1 | 

| x 

We will prove that the series is m for which purpose we will 
make use of the Cauchy criterion. B p = n gives 











| 
| 
d, + а +a +.. +a pom eol + To 
К Abt nee кы жу] nuo 2n 
> : d + 4! 
nl rit M 1-n TA “On 
1 1 1 1: 
= + +. than bal 
2n 2n 2n 2л 2 


| 
The inequality holds for any — y large n. It follows that for € < 1/2 
and р = n inequality (13.2) is not v ue; and by the Cauchy criterion the 


harmonic series is divergent. l: 


Comparison tests for serics of positive terms make it possible to estab- 
lish whether or not a number series is convergent (divergent) by comparing 
it with another series that is known to be convergent (divergent). 

Theoreni 13.6. Let | 
4 


ata +... tat. = Ў ал, (13.3) 
s ndi 


a 


ba | (13.4) 


ps 


bi + ba +... tb +. = 
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be two series of positive terms, such that 
d, € b. (13.5) 


for all n. Then, if X, b, converges, У; Gn converges as well; and if >) a, 
n=l n=l n=l 
diverges, then У) b, diverges as well. 


n-i 


-4 We form the partial sums of (13.3) and (13.4) 


Sa = di + d; +... + ал, On = bi + bp +... + bn. 


It follows from (13.5) that Sa € o, for all n = 1, 2, .... 
(1) Suppose that series (13.4) converges, i.e., there exists lim o4 = с of 


its partial sum. Since the terms of these series are positive, then 0 < a, < c, 
and it follows by (13.5) that 0 < 5, < o for n = 1, 2, .... Thus, all the par- 
tial sums S, of (13.3) are bounded and increase with л, since a, > 0 for 
all n. Consequently, the sequence of partial sums [54] is convergent, i.e., 


there exists lim S, = S, which implies that Уа» is a convergent series. 
n-'o n=l 

Now, from the inequality 0 < S, < о, which holds for all natural n, we 

Obtain as л — œ the inequality 0 < 5 < о, i.e., the sum S of (13.3) does 


not exceed the sum c of the convergent series (13.4). 


(2) Suppose that J, a, diverges. Since all а, > 0, then S, increases with 
n=l 


n, and hence lim S, = +œ. From the inequality on 2 5, (n = 1, 2, ...) 


п 


= 
we get limo, = +0, ie, >) 5, diverges. 
` nma c axi 


Remark 1. The theorem is valid even when (13.5) holds not for all n, 
but only beginning with some К^, i.c., for all л > k, since when we drop 
a finite number of terms in the'beginning, we do not violate the convergence 
of the series. | 


. . > i 1 
Examples. (1) Examine for convergence the series Cm 
+ ул 


п=1 


-4 We have 


ree ЗЕ (3) (n= 0, 1, 2, ..). 
2"-N4n 2" 2 


5 13.3 Tests Гог Convergence 0..0 


ә 
Since 2 j G converges, then by the comparison test the original series 


converges as well. 2 


oe 
Uf 


e | 
(2) Examine for convergence the series » Man 
n 


n=2 


-4 From the inequality In п < n follows 1Ли > In fori — 2, 3, .., and 


я : Ў. bos MT 1 :, І 
the harmonic series z diverges { in this case ү diverges ino). 


" acl п. 2 
Then Бу the comparison test the original series diverges. > 
Remark 2. Theorem 13.6 is also valid for a more general inequality 


Qn < №, (Aa, S bn) (n = 1, 2, ...), where А > 0). 


(3) Examine for convergence the scries › ‘(1 = cos’, 
net i 


** Using the inequality sin x € x, which holds lor all x > 0, we find that 
EN 


2 2 
cents (Fra din ш ыл. UR. 
s COS 57 mix uixm 2 4^ 


= = 


= 
for л= 1, 2, «.. Меге A = х`/2, and 244 converges (see Sec. 13.1, 
nal 
Example 2). By comparison test (and considering Remark 2), the original 
series converges. > MES 
From Theorem 13.6 follows a corollary. 
Corollary. If there exists a finite nonzero 


lim Ре =i (0 « L< +0), 
then (13.3) and (13.4) converge or diverge simultaneously. . 

~ Indeed, from the existence of the above limit it follows that for any 
€ > 0 subject to the condition L — є > 0, there exists a number N such 
that for all л> N 


a а, 
pis «ror L-t€e. <b te 
n 


L » 








Hence 
(2 – Е) Б, < а < (1 + Е) р, for n>N. 
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If (13.4) converges, so does У, (2 + є) b,. But since a, < (L + є) bn 
п=1 


for n > №, then, by Theorem 13.6 (and Remark 2), series (13.3) will con- 


verge as well. If (13.4) diverges, then У; (L — £) b, diverges as well. And 


since (L — є) b, < a, for n > N, then, by Theorem 13.6, series (13.3) also 


diverges. > = 


í . : Т 
Examples. (1) Examine for convergence the series у sin. 
1 


о 
-4 Compare the given series with the harmonic series n We have 
' nel 
sin — sin = 


. a е | 
lim — = lim = lim т =r +0. 


n>a bn п- = n>% 








1 т 
n n 

The harmonic series diverges, therefore, by the corollary, the original series 
diverges too. > і 2 


(2) Examine for convergence the series > m 1 : 
-n 





n=l 
о 


a 
"4 For comparison we take the convergent series > (3) . Then 


a=! 


] 
. n cca eg . Ы . 
lim ^ = lim 27 = lim 2 ЕР РРА cc qued. 
л-= Ол ne 1 л- 2^ = n pae 


2" 2^ 





since lim а = 0. Therefore, the original series converges. В” 
no Б 
D'Alembert test for convergence of a series is given by the following 
theorem. E 
Theorem 13.7. Consider У, an, where a, > 0. If there exists - 


nal 


© any 
lim LEER 9 


nova’ (n 





then for 0 € X < 1 the series converges, and for М > 1 the series diverges. 
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| — шаа 


-4 Suppose that there exists the finite limit 





lim ZH =, ‚| 
пә бл | 


7 
where \ < 1. Take any number g such that < д < 1. Then, for any є > 0, 
eg. far € = q — №, there exists a number M such that for all n > N we 











will have | 
| 
ri v г шу, | 
ал | 
Specifically we will have | | 
в} 
Stl X gos. Хор, cue 
Gn {д 
Hence а, +; < ang for all n > N. From the latter шин we will obtain, 
letting n assume the values №, № + 1, N + 2, 


ам + \ < anq, 
2 
ÜN «2 < üN «1Q < üNQ', 


QN «3 < QN «2q < ang’, 
. 


So, the terms of the series 


ам+ + dN«2 + (муз + 


ite 


are not larger than the corresponding terms of the series 


ang + ang? + ang? Toa | 

| 

! 
which converges as a series of the terms of a geometric progression with 
the ratio q, where 0<q< L| By comparison test the series 


s, and hence 2,0 converges too. 


certain "nior N we will have 


On+41 + GN «2 + Ow «3 +... converg 


If ^ > 1, then beginning ids 


«gy. PEL NN pao tae 


V 
c 


ON «1 
ам 


> 1 or anes > an 


Consequently, lim a, » 0 and the series >} a, diverges, since the required 


test for convergence is not satisfied. 
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Ы 
. a ? 
Remark. If lim 22+ = 1, then the-D'Alembert test gives no answer 


п-= n 


as to whether or, not a series converges. 





Examples. a) Examine for convergence the serics у ex ~. 





-4 We have n=l 
2 2 
а, = m and а; = ae 
Then. 
(n+ 1)22" 1 pv 
п-ю Яд шп 2". "m = 15 2 | T E 2 su 


By the D'Alembert test, the series converges. > 





(2) Examine for convergence the series T. 

' п! 
-4 We have din 

n" (п + 1P*! (п+ ly. 

ал = 1, Gn) = т = -————; 
n! (n + 1)! n! 

„а , (n 1)! й ur ES 
lim 2! = Тин lim (+1) =e>l. 
n-—o (n ane n! п—=о п 


The series diverges. > 


Cauchy test. Theorem 13.8. Consider the series ууа, Qn > 0, 


n=l 


n=l, 2, .... If there exists a finite lim Va, = №, then for 0 A «1 


the series converges, and for М > 1 diverges. 
9 (1) Let A « 1l. we take q such that X< q < 1. Since there exists 
lim Va, = №, where А < 9, then beginning with a certain number N we 


п а 
will have Va, < q, whence a, < q" for п > №. And so the terms from 
an+1 оп are smaller than the corresponding terms of the convergent series 


>, 9". By the comparison test У) a, converges, and hence У) a, converges 
n=N a=N nal 
too. 

(2) Let > 1. Then, beginning with a certain N and for all n > N, we 


will have Van >lor Г On > 1. Accordingly, lim a, # 0 and the series Ў ад 


noo: 
arl 


diverges. 
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Remark. If А = 1, then Уа, can cither converge or diverge. 


п=| 
- o 6 
. fc . —1 2^ 
Examples. (1) Examine for convergence the series > ИЕ е 
a In" (4 4 1) 


` n-l 


< We have 


2" n 2 
a, = ——— ân = ---—--——, 
In" (л + 1) In(n + 1) 
lim Va, = lim NUN ee 0« I. 
ate noe In (1 + n) , 


The series converges. > 


Xn 
(2) Examine for convergence the scries 2al + 1) : 


-4 Here 


1 \" n= _ | uM 
ал = H(t + 1) 2 Уа = i + 1) i x 


n 
lim Va, = lim (1 + 1) = 161. 
п- с пее 5 п 
The series diverges. > 
Integral test. Theorem 13.9. Let a function f(x) be defined, continuous, 


positive and nonincreasing for x 2 1. "Then the number! series >) jin) 
пі 
+a : 
converges, if the integral | J(x) dx converges; and diverges, if the integral 
| 
diverges. 
-4 We plot f(x) and take points with xy = 1, x2 2 2, ху = 3, .., Xn n 
on the curve. 
We now consider two steppcd figures shown in Fig. 13.1. 
The area Q of the curvilinear trapezoid bounded by the straight lines 
х= |, х= n, у = 0, and the curve y = f(x) will be 
Q- je) dx, 


We then take the nth partial sum of the series 


5, = ЛШ) + ЛО) + ЛЗ) ++ Ли). ue 
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The area of the larger figure will be 
Ó = 2) + /(3) +... + Лл) = Sa - f 
and the area of the smaller figure will be 


© = fll) + fQ) + SB) +... + Kn- 1) = Si. 





WS 
N 
AB "Hr 
7 3 


a-l a 





Fig. 13.1 


It is seen that Q < Q < Q, ic, 
n 


Sa - fll) < |s) dx < Sa-1 
: 


or 
$-A0«|/OdceS for ол=1,2,.. (13.6) 
i 


since Sa-1 < S, by virtue of the condition Дл) > 0. 


+o 


| Л dx converges. Then there will exist 


(1) Suppose that 
1 1 


п 


n | 
lim fo) dx = A such that 
a-> 1 + 


i 
[Jax < | foyde = A 
1 1 
by virtue of the condition /(х) > 0 for хє [1, +œ). 
It follows from (13.6) that 


S, <) + | fo dx < /@) + А = М = const, 
1 ` 


ie, 0 < S, « M for n= 1, 2, .... This means that the sequence [S.) is 
bounded. The sum S, increases with n, since f(n) > 0 for n = 1, 2, .... 
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Thus, the sequence [S,] of partial sums of the series is strictly 
monotonous and bounded, and {therefore it has lim S, = S (see 


п-* 


о | 
Theorem 7.9), which means that Ул) is convergent. 


2 nel 


+% 


(2) Suppose now that | fx) Bade Since f(x) > 0forx > 1, еп 


ў Дх) dx = lim | f(x) dx г +; 


It follows from 


5.2 føde (n= 1,2, 4) 


that lim Sy = +оо, ic, Ya) dios > 


n-i 
Remark, The theorem also holds for X > a, where a is “ХХ larger 
than unity. 


1 оо 


Examples. (1) Examine for convergence 23 Ve 
b п! 
d'a К п=1 
-4 Неге f(n) = 1/n”. The integral | Ls is known (Chap. 11) to converge 
x 
“Wl 
for p > 1 and diverge for p < 1. Hence, the series converges when p > 
and diverges when p < |. Specifically, at p = 1 we will have the aiio 
1 1 


| a 
series 1 + i += +... + +. = У) Le which has already been shown 
2 3 n | п 


to diverge. »- 


i 
jasl 


о 








: ее i 
(2) Examine for convergence the series .) , —;-—-~. 
E f 215 41 
1 n=l 
1 
* In this case (x) = 1/(x? + 1). [Тһе integral 
+o b | 
dx = li dx | s -1 b 
5 = lim {-5—=- = lim tan x 
x +l brea JX + і ъ- + 1 
l 1 : 
= lim (tan bi— tant!) = 
Qu Das Tomo cec 


| 
converges, and so does the series. |» 
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(3) Examine for convergence the series У! awe 
i] n 


nli 


-4 Since the nth term of the series is Дл) = m we choose the function 





f(x) = ma i satisfying the conditions of the theorem, and then consider 
x + + © 
the improper integral xdx 
prop xri 
| і 


We have 
+ b b 
| хах _ lim RIS - lim In (x? + | 
bo +0 | 


х + 1 x +l b= +w 
I 


на _1 B 
lim [jme +1) zing] = +оо, 


bo +в 
+ ео 


i.e., the integral s diverges, and so does the series. В” 
va | SF, sive 
1. 


Remark. Іп the integral f f(x)dx the lower limit may be taken arbitrary, 


1 
e.g., т, where m > 1. 


Ld 


(4) Examine for convergence the series ру 
: n — 2)ln" (n — 


ned 


а Since the nth term is an = l/[(n — 2) in? (n — 2)], f(x) will be 


QUSE o o 
where x 2 4. Then 
p b 
dx жЕ: dx 
Кесер di ш: 
d[in(x - 2)) _ im | - 1 | 
In (x — 2)]|1 





b 
= lim | j 
ь-+ә ) ln^(x—2) s 
A 


= lim J-La, 
` è—+o|in2  In(b5b-— 2) In2 
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+= 


dx: 
JG (x — 2) In? (x - (x - 2) 


Since the integral converges, so does the original 


series, №" 


r 


rite У) Қп) converges, the method used to prove the test enables us 
nal 


to estimate the error due to replacing the series sum by a partial sum. 
-4 Suppose that /(x) obeys the conditions of Theorem 13.9 and that the 


series У) /(n) converges to 5. It can be shown that in that case the integral 


n=l 
| f(x) dx will converge as well. The remainder А, of the series will then be 
( 


со e k +œ . 
R-8-5,- BAOS Xj | Дх)ах= | Дх)ах, 


kontl ken*ik-1 


which follows from 
К+1 
ДЕ +1у< | Л) а, ` 
k 


where k + 1 is replaced by k. 
Thus 


R < Гло ах (Ry > 0). 


Thercfore, if we replace S by Sa, the error will not be larger than 


ie fx) dx. > 


Examples. (1) Examine for convergence the series maT 
(n 
n=] 
and estimate the error if we replace its sum S by the partial sum Ss. 
x 
1 Here f(x) = —~——, and 
A (x? + 1)? 
+o b 


|; хах li jo хах 
ware: im wot mae 
(x + iy b+ o (x? + 1)° 


-ml 1 
= а | 20 + 7 


к^ 





b х 
lim |11401. 
1 = Jim | 4 b+ sl 4 
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By the integral test the series converges. We denote the sum of that series 
by S and put S = S;. Then 


TOP KE E ИРУ IEEE 
S=Ss3=7 + 100 + 289 * 676 


= 0.25 + 0.08 + 0.03 + 0.013841 + 0.007396 = 0.381237. 


Estimate the error Rs. We have 


T cus 1 =. | 
R< | — = -— | == = 0.019231. > 
; | (х2 +1)? 20 «4D 52 
5 


o 
(2) Estimate the nth remainder of the converging series > ae where 
n 





р> 1. 
-1 We have : 
(oe 0З | +o | 
Rig |E = | x? de = —— БАРБИ BS ыл. 
us ү | (0-px^!l. Q- n 
Thus, 
wc. EEEE = 
(p = и?! 


13.4 Alternating Series. Leibniz Test 
Definition. The number series 


а-а +a ч... + (-1I" an +... 


where all a, are of ore sign (e.g., a, > 0), is called the alternating series 
or a series of terms with alternating signs. 
For example, the series { 


1,1 1] 
1 2 Ta vq bee 


is alternating, and tHe series 


pellit or d... 


2:3 4 5 6 


is not. 
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= i — — NÉ 
T 

The following test, known as the Leibniz test, holds for alternating 
series. | 

Theorem 13.10. Suppose that in di alternating Series ау — dy + dy =... 


all à, are such that a, > @ > а; > nd lim аһ = 0. Then, (he series con- 


7 


verges, its sum S is positive and does pe exceed the first term, ie., 
0<S<a | 
-4 We take the even partial sum S»; and write it as 








5 = (a — à) + (ay — à) +... + Gs ac s). 
| 


It follows from the statement of the theorem that the differences in paren- 
theses are positive, and so Sza increases with n and 5, > 0. 
The sum can be written as | 


Son = d — (m — аз) – (а -la) — occ (dai 04-1) — An, 


where each difference is positive. It follows that 55, < ai (л = 1,2, ...). The 

sequence [$5,] thus increases monotonically and is bounded, i.c., 

0 < Son < a, for all л. Consequently, it has the limit. lim S», = S such that 

Li nt» 

0< 5 | 
The odd partial sum $3444, will be К 


Sinsi CES San ++ Оп + 1 (л = І. 2, 


We have proved that lim Sin = S aby by the statement of the theorem 


nw 
lim 2244, = 0. Therefore, there exits 
n= 
| 
lim ава = lim San + limfni = 5. 
no nw a= | 
jr 
А ! . Н = . 
We have thus shown that lim Sa 3 5, i.e, the series converges. [n partic- 


п- о 
ular, from the inequality 0 < 5 < ay it follows that the sum of the scries 
is positive. > 
Remark. The theorem is valid if he condition that [5„] be monotonic 
is met starting with a certain N for; all n 2 N, so that the discarding of 
a finite number of terms does not affect the convergence of the serics. 
Example. The alternating series | 


e „ай! 
jud E ыр E ш... 


2 3 4 п 

converges, since i 
Dal MER 
124242. and n ist 
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Theorem 13.10 allows us to estimate the nth remainder A, = 


+(n41 — Qn42 +...) of the series, which is itself an alternating series. We 
“have [Ral < а, +1. Since Ry = S — Sy, then 
15 T 5,1 $ аһ+ 1. 


The absolute error due to the replacement of the sum of an alternating 
series by its nth partial sum is not larger in absolute value than the first 
of the discarded terms. 

Example. Compute approximately the sum of the series 





1,11 (-1)""! 
1 == 2! t 31 = 41 t eee + Al + eee 
keeping only the first four terms, and estimate the error. 
-4 The convergence is obvious. We put approximately 5 = 5, = | – j 4 
1 1 ` 1 1. ; 
— — = = 0.625. IS - € mu. ‹ S : 
6 3 0.625. Then IS- SI < 57 = 10 The absolute error is thus 


not larger than 1/120 = 0.0083. ~ 


13.5 Series of Positive and Negative Terms. 
Absolute and Conditional Convergence 


© 
Definition. The number series У; а, of real terms of any sign is 
n=l 
called a series of positive and negative terms. 
Examples are: 


1 + cosl + cos2 +... + cos +... 


(plus, two minuses, plus, two minuses, and so on). Obviously, the series 
considered in the previous section is a special case of a series of positive 
and negative terms. 

Along with the series of positive and negative terms ai + a? + ... we 
consider the series lal + lal + ... and prove the following theorem: 


Theorem 13.11. If the series >} la,| converges, then the series У} a, 


n=l n=l 


converges as well. 
-4 From the inequality — lanl < an < lanl we get 0 € a, + lan! < 2la,l 


for n= 1, 2, ... Let the series У) [а„! be convergent, then the series 


nnl 
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= 
У) 21а,1 will be convergent as well, and from the comparison test the series 


n-l 


Yi (an + lan!) will be convergent too. But >) a, is the difference of two 
n=}. И n=l 


сбйуегрепі series 


Y ta, + la, 1) = Y la, | = UM 


nal n=l azl 


therefore it will converge. ®- 














en = x 
Corollary. If У) la,! converges, then we have | 5;a4| < >} larl. 
n=l nal n=l 
-4 l'or any natural k we have 
k k 
А] — 
24m) € J, lal, 
n=! n=l 
i.e., 
‚ t, k 
– lal € уа € Dd) ilal. 
`“ 


acl n=l azl 


Passing to the limit as k — œ gives 


- $,la.! < Уа < 2, lanl 


лт} n=l тз! 


or 


т 


210, 


asl 


€ У, lal.» 


n=} 








D . : 
When examining >) la, | for convergencé we can make use of all sufficient 


acl 


tests established for series of positive terms. 


Remark. Generally speaking, the convergence of У, an does not suggest 


a 
the convergence of У) lanl, ie, the theorem only gives a sufficient condi- 


tion for the convergence of Ya. In other words, this condition is not 
a necessary onc. "E 

Example. The series 1 — 5 + i 

but the series 1 -+ x t 1 + 
2 3 


- i + ... converges by the Leibniz test, 


1 + ... diverges. 
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Definitions. The series of positive and negative terms У а, is called 
= п=1 
absolutely convergent, if the series У) lanl converges. 
n=l : 
со 
The series У; а, is called conditionally convergent if it converges and 


azi 


a 
the series У) la,| diverges. 
az} 


Examples. (1) The number series 
1 1 1 


OS jee de 
2? 3? 4? 
(plus, two minuses, plus, two minuses, and so on) is absolutely convergent, 


since the series of the absolute values of its terms 1 + ES + y + d +... 
2 3 4 


1 


converges. 


(2) The number series | — 5 + i - 1 + ... is conditionally convergent, 


since the series of the absolute values of its terms is the harmonic series 
j + 1 + i + 24 which diverges. 

The absolutely and conditionally convergent series have the following 
properties: 

Theorem 13.12. [f the terns of an absolutely convergent series are ar- 
bitrarily rearranged, the series remains absolutely convergent, and its sum 
remains the same. 

A conditionally convergent series does not possess this: property. 

Theorem 13.13. [fa series is conditionally convergent, then for any speci- 
Леа number A we can rearrange the terms so that the resultant series will 
have the sum А. 

Moreover, the terms of a conditionally convergent series can be rear- 
ranged so that the resultant series will be divergent. 

By way of example, consider the conditionally convergent series 
I-lep-itielse with sum 5. 

We rearrange the terms so that each positive term be followed by two 
subsequent negative ones. We will get 

l 1 1 
ш (s 167 15) + 
1 


ыы) 
- (1- 1)» (2-2) + (510) + 


| + 


RI 
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The rearrangement has thus givdn us a series with half the sum of the 
original series. 


Exercises i 


Write the zith term of the series below: 


01.8.27 1 4 P. l6, 
1. 2 T 3 + 4 + t.. а 2. yt 4 T в? ié ^ 
1 
3.4.5 Е nif 
ЕТЕТ М "ER 
2 6 24 120 ` 
ШЕ ыш | | 


Find the sum S, of the first л terns of the following series and prove 
its convergence using the definition of the convergence of a series: 


1 4 1! 2! NEUEN 
эзы ij: PLE D as » 215 (яа d) 


"zi a=] n=l n]. 


l 
Use the comparison test and ao relevant tests to examine the follow- 
ing series for convergence: | 


T 
sin^ «n 
` э" 


PIN 


t cos? n 


(e #0). 






met 


Hi и 27") 
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22 UE the D'Alembert test, examine for convergence the series: 


; e n O п" І х 
15, a n I + T NEC 






WwW 
LI pn sin 7. 26. 03 tan 1. 
2157 x 22 
nel 
` S a" 
17. 097 O<az l) 
n 
пті 
Using the Cauchy test, examine for convergence the series: 
= E / i = n42 
72301093078 чуу 
n+l n 5 
пті - = \ пі 
à Xs 
"zl 
Using the integral test, examine for convergence the serics: 
= 1 i = ae 
34. port m 35. 2 -ysin =. f 36. >, seu 3 Эле 5 
Vn? 1 n Ae n 
n-l 3 n=l 
tan ^" 1 / 
3 7-——. 39. Е 2-v^ 
п? + 1 Уп 
n-l acl 





п? nal Е 1 2 
wens 1 (п? + ilnn 
п=2 


1 n* 
L——————4-—. 43. ^ .—41——-—.. 
(Зп + 2) In^ и 2л +!) 





Hint: Use the inequality 
in(I -x)sx -l<x< +оо, 
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^ Examine for conditional convergence and absolute convergence the 
series: i 
= n+l di AX n+l 
mae rie 4n bene ( п. 
In In at: 
n-l ne 
Ts 1)" -1 3" 
(2л — 1)* ` 
Answers 
3 2 I 
(iio Ao Su КЕФ Oi Se ake lee MEE a 
nl 2" n! wet п - 1 nl 
ae) 2 4 bj 
joue. are cp cu A eg AFER 
Intl 3 | (n+ 1)! 





10. Diverges. 11. Diverees. 12. Converges. 13. Converges. 14. Diverges. 15. Converges. 
16. Couverges. 17. Diverges. 18. Converges. 19. Diverges. 20. Converges. 20. Diverves. 
22. Cnnverges. 23. Diverges. 24. Diverges. 25. Converges. 26. Converges. 27. Converges. 
28. Converges. 29. Converges. 30. Converges. 31. Diverges. 32. Diverges. 33. Converges. 
34. Diverges. 35. Converges. 36. Diverges. 37. Converges. 38. Converges. 39. Converges. 
40. Cunverges. 41. Converges. 42. Conveiges. 43. Diverges. 44. Converges. 45. Couverges. 
46. Absolutely converges. 47. Conditionally converges. 48. Conditionally converges. 
49. Absolutely converges. 50. Diverges. 5t. Diverges. 


Chapter 14 


Functional Series 


| 
14.1 Convergence Domain and Convergence Interval 


The series 


Al) + fl) tt hls) +... = Sao (14.1) 


a=} 


whose terms are functions fa(x), n = 1, 2, ..., defined on a certain set E 
of the number axis, is called the functional series. 

For example, the terms of the series 1 + x + x? + ... are defined on 
the interval – о <х< +æ and the terms of the series 
1+ sin^!x + (sin 7 1)2х +... are defined on the interval -1<х< 1. 

The functional series (14.1) is said to be convergent at a point xo € E, 


if the number series 5; /,(x9) is convergent. If series (14.1) converges at 
naal 
each point x of a set DC E, (14.1) is said to be convergent on D, and D 
is called the convergence domain of the series. 
Series (14.1) is said to be absolutely convergent on the set D, if on this 


set the series >) 1/.(х)1 converges. 
n=l , 


If (14.1) converges on D, its sum S is a function of x defined on D: 
S = S(x) xeD. 


For some functional series we can find their convergence intervals using 
the sufficient tests established for series of positive terms, e.g., D'Alembert's 
and Cauchy's. 


eo 


Examples. (1) Find the convergence interval of the series 25 
n-i 
-4 The number series ' У; 1/л? converges for p > 1 and diverges for p < 1, 
inel 
and so if we put p = log x, we obtain the given series, which will converge 
for log x > 1, ie, forx > 10, and diverge for log x < 1, ie, for 0 < x < 10. 
The convergence interval is thus 10 < x < +œ. » 


log x* 
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i 





(2) Find the convergence iere for the scrics Sues "^! ne 
nl 


-4 Consider the series ; 


e x = Ў nett 
avl 





1)" -1 


ne™ (14.2) 








acl 


Since the terms are positive for all х, e will apply, say, the D'Alembert test 


(п + Dx á 
sie din Es: iin (л + de re 
n 


п- х are n 
Series (14.2) will converge if e* < 1, ile., for x « 0. Consequently, the series 
is absolutely convergent in the interval -œ «x«(0. When x » 0), the 
series diverges, since А = e" > 1; it) is obvious that at x = 0 the series 


diverges. > | 


| оо 


| A n 
(3) Find the convergence Pip for the series Zu ue а 
x’ 


~t The terms are defined, continuous and positive in the interval > оо < 
X € + о. Applying the Cauchy test, we obtain 


1 
| 


n | { 
х= т^] у а Нишу = +00 
п 0 (1 x)" n= P+ x: 


for all x €(— co, + ә), The serics is thus divergent for all x. > 


Let S,(x) be the ath partial sun) of the functional series YA). If 


the series converges on the set D land its sum is S(x), ей. it can be 
Tepresented as | 

S(x) = S,(x) + К„(х), i 
where R,(x) is the sum of the convergent (on D) ана 
Fas OQ) + Лаб) +, | 


i.e., 


Rul) = fas (0) + faa + У AQ. 
i k-nil 

| 
The quantity A,(x) is called the wth remainder of the functional series 


30. | 


n=l 
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Take any (arbitrarily small) number ¢ > 0. Then if (14.4) converges there 
exists N = N(&) such that e — on < £, and hence 15(х) – S,(x)l < є for 
all n > №) and for all x € О, i.e., series (14.3) converges uniformly on 9. > 

Remark. Series (14.4) is often called the dorninant series for the func- 
tional series (14.3). 


Examples. (1) Examine for uniform convergence the series pe 
nal 
~4 The inequality 
COS nx 


COS nx 1 
n 


n n 








holds for all n = 1, 2, ... and for all x€(— o, +æ). The number serics 


>; |/n? converges and by the Weierstrass test the original series converges 
n=] 
uniformly and absolutely on the entire axis — œ < х < + оо, 9» 


ү. 
n? (4 х2)" 





(2) Examine for uniform convergence the series >; 

5 nal 

“4 The terms are defined and continuous on the interval [— 2, 2]. Since 

(4 - х2)? = (V4 - х2)" > 0 on the interval {—2, 2] for any natural л, 
we obtain 





sin nx Е Isin axl 2 ! <! 
zi — =. 3 3 — s+ 
n -(4-xy?| nmn + (4 = х2)" St (4 = ху”? п? 





So, the inequality 


Sion ee =| S<« 
n? + (4 = xy 2 


n 








holds for n = 1, 2, ... and for all. x €[—2,2]. Since the number series 


> 1/л? converges, then by the Weierstrass test the original series converges 
п=| 
absolutely and uniformly on the interval [-2, 2]. » 

Remark. The functional series (14.3) can also converge uniformly on 
Q when there is no dominant number series (14.4), i.e., the Weierstrass test 
is only a sufficient test for uniform convergence, but not a necessary one. 


(= 1)" 7! 


For example, as it has been shown above, the series > ee 
n+Vil—-x 
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converges uniformly on the interval [— 1, 1], but for it there is no dominant 
convergent number series (14.4). [n fact, the inequality 








(- 1)" -1 > 1 

mue M e 

at пъ Уі = x? n 
holds for all natural ” and for all x € {—1, 1] (the equality occurs at x = —1 


a 
and х = 1), and the number series У) 1/7 diverges. 


14.4 Properties of Uniformly Convergent 
‘Functional Series 


Some important properties of the uniformly convergent functional 
series may be given by the following theorems. 


Theorem 14.2. Jf all the terms of the series У» f(x) that is uniformly 


convergent on the interval (a, b] are multiplied by the same function g(x) 


that is bounded on [a, b], then the resultant functional series У) g(x) f(x) 


nal 


uniformly converges оп (а, b]. 


-4 Suppose that on (а, b] the series >) f,(x) uniformly converges to S(x). 
az=l 
Since g(x) is bounded, there exists a constant C >.0 such that 
а(х) < C vx [а,Ь]. 
By the definition of uniform convergence, for any number є > 0 there 
exists a number N such that for all n > N and for all x € [a,ib] there holds 
the inequality 


o) = S(x E 
15,(х) - S(x)! < С? 
where S,(x) is a partial sum of the original series. Therefore, we will have 


Le(x)Sn(x) — #(х) 5(х)! = Tecol 15,0) Sl < Ce =e 


for n > Nand for any x € [a, Б], i.e., 2; а(х) Љ(х) uniformly converges on 


la, Б) to g(x) SQ). > ii 
Theorem 14.3. /f the series 


SQ) = 319 


n=l 
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converges uniformly on the interval [a, b] and all its terms are continuous, 
then its sum S(x) is also continuous on that interval. 

4 We take two arbitrary points x and x + Ax in the interval [a, b]. Since 
the given series converges uniformly on [a, 5], there will be a number 
N = Ме) for any number e > 0 such that for all n > N 


IS(x) - SG)1 < 5 (14.6) 
and 
IS(x + Ax) - S(x + Ах)! < P (14.7) 


where S,(x) are the partial sums of the series У) f, (x). The partial sums 
nal 

S, (x) are continuous on the interval fa, bj as are the sums of a finite number 

of functions f,(x). Therefore, there will be a number ё = (є) > 0 for a 

fixed ng > N(£) and given £ such that for Ax satisfying lAxl < бу we will 


have 


IS, (x + Ax) ~ Sig(x)! < T (14.8) 


The increment AS of S(x) can be written as 
AS = S(x + Ax) - S(x) = [S(x + Ax) - Sox + Ax)] 
+ [5ы(х + Ax) = S460] + [5 (Хх) — SQ), 


whence 
IASI € 15(х + Ax) — S,,(x + Ax)! 
+ 15..(х + Ax) – Sno(x)l + 15(х) — Sx). 


From (14.6-8) we obtain the following inequality for Ax satisfying Ах! < $ 


їл < 2+4 En 
ASlc 3423 E 


This means that lim AS = 0, i.e., the sum S(x) is continuous at the point x. 
Ах-—*со 

Since x is ап d pom in l8; b], 309 must pag on [a, b]. > 

Remark. The functional series » fax) whose terms a aie € cohtinuóus on 


[a, b] but which does not uniformly converge on [a; " may paves as its sum 
a discontinuous function. ERE c! 
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Examples. (1) Consider the functional series 
(| x) tx - x) tb apt. ta" ox) +. 


,on [0, 1]. We take its mth тайа 


з) =) (ж) a3 x) rs x^ x) 
| ‘i 
= (lated + +" Ye) esta 
Therefore | 
1 for O<x< l, 
lim S,(x) = = 
ч) (5 for х= 1, 


i.e., the sum is i 
1 for 0<х<1, 


se = (0 fo x=1. | 


! 
It is discontinuous оп the interval [0, 1], although the terms are continuous 
on the interval. By the last theorem the original series does not converge 
uniformly on the interval [0, 1]. 


(2) Consider the series 5; I/nl. 
n=} i 
< It has been shown (Sec. 13.3) that this series converges for x > 1. For 
x 21+ a, where a > 0, the seri¢s will converge uniformly, since 
ee 208 | 
n* UN п! + е К 
1 
and the number series У) 1/7! *° converges by the Weierstrass test. Conse- 
azl 


quently, for any x > 1 the sum iş Í continuous. 
The function f 


го) = 2,7. 


п=1 
| 


is called the zefa-function (Riemann function) and plays a significant role 
in the theory of numbers. 
Theorem 14.4. If the series 
S(x) = Di falx) 
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converges uniformly on the interval [a, b] and ail its terms are continuous, 
then 


| SC) dt = | | «ea = y | ла, 


хо Xo nal n=l x 


ie, the series can be integrated termwise from xo to x for any x and 
хо € [a, b]. The resultant series will converge uniformly in x on the interval 
la, b] for any хо € (а, b]. 
-4 Functions /,(х) are continuous and the series converges uniformly on 
{a, b), therefore its sum S(x) is continuous, and hence integrable, oa [a, Б]. 
Consider the difference 


Í sat- | s«at- f [5(0- solar 


where x, xo € [a, b). 
Since the series converges uniformly on (а, b], for any = > 0 there is 
Ме) > 0 such that for all n > N(e) and all x € (a, b] we will have 





IS(x) - S(x)! < 2. 
b-a 


But then 


| | S(t) dt — | оа 


х 


«| | isto) = зо! at «| |; € dt 





—a 





Xo 
E € elb — a) 
= —— lx- x! < — lb - al = 2 A= 
baa ё b-a 2 b-a : 
Thus, 


«t 





| 504 - | Sal dt 


Xo 


for any л > N(e). In other words, 





| 50а = lim | Sa(t) at 
dun і 


ло |а = tim $ f лда, 
ne mr п.) ox 
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| 5(0 dt 2: y | A) dt, > 


Ja kel X 


equ If the series У) /,(/) is not uniformly convergent, then, generally speak- 
n=l 

ing, it cannot be integrated term by term, i.e., 

| 500) dt = У, | ло) dt. 


X» n=l ж 


Theorem 14.5. Suppose that all the terms of the convergent series 


У! /.(х) have continuous derivatives and that the series >) fa (x) of these 
nal nel 
derivatives converges uniformly on the interval (а, b]. Then, at any point 
x € (a, 5] 


| фм] = ЭЛ оо), 


nel nal 


Le, the original series can be differentiated termwise. 


-4 Denote 
УЛ) = 5(х, SLO = об). 
n=l nel 


Take any two points x and xo € [a, 0). Then, by virtue of! Theorem 14.4, 
we will have 


90а = | | Ero dicm | «at 


Xo л nal n=) х 


= J, rlx) - fho) = Ax) 2,/4(%) = S(x) — S). 
nel n=l nal 
But since the function o(x) is continuous as the sum of a uniformly conver- 
Bent series of continuous functions, then by differentiating 


| «(0t = 50) —.5(%) 
we will get 


| | a(t) «| =S'(t), їс, o(x) = S(x) 
or s | ; 
| Eso] = SK). ЧА 


nel n=l 
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Exercises ' 


Find the convergence intervals for the functional series below: 


1. ps m. 3. X 4. 2 5. Yu X. 
xv 2'*' 


п 

nel n=l n=l n=l 

eo 4 = А eo 
6. 25 In^ (1 +x?) * 7, pus 2x tan = 9, Ул". 

n=l n=l * n=l 

= б i 

10. У зп je 

п=0 


Using the Weierstrass test, prove that the following functional series 
converge uniformly in the specified intervals: 


eo 


COS NX 








——у—, -0 € x € +оо, 12. 7———=. — 0 < х < +9, 
п : nvn 
nal a 
e 
1. x 
is -2&x€2.44.2 In(1 +4), -1 &x«1. 
піп + (4 — х?)"?' Б п?” Жер 
n=} n=2 
Answers 
1.-1« x« I. 2. - о <х< +0, 3. o < х < 0. 4.0<х< to. 


5.65 <х<е 6. -Ме-1 <х< Ме 1. 7. Diverges everywhere. 8. -2<x < 2, 
9.0«x«e. 10. - о «x « +, 


Chapter 15 


Power Series 


15.1 Abel’s Theorem. Interval and Radius of Convergence 
for Power Series | 


<- A series of the type | 


со + сах + Сх? +... + eux +... = У) Сах" (15.1) 


or | 
2 ; А 
Co + Са ( — X) + с›(х — xo) [+ Crl(x — x)" 10 


= У) сх – хо)", | (15.2) 
n-0 А 
where Co, Ci, C2, ..., Са, ... аге cohstant coefficients, is called a power 
series in x. Series (15.1) is obtained from (15.2) by the change x — xo = X. 
The power series (15.1) always conve[ges at x = 0, and (15.2) at xo, their 
sum at these points being co. TE 

Example. The series x 4 x! +... x7! +... and (x+ 2)? + 
(x + 2)! +... are power series. 

Now we look at the convergencé intervals of the power series. 


Theorem 15.1 (Abel’s theorem). Ifa power series у Сах" converges 
п= 0 


for x = x, # 0, then it converges re all x, such that |x| < xil; 
if the power series diverges for x = x Hen it diverges for any x for which 
Ixl > 1х1. 


~ Suppose that 2 cnx" converges а! x= xy #0, i.e., the number series 


=1 
a M. 


E 1 1 . 
>) c»xi converges. Then lim ira = 0, and hence there exists a number 


п=0 n>a 


М > 0 such that lcnxi! < M for al n. Consider the scries Y Icax^l, 
п= 0 


where 1х1 < !xil, and estimate its иһ term. We have 


«ng. 


x n 


lenx" | = Senxfl 
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where q = Ix/xil < 1. But J, Mq" is a geometric progression with the 
n=0 
ratio q, wherc 0 < q < l, and hence it is a convergent serics. By (he compar- 
=) 


ison test, J, Icnx7l converges at any point x for which Ixl < 1х;1. Conse- 


n=0 
quently, the power series У) Сах" converges absolutely for 1х1 < lxil. 
e n-20 
Suppose now that У) chx" diverges for x = хз. Suppose further that 
n=0 

the series converges for Ixl > 15:1. According to the treatment above it 
must converge at х = x», since Ix.1 < 1х1, which is at variance with the 
divergence condition for x = x» for the series. > 

Abel’s theorem enables convergence intervals to be established for the 


power series У) Сах". Let the series be convergent at x, ~ 0. It will then 
n=0 

converge absolutely in the interval (— Ixjl, 111). If the series diverges at 

хә (here lx! > lxil), then it will diverge in the infinite intervals 


(~œ, — 101) and (lx2!, -F oo) as well. 
The series ! ! The series ! ! Тһе series 
diverges | ip | converges absolutely | po! diverges `` 
-Ixd — -Ixd 0 Ii} р x 
Fig. 15.1 


It follows from the above that two points exist on the x-axis (symmetri- 
cally about O), which demarcate the interval of convergence from that of 
divergence (Fig. 15.1). 

Theorem 15.2. There is a unique number R > 0 for every power series 


>) nx" which converges not only at the point x = 0, R being such that 
п= 0 
the series converges absolutely when |x| < R and diverges when |x| > R. 
< Let & be the set of all points x at which the series converges. The set 
£ is bounded. The theorem states that there are points on the x-axis at 
which the series diverges. We take one such point, say x,. Abel’s theorem 
states that for any x€& we have 1х1 < Ixıl. However, in a set bounded 


above there is a unique upper boundary sup Ixi. Suppose sup Ixi = R. 
хе 


Since by definition the series converges not only at x = 0, we find that 
К > 0. 

We now take any x for which 1х1 < А. By definition of the upper 
boundary, we can find хо € &’such that Ixi < 11 < R, whence as follows 
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from Abel’s theorem the series must converge absolutely for the chosen 
x. If any x is taken for which [xl > R, then x ¢- Consequently, the series 
must diverge at this x. > r 


т“ Thus, the region of (absolute) convergence of a power series Y cx" 
n=0 


is the interval (— R, R) centered on the origin. 

Definition. The interval (— R, А), where R > 0, at every point хє 
(—R, R) of which the series converges and at points such that 1xl > А 
the series diverges, is called the convergence interval for the power series 


‚+ 


сах". The number R is called the radius of convergence of the series. 
n-0 . 
At the ends of the interval (— А, R), ic, at the points х = =R and 
x = R the power serics either converges or diverges. 
e 


Remark. The power series У) c,(x — xo)" where xo: 0 has the 
n=0 
со 


same radius of convergence as У) сах", but its convergence interval is 


(xo — R, х + R). "59 
When a finite limit 
" Ics «il 
lim —-—— = L, where O « L< +o, 


ase. Je, 


e 
exists, the radius of convergence of the power series >) сах" (or the series 
n=0 


У) calx — xo)", xo # 0) can be found from 


п= 0) 
К = lim -—--—.. (15.3) 


To prove (15.3) consider the series composed of the absolute values of 
the terms of the given one: 


a 
[сої + leixl + lezx?l +... + Техт +... = У) 16,1. (15.4) 


п=0 
By applying d'Alembert's test, we find 
PE ы ji 
l Пеева! lim 1&2 1! I^ 2 
пә Ienx" | n-o lc, xi^ _ 
Їсл +11 (сл +11 





= lim ixl = Ixl lim 


п-• le. now 1С. 


- \х11,. 
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Whence it follows that (15.4) converges if IxIZ <1 and diverges if 
IxIL > 1, ie, a power series converges absolutely for all x such that 


Ixl < + and diverges for all Ixl > L . From the definition of the radius 


of convergence we find that R = Ts i.c, 








А 1 
27 Y lc,l 
if a finite limit lim Vlc,i = L,0 < L < + оо exists. The last identity may 
п с 


easily be obtained from Cauchy’s test. 


If a power series У; Сах" only converges for x = 0, then its convergence 
n=0 


radius R is considered to be zero (this is possible, for example, when 





Я lc | , n í 
lim —2*" = œ or lim Vie,! = eo |. If, however, the series converges at 


n= lcal n>a 


all points along the number axis, then it is considered that R = + co (mis 


occurs, for example, when 


lim ©! 9 ог lim Vcal = 0). 


n—w 1С pt 
eo 


The convergence 'domain of a power series У) с„(х — xo)" may be 
1. н = 0 


either an open (xo — X, хо + А) or a closed [xo — R, хо + А] interval, or 
one of the half-intervals (хо — R, хо + К] ог [xo — R, xo + К). If R = 4 co, 
then the convergence domain is the interval (— eo, + оо). 

In order to find the convergence domain of a power series 


>) сл(х — xo)", first the convergence radius R must be found (using one 
n=0 
of the above formulas, for instance) and then the convergence. interval. 
(xo — R, xo + R) in which the series converges absolutely. Second, the con- 
vergence of the series must be investigated at the ends of the convergence 
interval, ie, at the points x = хо — R and x = xo + R. 
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© 
l n 


Examples. (1) Find the convergence itid of 5», (-1)"" ux", 


n=l 


-4 We first find the radius MUR R using formula (15.3). Since 
Са, = (— 1)" ‘п and сп+ = (- 1)" (n + 1), we will have 
CU pn! | 

R = lim Ma s im Je prar -= lim е 
p еп е DI n--n + | 





The radius is R = 1, and so the serie converges absolutely in the interval 
-1«x«l. ! 
Second, we examine the sertes for conveipence at the ends ol the conve 
gence interval. Putting x = —1, we obtain the number series 


Spin 2 X (nins X (m, 
n=l 


n=l i п= 1 
which is obviously divergent, since it does not тес! the necessary test: 


lim (~n) #0. At x = 1 we obtain the number scrics y (-- 1)" 1л, for 
п ао ла 
which lim (—1)°71!л is nonexistent; ahd hence the series diverges. 
ae 
Thus, the series converges in the interval -1<х< 1. 


© 


i? 





(2) Find the convergence interval of the series pus 1" (x + 2)". 
n-l 
“4 (1) We find the radius of conveigence by (15.3): 
E» L4 
Сп = 0—— Сп+1 = , 
"(ndn 
=) -1 i 
a 1 atl 
= lim L”? = lim (n+ 'nar* = lim2(14 512 2. 
n=% (-»" nie n2" nc n 











(n + 1)2" TENI 


The series converges absolutely in the interval lx +21 <2 or -2< 
х+2<2. Hence -4«x«0. | 


(2) At x= —4 we obtain the number series 
D oe 2)" = (pmo 1 
SH aye у 
n=l n=l | n=1 


which diverges (a harmonic series). Г 


At x= o we will have the number s series x (- D !/n, which con- 


п= 1 
verges conditionally. The ѕепеѕ thus Ere in the interval — 4 < x <0. 
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n n 
(3) Find the convergence interval of the series > eee : 
п 


n=l 
-4 Since c, = (-1)"/n", we will find the radius of convergence using for- 
mula (15.5) 


R = lim --—— = lim 


пе у |с | Now. 


= lim n = +o, 


ne 











cn» 
п" 








This means that the series converges at all x, i.e., in the interval (— со, + оо). > 
(4) Find the convergence: interval of the scries 


atx", 01 = 1. 


n=0 
-4 Since c, = 7l, сп+1 = (п + 1)! = nl(n + 1), we will get 


| len | 
R = lim -—— = lii 


im ————_ = lim —— = 0. 
n- eo Ic, 4 il now Hil (r -+ 1) ncn 4] 


This means that the series converges only at x = 0 and its sum is 5(0) = I. 
The convergence interval of the series is one point x = 0. > 


15.2 Properties of Power Series 


Uniform convergence of a power series. Continuity of its sum. We 
will need the following theorems. 


Theorem 15.3. The power series >) c4x" converges absolutely and uni- 
n-0 


Jormly on any interval [— a, a], a > 0, belonging to the convergence inter- 
val (— R, R), R > 0, of the series. 

-4 Consider the interval [—a, a], where 0 <а < R. We will have 
[(c,x"| < 1с„а"1 for all x that meet the condition 1х1 < a, and for n = 0, 


1, 2, ... . But since the number series У) спа"! converges, by the Weier- 
п= 0 


strass test, the given series converges absolutely and uniformly оп the inter- 
val [—a, a]. > 


Theorem 15.4. The sum S(x) = У) сах" is continuous at each point x 
n=0 А 
in the convergence interval (— №, К), R » 0, of the series. 
-4 Any point x in the convergence interval (— R, R) can be included in 
the interval [~ а, a], 0 «a < R, where the series converges uniformly. Since 
the terms of the series are continuous, its sum S(x) will be continuous on 
the interval [—a, a], and hence at x. > 
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Integration of power series. Power series can be integrated according 
to the following theorem. 


> Theorem 15.5. The power series У, спх" сап be integrated term by term 
cw n=0 

in its convergence interval (— R, R), R > 0, and the radius of convergence 
of the series obtained by termwise integration will also be R. Specifically, 
there holds 


x e eo 


| ( У") dt = ptm sati 


ned п= 0 


Jor any x in the interval (— R, R). 

"4 Any point x in the convergence interval (— А, R) can be included in 
the interval ( — a, a], where O < a < R. On this interval the series will con- 
verge uniformly and, since its terms are continuous, it can be integrated 
term by term by Theorem 14.4, e.g., from 0 to x, where 0 < 1х1 < R. Then 


r ^0 о x «о 














X cx" +! р 
(" а= > 1c ("dt = ———, xe€(-R, R). 
| ( Cn ) 1 n+l?’ ( ) 
0 n=0 n=0 0 n=0 
We now find the radius of convergence R’ of the series obtained, under 
the condition that there exists a finite lim lcnl/lens,! = R. The radius 
n- со 
of convergence R’ will then be 
Cn 
; n . /n+2 le 
R= dim 4, LL. = lim (т 
Hot Сек. new n + 1 Суз T 
n+l 
. n+2 ,, len! 
= lim lim —"_, = 1-R=R. 


n-*e П t 1 п-ео les. 1! 
Thus, integration does not change the radius of convergence of the power 
series. > 


Differentiation of power series. Differentiation of power series obeys 
the following theorem. 


Theorem 15.6. The power series S(x) = >) cnx" can be differentiated 
п= 0 


term by term at any point х in its convergence interval (— К, К), К > 0, and 


5'(х) = ( x о") = X пех", 


п=0 n-l 
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+4 Let A be the radius of convergence of the series 


Mox (15.6) 
nz 


and R' be the radius of convergence of the series 
D nex" t, (15.7) 
п=0 


and let there be a finite or infinite limit 


| len | 
lim == 
п [сл + il 





Then, we will obtain i 


rn Incyl 
= hm ~;r 
nae (A + 1)Сл+1! 


Р | 
= lim (1+ zi) lim I. a ТЫ ый. 
n- o n t 1 n+ Ics il 

Thus, R’ = R. Denote by о(х) the sum of (15.7). The series converges 
on the interval (— R, R). Series (15.6) and (15.7) converge uniformly on 
any interval [—a@, a], where 0 < a < К. All the terms of (15.7) will then 
be continuous; they are derivatives of the corresponding terms of (15.6). 
By Theorem 14.5, we will then have о(х) = S'(x) in the interval [— a, а], 
and hence in the interval ( - R, R) as well, since a < R. > 





Corollary. A power ѕегіез У) cnx" may be termwise differentiated any 
n=0 

number of times at any point x in its convergence interval (— R, R), i.e., 

its sum S(x) has derivatives of all orders at each point x€(—R, R), viz., 


SM(x) = Y п(п— 1)... (1—- К+ Dox"* (k21,2, ...). 


n=k 


The convergence radius of this series is equal to the convergence radius 
e 


of the original series S(X) =: У) сах". 
п=0 
By applying the theorem to the series containing the first-order 


derivatives 


eo 
b DY nex" s, 


n=l 


S' (x) = сү + 20х + 3eyxà +... + nex" 7 


and then to the series containing the second-order derivatives, etc., we get 
the formula for S“ (x) for any k. 


15.3 Taylor's Series — 5. со о 


15.3 Taylor's Series 


Definition. A function f(x) is said to be expanded into a power series 
i "y Сах" on the interval (-- R, R) T) the series converges on the interval 
nzü i 
and its sum is f(x), ic, | 
eo n 
Лх) = $; cox, xc(-R, R) (15.8) 
п= 0 pa 
1 
the interval being assumed not to |degenérate into a point. 
We shall first prove that the function cannot have two different expan- 
sions into power series of thc forin (15.8). 
Theorem 15.7. Lf a function tw can be expanded into a power series 
(15.8) on the interval (— В, В), R > 0, then this expansion is unique, .е., 
the coefficients of the series (15. 8) are uniquely defined by its sum. 


4 Let the function f(x) be expanklable і in the interval (- R, А) КУ 0 
into а power series 
SQ) = co + сх + og ds tex" b... (15.9) 


By differentiating this series Л! tinles, which can be done in the interval 
( - R, R) due to Theorem 15.6, we get 


J"()s1x2x3»x...x(n- lnc, 
-T2X3x ...X (ni- Dafn. + Denix bo... 
When x = 0 we obtain i 
f?(0 21x2x3x...x (п – Inc, 
or 
SPO) = ліс, n=O, 


2 E Eq: 


whence 


Сд 


n) | 
f°) | (15.10) 


n! 


given that / (0) = /(0), 0! = 1 
The coefficients c, (n = 0, 1, 2). ..) of the power ѕегіеѕ in (15.8) are 
thus uniquely determined by (15. 10). > 
Remark. If f(x) is expanded in powers of the difference X — Хо, Le, 
| 
Јо) = У calx — x)", х&(%— R, Xo + R), К> 0, 


n=0 


64 15 Power Series 


According to Theorem 15.9, sin x can be expanded into a Taylor series 
in x in the interval (— со, + оо) that converges to it. Since 


(0) = sin хы = mee for n = 0, 2, 4, 
(I7 for n= 1, 3, 5, 


we will have 


5 xenti 


3 
CT ae pepe res + 
2; ntl 
= 16-0" uu LT (15.15) 


The radius of convergence is R = +œ. 
(3) f(x) = cos x. In a like manner, we obtain 


_ x? x! 
соз х= l- 5r +47: + (-1)" + 
SE Олу' R= +o, (15.16) 
n=0 


(4) f(x) = (1 + x)", where x > —1 and а is any real number. The func- 
tion obeys 


(+ xf’ (х) = af(x) (15.17) 


and the condition /(0) = 1. We will look for a power series, such that its 
sum S(x) would meet (15.13) and the condition S(0) = 1. Let 

S(x) = b+ crx + ox! cox +... + Сах" 9... (15.18) 
Hence 

S’ (x) = сі + 2с›х + 3ox' +... + nex"! 


Substituting (15.18) and (15.19) into (15.14) gives 
(1 + (си 26x + 3ex3 +... + nex" a +...) 
= «(1 + cix + ex^ + ex! +... + Сах" +...) 


durus (15.19) 


or 
a + (ci + 2¢2)x + Qo + Зсз)х2 + к 
+ [nen + (п + сал+] +... 
= а + асіх + ax +... + асах" +... 
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Equating the coefficients at the same powers of x on either side gives 
CHa, а + 20 = ас, 
2с; + Jey = ас, ..., Mn te (п + 1) «1 = ас, «es · 
Hence 
2G M. quu ole = а 2) | 


г . alx- 1)(а ~ 2)... (x- n+!) 
i n! ; 
Substituting these coefficients into (15.19) gives 


ala — 1) 2 , ala — 1)(а – 2) + 
a c 3 R 


a(a - Ia - 2)... (а-л + 1) 


п! 


$(Х) = 1+ ох + 


+... + хв... (15.20) 


We find the radius of convergence of (15.20) for the case where « is not 
a natural number. We have 








. (а-л + 1) 
lcn! pum a 
M aa rT (n+ la - n) 
(n + 1)! 


Series (15.20) thus converges for Ixl < 1, ic, in the interval (—1, 1). 
ie prove that the sum S(x) of (15.20) is (1 + x)? in ше interval 
(—1, I). Consider 
S(x) S(x) 
g(x) = 389 = 
fo (в) 


Its derivative is 





for x€(—1, 1), since S(x) obeys ee 
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It follows that р(х) = C = const in(—1, 1). But since (0) = S(0)/1 =], 
then C = (0) = 1, and hence S(x)/(1 + x)? = 1, ie, SQ) = (1 + 0? or 


(1+ х) = 1 + ax + аа) х? 
Е" се)... oath x"... (521) 


where -1 «x«l. 
The series obtained is called a binomial series, and its coefficients are 


called binomial. ` 
When о is a real number, the function (1 + x)“ is a polynomial of degree 


n, since R,(x) = 0 for all л> апа all x. 





Two more expansions are worth noting. At a = —1 we will have 
Lic cx qo ubere (15.22) 
1+х 


We substitute —x for x in this relation. Then 


ті aes. с1а (15.23) 
(5) f(x) = In(1 + x), x >, — 1. To expand the function into a Taylor series 
in x, we integrate (15.22) from 0 to x, where хє(—1, 1). We have 


x 


| dt - a -t+ i - P usui(-0"*'ht! à, Лат 


1+7 
0 0 
ог 
2 3 4 ation 
ye oA „5. (-1)"* x 
In(] -x)2x 5+3 гек т + eoo (15.24) 


Relation (15.24) holds in the interval —1 < x < 1. Substituting —x for x 
yields 


ü-9e-x-E-E-E-S-E.., (15.25) 


where -1«x«]l. i 
We can show that (15.24) also holds at x = 1: 


iuge 
т2=1-у+у-у+.... " 


The following is а list of Maclaurin series expansions for some common 


functions: ^ ` Wd ue 


13: 
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2 І 
(а) їн tmn tee —o < х < Боо; 
: 3 5 i 2п +1 
i X х z.i = р)” СЕ. AUN 
(b) sin x = х A ten “ы 1) 1: piter 
—o < х < +; 
2 4 | 
=з e ый er ay X". 
(c) cos x = 1 ^i + ii . * (-D Üm)! ES. 


-0 <X< +©; 


(d) 1 + 0° = 1 + at m D uo 4 oa = "m 2) з 


4,26 og sr Gant Dy ME EPI 
1 P 2:1.) i рутул. е. ^ . 
qu eee ало )y"4...,-1«x«18 
2 3 ' : n 
Peery et ыу T -pi X. А 
(е) In(1 + х) = x 5+5 met 1) ара ee 


Using these expressions we can deduce expansions for composite func- 
tions. It is not necessary then to examine the remainder R, (x) in the Taylor 
formula, since the convergence intervals of the above series have been estab- 
lished previously. We will illustrate this by examples. 

Examples. (1) Expand the function 1/(4 — x) into a power scrics about 

хо = 2, ie, in powers of x- 2. | 
-4 We transform the function soj that we could use Series (15.23) for 
1/(1 — x). Then, | 
1 1 Loco d 1 l 
4-x 3-46-2*2]| 2-673572 EY 


Substituting Ly for x in Т7 we obtain 


1 _1 2 x-2 x-2M 
aei ont es Cy] 


1 _l x-2 E-D, (x - 2) 
-xit 792- E Ше а 





or 








This expansion is valid when ч 
x-2 
2 


ar e ы e S 
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(2) Expand 1/(x? — 3x + 2) in powers of x (ie, about хо = 0), using 

the expansion (15.23). 

4 We factor the denominator and represent the given rational function 

as a difference of two simple fractions: 


I 1 1 1 


хї-3х+2 Q- Dx-2 x-2 x-i’ 


After some algebra we get 


1 1 1 1 
э =-——=—;-———. 15.26 
x —-3 x42 1-х 21. (x ( ) 

2 

To each term on the right-hand side of (15.26) we apply (15.23) to get 
peuedbtxkxb ed +., (15.27) 

1 х хү x\? 

pe = | + {у 1: 7 
ee 5 00) (5) + (15.28) 
2 


Series (15.27) converges for Ix! < 1, and (15.28) converges for Ix/2I < 1, 
ie, for Ix! < 2. Both (15.27) and (15.28) converge simultaneously for 
Ix! « 1. Since in the interval ( — 1, 1) the series (15.27) and (15.28) are con- 
vergent, we can subtract them from each other term by term. The desired 
power series will thus be 


1 =((+х+х%“ +х? +...) 





x!-3x «2 
| X х\? х\? 1 2—1 
- = | tefl) + = 224 
pibe нЕ у : 


which is absolutely convergent for 1х1 < 1 (the radius of convergence of 
the series is R = 1). > 

(3) Expand sin ^! x into a Taylor series about хо = 0. 
< We know that 


а 1 1 23) - 1/2 
(sin! x)! = —— = [I + (-x4) 1. 
VI- x? 
We apply to this derivative the formula (15.21) with — x? substituted for 
x. As a result, for | -x?| = x? < 1, ie, for -1 «x < 1, we get 
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ed HS 1_ ) 
(зїп), ape a, 2\ 2 Е 





oe 


2: 212? * 312? 


Integrating this from 0 to x gives 


=1+ 


x i е 


x 
(sin ^' (dt = (1+5 БОВ cour 
2" 302 3123 . 
0 0 








or 
х х 3 Ix $ |x 
sina ml IE D 
n o 2 3 [o 212^ 5 |o 
7 |x 
їхзхб г, 
312° 7 |o 
ie, 
sn^'x-2x«4 Ве х + 1х3. х + 1х3х5 xo 
^ 2x3 212? x 5 322» x7 ^ _ ' 


where -1«x« I, № = 1. 
Termwise integration here is legitimate, since the power series converges 
uniformly in any interval with ends at O and x that is contained in ( — 1, 1). > 
Remark. Power scries expansions can bc utilized to take integrals that 
cannot be expressed in a finite form in terms of elementary functions. 
Consider several examples. 
Examples. (1) Take the integral 
x 
Si x= | šini dt. 
t 
0 


-4 The primitive for (sin /)// cannot be expressed here through elementary 
functions. We expand the integrand into a power series, taking into account 
the equality 

p Г 


sin i=l- г apt... (15.29) 
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From (15.29) we find 


sin fy р СОМИ iU 

"uut 1 3r + zi 71 +... (15.30) 
Note that it is legitimate to divide (15.29) by гаі ¢ » 0. Al = 0 we sel 
(sin /)/ = I, and then (15.30) remains valid. Series (15.30) converges at all 
t (R = +œ). Integrating it term by term gives 


x 


.. (sint E UR P ud 
si хе [Shar =x 313 315 37 ^"^ 


0 
The series obtained is alternating, so that it is a straightforward matter 
to estimate the error due to replacement of its sum by a partial sum. > 


(2) Take the integral | e^" dt. 
à 


-4 Here too the primitive for the integrand e^" cannot be expressed in 


terms 2 кшш functions. To carry out the integration we replace x 
by —? 











Mu" 3 
x == — = 
alter ptt 
We get ' 
4 6 
-0 [d 2p» t t 
e = | 1“ + зг" аг + 
i 
We integrate both sides of this from 0 to x: 
х ' 
x 3 Ix 5 x 7 x 
Ei reg ect. Us. ОР А 
|: “а ' s | 215 |o 37 |o * 
3 3 5 1 
EMI CE: x 


те – 2 + 
3 215 37 
The series converges. for any х (its radius of convergence is R = + œ) and 
it is alternating for x > 0. 


Exercises ' 


Find convergence intervals for the following series: 
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" yc a A) Ca ncs 
nx. 6б. il T NOS (x + 2)". 
п= 0 in n-l 

= — 1 ays п ы h" 2 Ух 22 э" 
8. es (x43). 9. 210 (x + 1)”. 0. лий "a 

n=l seda 

S (т + 1)! " NE К ЖШ 
11. D & - 2" 12. oU) “2 Or D". 


a=0 nz] 
Expand the following function into Maclaurin's series and indicate 


convergence intervals for the series obtained. 


pen 


x V1 У, 
é m uti Йел ih . 16. cosh x. 
reme (14) ea MONS 
P ; | 
NP an^! x. | | 4 v). 21. 
8+x | Í { 


"A kin («-3) . 23. cos (2 





Hint. E: the expansions (a)- (e) on page 67. 


Expand the following functions into Taylor's series about the point indi- 
cated and find convergence intervals of the series obtained using the expan- 


sions (a)-(e). 
Oed E cq 
{ н ae 


às lod me ed. 
X 








T 
х +1 A | T т 
28. ‚› Xo = +l. . Bin X, Xo => 30. cos x, ху = 
X-2 Ne ! 2 2 
31. [п (3x - 2, xo = 2. 32. In (2k - 1), xo = 1. Om X9 = -1. 
34. Ух + 1, х= 1. : 
Answers 
L -2X« x « 2. 2. sig galt 3. -1«x« .4. x 0.5. -1«x«l 


Nn 


6 -l<xgh 7 -3«x&-Ll 8&.-6«x«0. 9. -e! -|(«x«e^'- | 


w 
ы 
м 
w 
ә 


10. -1«x«3. 12.х=1. 13. 
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J 5 2 














14. x х be xe Bete +7 +. -=<ух< +, 16142. 
3 s 2i 
1 1x2 
Too. -=<х< teo. fiato e l а -1<х<1. 
4! 3 213 313 
4 x4 
18. es Ы ee: + DERI gi - аек + aan -l «x«l 
2 3x8x 213° x8 x2 33 x8'x2 
3 5 7 3 
iuxta. ct -i«€x« |l. 20. x — X — аа 
5 7 2x3 2x4x5 
Е - | " 
cp 0S uo Duas TE ie +... -1є<х<1. 2La' 2104 Ing e 
2x4x6x..x2n(2n + 1) n! 
п=і 
с ee, “asa m 
—-ece < х < + о. n. Y? iat xc fg. ; ау t+ 
2 2! и а 2 
2 J 5 J 5 
2x - ax? st + 2 + 8 -..), -ю<х< +o, 24,2 42 20-14 + LA -t 
2! 3! 4! 5! 2! 4! 6! 
2n-1 2 J 
Cpa” 4 = ою < х < +оо, 25, as I+ 2r + «+ 3 + (x + 3) +... |. 
(2л)! 3 3 3? 3 
1 1 2 2 3 7 
-6«x«90. 26.- - (x- 1) + ;(x- 1} -(x- +, -l«x«-. 
5 zí ) gu ) zí ) 1 2 
2 + gy - 2p 
Hoot 0.0 uuo ТРОЕ ы ld a 
2 2 2 3 
H 4 6 
т х т 
- – — x--- 
(x - 1) ( 5) ( ;) ( 2 
i *.,-2«x«4.29.] - —————— + ~l -—--..-—. e... х< о 
3 2! 4! 6i 
3 5 
х к 
х- – x-- 
T ( z) ( 3 3 
30. – -- ————--———+.,‚ -=о<у< too, 31.2102 + -(x- 2) - 
3! 5! 4 
3 n КЫ Р 2 10 2(x – 1)? 
——; (x — 2) + ——(x-2Y-.. -<xg-—-. 32. 2(x - 1) - -———- + 
241 ) эх“ ) 3 3 ( ) 2 
Nen ту . ao о 
И Е Ae о mo 
3 2 2 2! з! 


x-i I 2, 1x3 3 | 
— psp RE EN = ——{(х- - = 3 
о < х < узы [+ ji az" 1) tug 1) JJ {<х<3. 


Chapter 16 


Fourier series 


16.1 Trigonometric Series 


' Definition. A function (x) defined on an infinite set D is called 
periodic if there exists a number T # 0 such that for each хє D 


/(х + Т) = Д) (х= Тєр). 


The number T is called the period of f(x). 

Examples. (1) The function /(x) = sin x defined im the interval 
(— со, + оо) is periodic, since there exists T = 2x #0 such that for all 
x€(-— со, +оо) we have sin(x + 27) = sin x, x + 2r €(— oo, + оо). Thus, 
sin x has the period T = 27. 

The same applies to f(x) = cos x. 

(2) The function f(x) = tan x, defined on the set D of x # 7/2 + пт 
(л = 0, +1, +2, ...) is periodic, since there exists the number Т + 0, i.e., 
Т = m, such that for all x € D we have tan(x + 7) = tan x, where x + r € D. 

Definition. A functional series of the type 


nid 


+ ау cos x + b, sin x + a» cos 2x + b» sin 2x 
+... + an cos nx + b,sinnx +... 


ао 


EY + 240 cos nx + ba sin nx) (16.1) 


is said to be a trigonometric series, and the constants ао, ias, b, (n = 1, 
`2, ...) are called the coefficients of the trigonometric series (16.1). 

The partial sums S,(x) of the trigonometric series (16.1) are linear com- 
binations of the functions 1, cos x, sin x, cos 2x, sin 2x, ..., which are 
called a trigonometric system. Since the terms of the series are periodic 
functions with a period of 27, then, if (16.1) converges, its sum S(x) will 
be a periodic function with a period of 2. 


S(x + 2x) = S(x), x€(-o, +). 


sf 
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Definition. To expand a periodic function f(x) into a trigonometric ser- 
ies (16.1) means to find a convergent trigonometric series whose sum is 


equal to f(x), ie, /(х) = SQ), x €(— eo, +). 
Orthogonality of trigonometric systems. We will need some basic no- 


tions in what follows. 
Definitions. Functions /(x) and g(x) that are continuous on the interval 


{a, b] are called orthogonal on the interval, if 
b 
| fO)g dx = 0. 


For example, the functions f(x) = x and g(x) = x? are orthogonal on 
[- 1, 1], since 


1 1 
{ х-х?ах = | хах = 0. 
Zi 2 . 


A finite or infinite system of functions ф(х), ¢2(x), ..., фл(х) continu- 
ous on the interval (а, b], where ф„(х) #0 and n = 1, 2, ..., is called an 
orthogonal system on the interval [a, b] if for all m and n, such that m = n, 
we have 

О 
\ Фт(Х) юл (х)ах = 0. 
b D 


Theorem 16.1. The trigonometric system 1, cos x, sin x, cos 2x, sin 2x, 
.., COS nx, Sin nx, ... is orthogonal on the interval [— т, x. 
“a For any integer л ғ 0 
1 


* 





sin nx 
| l-cos nxdx = ——— = 0), 
п ТЕ 

=T 

т 

: COS Лх 
L-sin nxdx = - 95 1 — 0. 
i n m 





= 
Using the well-known trigonometric formulas Dad 


cos a cos 8 = cos(a — 8) cos(a + 8) ‚ 


sin а зіп 8 = CSZ ес 
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for any natural m and л, m zn, we па 


T т 


| cos mx cos nxdx = | [cos(m — n)x + cos(m + n)x]dx 


dep An EX oq 
21 | sin( = mx sina + mx |" | o 
2 m-ni E m+n Si i 








* * ; 
| sin mx sin nxdx = i | [cos(hi = n)x — cos(m + n)xJdx 


| =o 


i 
т 


e sin( : + n)x 
с m+n 


1 [sint – mx 
2 mH 








Lastly, by the formula 


sin a cos 8 = Sn = 6) + Яа + M 


for any integer m and л (m = л), we get 


т т 
| sin mx sin nx dx = ) | [sin(p — n)x + sin(m + n)x]ax 


-xr -x 











_ 1] соѕ(т – nx |" _ cos(m + nx |" |. 0 
2 m-n 2а m+n EA | 
' | 
For m = n, we will have 
т т ; 
А sin 2rtix cos 2лх 
| si nx cos nx dx = [sept dx = SES 20.» 
ah - т 


-x -x 


Remark. For m = n the integrals df the products of the trigonometric 
functions under investigation will be: 








x т : 
-. CAS Iny 
| cos? nx dx = | Ld 24 THX dx 
-T -3 ' 
1 x sin 2nx |" 
=. (х 42526 =, 
2 ( ix i2n 2) 


| | —cos2nx у _ 








т 

. 2°: e 
| sin^ nxdx — 
-x 
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16.2 Fourier Series for a Function with Period 27 


We would like to compute the coefficients ао, an, b, (n = 1,2, ...) 
of the trigonometric series (16.1), knowing f(x). 
Theorem 16.2. If 


fo) = E + >, cos nx + b, sin nx) (16.2) 


holds for all x, and the series on the right-hand side converges uniformly 
on the interval [— т, я], and hence, due to its periodicity, it converges on 
the entire real axis, then 


f(x) cos пхах (n=0, 1, 2, ...), 


=l 
т 


Jœ sinnxdx (n 2 1, 2, ...). 


2 


e (16.3) 


“4 Since the terms of (16.2) are continuous functions on the interval 
[— т, т} and (16.2) uniformly converges on that interval, we infer that f(x) 
is integrable and so (16.3) makes sense. Moreover, (16.2) can be integrated 
term by term. We get 


| food = г | ах + Di (e E nx dx + b, | sin neds), 


-x =1 v 


or 
| /(х)ах = аот. 
From this follows the first of (16.3) for n = 0. We now multiply both sides 
of (16.2) by cos mx, where т is an arbitrary natural number 
JG) cos mx = = cos mx + Уу COS тх cos пх 


+ b, cos mx sin nx). (16.4) 


Series (16.4) converges uniformly by Theorem 14.2, just like (16.2), therefore 
it can be integrated term by term, which gives 
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к т 


Qn 
| Jx) cos mx dx = 5 | тх ах 
= т. dm Ý 
т т 
2 
c t > | (an | cos mx cos rx dx + b, | cos mx sin nx ax) ; 
n=l -r -x 


The trigonometric system being orthogonal, alt the integrals on the right- 
hand side are zero, save for one, which corresponds to n = m. Therefore, 


т х 
| f(x) cos mx dx = an | cos? mix dx = ant, 
кей к =F 2 
hence 
1 т 
am = = |. Jx) cos тхах (т = 1, 2, ...). 


Likewise, multiplying both sides of (16.2) by sin тх and integrating from 
– т to m, we obtain 


П 
т т 


| /(9 sin mx dx = bm | sin? mx dx = быт, 


-7 = 9 


hence 


bn = - t po sin mxdx (a= 1, 2, ...). в 


x 


Now let f(x) be an arbitrary function with period 2r :апа integrable 
on the interval [— т, т]. We do not know beforehand whether or not it 
can be represented as the sum of a certain convergent trigonometric series. 
But using (16.3) we can calculate a, and by. 

Definition. The trigonometric series 


24 Уа, cos nx + b, sin nx), 


n=l 


whose coefficients ао, ал, and 5, are defined through f(x) by the formulas 


[е cos nx dx (n =0, 1, 2, ...), 


-T 


al 
an 25 
"T 


b. == t en sin nxdx (п = 1, 2, ...), 


- т 
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is called the Fourier series of f(x), and an, bn, defined by these formulas 
are called the Fourier coefficients of f(x). 

Each function f(x) integrable on [—т, т] corresponds to its Fourier 
scries 


ү ao 2 Н к 
Дх) ~ vs 4 2: (ал cos nx + b, sin nx), (16.5) 


a=! 


ic, a trigonometric series, whose coefficients are given by (16.3). If, 
however, we only require that /(x) be integrable on [— т, т], then, generally 
speaking, we cannot replace the symbol of correspondence in (16.5) by the 
symbol of equality. 

Frequently, a function f(x) needs to be expanded into a trigonometric 
series defined only on the interval [— т, т] and consequently it is not peri- 
odic. A Fourier series can be written for such a function because the coef- 
ficients of the Fourier integral in (16.3) are calculated for [— т, т]. If, 
however, the function /(x) is extended periodically along the x-axis, i.e., 
over the interval (~ оо, +œ), then we get a function F(x) that has period 
2т and coincides with f(x) on the interval [~ т, т], ie, F(x) = f(x) for 
all x in [~ т, т]. The function F(x) is called the periodic extension of f(x). 
F(x) does not have a single value at x = +r, +37, 45m, ... or at the 
points of discontinuity of /(x) in [—, s]. 

The Fourier series for F(x) will be identical to that for f(x). If the Fouri- 
er series for f(x) converges to F(x), then the sum of the series, being a 
periodic function, will yield a periodic extension of /(x) on [— т, т] over 
the whole of the x-axis. 

Thus when considering the Fourier series for f(x) defined on [—7, т], 
we are also considering the Fourier series for F(x). It is sufficient, therefore, 
that the tests for convergence of a Fourier series be formulated only for 
periodic functions. 


16.3 Sufficient Conditions 
for the Fourier Expansion of a Function 


We will now find the sufficient test for convergence of a Fourier 
series. 
Definition. A function f(x) is called piecewise monotone on the interval 
(a, b], if the interval can be broken up by a finite number of points 
а< х <<... < Xx. < OY into intervals (a, xi), (xi, xo), ..., (Хи-1, D), 
in each of which /(x) is monotone, i.e., it is either nondecreasing or nonin- 
creasing (see Fig. 16.1). 
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Examples. (1) The function fo = x? js piccewise monotone in the 
interval ( — eo, + оо) since the interval can be broken up into two intervals 
(— «o, 0)-and (0, + оо), in the former it decreases and in the latter И in- 
creases. | 

a (2) The function f(x) = cos х ib piccewise monotone on the interval 
[– т, т], since the interval can be divided into two intervals (— т, 0) and 
(0, x), in the first of which cos x iricreases from — 1 to +1, in the second 


it decreases from 41 to — 1. 1 


1 
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If the function f(x) is piecewise monotone and bounded on Ja, h] (ie, 
m x f(x) € M), it can only have first-kind discontinuities in this interval. 
Let, for instance, x = c, сє (a, b]; be a discontinuity of f(x). Then there 
exist one-sided limits t 
lim f(x) = f(c - 0) and lim f(x) = (c + 0). 
AE 


хес 
x«c "ric 


1 
This means that c is a first-kind| discontinuity of f(x) (Fig. 16.2). 
Theorem 16.3. // a periodic finction f(x) with period 2r is piecewise 
monotone and bounded on the interval [- я, a], then its Fourier series 
converges at each point in the interval. The sum of the series 


do ^ A 

S(x) = PI + 25 (аһ cos ny + b, sin nx) 
n=] : 

obeys: . 

(1) SQ) = f(x) if -r <x € x and f(x) is continuous at x 

(2) SQ) = 1 U(x + 0) + /(x 0) if -r «x € m, and x is a discon: 


tinuity of f(x); 
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(3) 5(—я) = 560 = IUt- + 0) + Slr — O). 


Examples. (1) The function f(x) = т — x with period 2x and defined 
in the interval (— т, п), as is seen from its plot in Fig. 16.3, meets the condi- 
tions of the theorem.. Therefore, it can be expanded into a Fourier series. 





Fig. 16.3 


"4 We find the Fourier coefficients for it, integrating by parts 


f 2 
m=i [а-да - Im 
T 2r 


— ж 


т 


= 21, 


-x 











= |G — x) cos med = 1 | œ -a (sns) 
T T n 
=! (r ox) Sin nx + d; sin mos 
т п -r тл 
gs tco EOS TUE = С05(— пт) — cos пт _ (у (п = 1, 2, ...), 
тп -x тл 
On = – а | (т — x) sin nx dx = E | (x — х)а (- = т) 
T ; т п 
= ECT 9 cos nx - | пхах 
тл -x ТП 


1 | NC Ы 
= — 2r cos (лт) — — sin nx 
тл ( ) тп 


-7 





И | 
= 2 солт 2 0" (р 1,2, ...), 
п п 
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The Fourier series for the function has the form 


sin nx 
к-х=к+ 2} у(-1)" ЭМ "Х, -т<х< т. 
n=l Н 
0, --«x«0, 


(2) Expand the function f(x) = f b 


into a Fourier series 
xX  Oxxc«m ' 


(Fig. 16.4) on the interval (—, я). 


> 


"m т 





“4 This function meets the conditions of the theorem. 


Let us find the Fourier coefficients. By the additivity property of the 
definite integral, 





т 0 т 
be -1 [sora -l ( [оа $ | soar) 
n" т Е j 
= (оа [49 215 ET 
0 


x cos nxdx — L | x a (ger) 
0 


п 0 n 


| 
(snm * al 


sin ах) 
лас (ырс 
тп тп 
2 
—- —5 for n=1, 3, 5, ..., 
хл? 


0 fo n=2, 4, 6, ..., 


1 оо 
Не] 


16 Fourier Series — — — — — — 0000 o. 


| 
x т 


be = i | xsin пак = 1 | x a(- os) 
T T n 
y. 





= 1 (- х 605 ЛХ + 1 ( њо) 
T n 0 п 
0 
n n+l 
gaia A б=Ш mio uu 
n n n 


We thus arrive at ` 











EE. .2cosx  sinx  sin2x 2 cos 3x 
fod =F + ( - HH 4 re 3 
+ аз sine 2 езх, 
3 4 т 5 





T 2 cos(2n — 1)x n41 Sin NX 
= = + LM *(-1 RE 
4 >| T Qn-1 (=D n ] 
л = 
for - т< х < т. 
At the ends of the interval [— т, т), i.e., at the points х = — and x = m, 
which are first-kind discontinuities of /(x), we will have 





Ля) = Да) = * =F. 


If we put x = 0, then 


16.4. Fourier Expansions of Odd and Even Functions 


Recall that a function /(x) defined on the interval [— /, /], where 
I> 0, is said to be:even if f(—x) = f(x) for all x e[-/, Д. 
The graph of an even function is symmetric about the ordinate axis. 
A function f(x) defined on the interval [— /, /], where / > 0, is said to 
be odd if f(—x) = —Jf(x) for all xe[- 4, I]. 
The graph of an odd function is symmetric about the origin of coor- 


dinates. 





Examples. (1) The function f(x) + cos x is even on the interval [~ я", хт], 
since cos(—x) = cos x for all x [+ т, 7]. 
(2) The function /(x) = sin x 15 odd on the interval [~ т, т], since 
sin( —x) = —sin x for all x e[— r, sr]. 
47 (3) The function x? — x is neither| odd nor even on the interval [-- z, 7], 
since | 
~x)? —(-x) = x txzxb-x for хє[- т, x], x #0. 


Let a function f(x) that meets the conditions of Theorem 16.3 be even 
on the interval [— т, т], ie, {(—x) = f(x) for all x € [- т, т]. We will then 
have /( — x) cos (— zx) = f(x) cos nx for all x € [~ т, т}, i.e., /(х) cos nx is 
an even function, and /(x) sin nx is an odd function, since 
х) іп (nx) = -f(x sin nx for xe[—- т, т). Therefore, the Fourier 
coefficients of the even function /(x) will be 


т 


| 108 cos хах = 2 jos cos near (n=0, 1, 2, chs 


-r 0° 


1 
а„=— 
т 


т 
bn gd | 700 sin nxdx =0 i(n = 1, 2, ...). 
T i 
-x 
Consequently, the Fourier series of an, суеп function contains only cosines, 
ie, has the form 


eo 


ао 
F(x) = $31 Уа cos nx. 
n=] Б 
If f(x) is an odd function, i.e., /(j-x) = —f(x) for all x € [- т, т], then 
the product f(x) cos nx will be an bdd function, and /(x) sin nx will be 
an even function. Therefore, 


«ipo cos nxdx = 0: (n = 0, 1, 2, ...), 


been sn eae =® | yw sin nxdx (л = l, ..). 
т 
J 0 
The Fourier series for an odd function thus contains only sines, i.e., 
it has the form 


Jœ) = > b, sin nx. 
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Examples. (1) Expand the function f(x) = x? into a Fourier series on 


the interval -rm €x < т. 
* Since the function is even and meets (he conditions of Theorem 16.3, 


then its Fourier series has the form 


а 
х? = F + > jos COS nx. 


We find the Fourier coefficients 


т 
2 


eo 
3 





H 3 
a =2 | stax =2 8 
T T 3 lo 

0 


If we integrate by parts twice, we will get 
т т 


dn =2 G cos nx dx = 2 [e а (sin =) 
7 T n 


т 
т 


-2 [xsin ах) =A |*4(® =) 
о т ne E 
0 


0 








* 


=)” 
n , 


4 - ( 
cos nxdx | = —4 т cos nx = 4 
0 ) тп 





O C ҹ 


n=1,2,.... 


And so the Fourier series for the function has the form 


ve 4.4 x i 
n 
ni 


or, if we unfold the formula, 


2 
T cosx  cos2x , cos 3x 
eem 4 (5% ови. 


This relation is valid for all x €[—, т], since at x = + я the series has 
the sum that coincides with the values of f(x) = x’, therefore 


feat fen = ы: = m? = f(x) = f(- 2). 


16.4 Expansions of Odd and Even Functions 


85 


The graphs of f(x) = x? and of the sum of the resultant series are given 
in Fig. 16.5. > 


= 





Fig. 16.5 


Remark. Note that this Fourier serics allows us to find the sums of some 
convergent number series. Namcly at x = 0, we get 


RE 


І 
MR be 
2331733 4 


For x = « we get 


whence 


(2) Expand the function Дх) = x, ^r < x < т, into a Fourier series 
on the interval (— т, 7). . 
^ The function /(x) meets the conditions of Theorem 16.3, and so it can 
be expanded into a Fourier series, which for this finite function has the 
form : 


x= J, basin nx. 
n-l 


Integrating by parts gives the Fourier coefficients 


* ! 


On = 2 | x sin nx dx = 2 | xd( сл) 
т n 
0 0 


3 
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т 
x 
— | cos nx dx 
о 
0 


: _yyrtl К 
Pie es 2 (-1)" = 2 Gr (п = 1, 2, ...). 
n n n 





= _ 2. X COS NX 
пт 





The Fourier series will thus be 


= — nsi SIN nx _ i ‚ _ Sin 2x 
x22 Ун 1) 2 (sin. 5 Fu): 


n: 








Fig. 16.6 


This relation occurs for all x € ( —7, т). At x = +т the sum of the Fourier 
series, by Theorem 16.3, does not coincide with the values of /(x) = x, since 
the sum will be [/( т) + /(т)]/2 = (—7 + 7)/2 = 0. Outside the interval 
[- т, x] the sum is a periodic continuation of /(x) = x; its plot is given 
in Fig. 16.6. > 


16.5 Expansion of a Function Defined 
on the Given Interval into a Series of Sines 
and Cosines 


Let a bounded piecewise monotone function /(x) be defined on the 
interval [0, x]. If we in some way or another define it additionally on (— т, 0], 
we can expand it into a Fourier series. For example, we can define /(x) 
on [— ят, 0] so that f(x) = /(— x). In that case, we say that /(x) is “extended 
on the interval [— я, 0] in an even manner”. Its Fourier series will contain 
only cosines. If we define f(x) on [— т, 0] so that f(x) = —/f(— x), then 
we will obtain an odd function and we say that f(x) is "extended on the 
interval [— т, 0] in an odd manner”. Its Fourier series will then contain 


only sines. 
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Each bounded piecewise monotone function /(x) defincd on [0, я} can 
thus be expanded into a Fourier series in sines or cosines. 

Examples. (1) Expand f().- т- x, 0£x« 
in, (a) sines and (b) cosines. 


The function, when extended odilly- or evenly onto | 
bounded and piecewise monotone. 


т, into a Fourier serics 


a, O], will be 





Fig. 16.7 


~ (a) Extend f(x) onto the interval [- T, n in an even manner (Fig. 16.7), 
then its Fourier series will be 


do c1 | 
т-х= + аһ COS HX, : 


nzl 


where the Fouricr coefficients are 
т 


ао = 2 | (т — x)dx = — | (+ - | zw. 
т т 0 
0 ! 


т т 


ay = f | (T -- x) cos nx dx + d | (т ~ x) a(*" 2 
5 BU, n 


0 0 


т 





1х ^s ; 
_ 2 |e- x) uer +1 | sin nx ax 
T ол 
4 i 
2 T cd 
Е qu j COS mx = = (1 — COS пт) 
тл 0 qn: 





4 
—= fi = 
ii or n=], 3, 5, 


2 n 

ec [D - (Ife 4 

тл ‘0 for п= 2, 4, 6, .... 

Thus, | 


m , 4 fcosx cos 3x , cos 5x 
Cte? ВОНИ А еен xn ast of — - 
т 5 :( 12 + j? F gi 4 xp. 
u : 
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(b) Extend f(x) on the interval [— т, 0] in an odd manner (Fig. 16.8). 
Then its Fourier series will be 


т-х= У) basin nx, 





n=l 
where 
TAREE sin neax =2 | e - sa - or) 
T т n 
0 0 
i-e x) £05 nx - eee] = 2.222, 
T 0 n тп n 
0 
for n= 1, 2, ..., and so 





Fig. 16.8 








sinx , sin 2x , sin 3x 
ro x=2 (УЕ + 2 T phe) 


for 0< х < т. > 


16.6 Fourier Series of a Function with Arbitrary Period 


Let f(x) be a periodic function with period 2/, / #0. To expand 
it into a Fourier series on [—/, /], where / > 0, we change the variable 
x = т. The function F(t) = f(/t/x) will then be periodic in ¢ with period 
21, ie, 


FC +n) =s |2 «+ 2m] =y (E+ 21) =s (£0) = F(t) 


т 


and it can be expanded on the interval [— т, т] into a Fourier series 


F(t) = f ( r) = E + 210 cos лі + b, sin zit), 


16.6 Series for a Function with Arbitrary Period | 89 


where 


т 


an = | П (") cos ша! (n = 0, 1, 2, ...), 


т 
- я 


b= |/ C ? sin ntdt (n= 1, 2, ...). 
т T 


т 


7 


Return to the variable x, ie, put t = ax/l, dt =F dx. We will obtain 


* ао nax nax 
Jo) = ) t > (2, cos - Г + b, sin m) Д 


n=l 
t 


а=} SX) cos 27 dx (п= 0, 1, 2, ...), 


-l 


= i (п=1,2,...). 


-! 
All the theorems for the Fourier series of functions with period 27 also 


hold for functions with any period 2/. Specifically, we can here apply the 
sufficient test for the expandability of a function into a Fourier series. 





Fig. 16.9 


Example. Expand into a Fourier series the function Л» = Ix! with 
period 2/ on the interval [—/, Л (Fig. 16.9). 
*4 Since the function is even, its Fourier series has the form 


ao nux 
Ixl = - + аһ COS TT 


nal 
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where 


R 
= 
Il 


a 
a 
I 
~to 


Ote Ol, Ot, ~ 
o 
3 
A 


1 
. | . nxY. 2|. .2 ATX 
X a(t sin mt) = 2 (xa(sin = ) 
ў 0 


2 1 nex |! 2l 
= Bag |, ии Cos nr = n 
21 дысы for n= 1, 3, 5, ..., 
ЕКЕУ IP 
n 0 for 22,4,6, .... 


Substituting these values of the Fourier coefficients into the series gives 





TX 32x 51x 
cos —- cos —— COS —- 
aiet sa. b cote 4 + 
2 r? G 3? 5? i 


for -/zx&l.» 

Note one important property of periodic functions. 

If f(x) has a period T and is integrable, then for any number a we will 
have 
; а+Т 3 q^ кла 
| dx= | feo dx 
a 0 
i.e., the integral over an interval of length T has the same value regardless 
of the position of the interval on the number axis. 

Indeed, 


а+т T . а+т 
| Jœ) dx = | 70) dx + | Јо) dx. 
a a T 
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In the second integral we change the variable x= I + T, dx = dt. This gives 


atT 
| f(x) dx = ли + ра = | Mo dt = {лд dx, 
| T ò К; д 
PM | 
а+Т ai! ч а T 
| Хх) dx = Í fi) ах + f(x)dx = | Дх) dx + | f(x) dx 
ü о: 0 а 


Geometrically, this property implies | that if f(x) > 0 the areas hatched in 
Fig. 16.10 are equal. 





Fig.i16.10 


Specifically, for f(x) with period) T = 2x at а= —т we will get 


т 2r 
| f) dx = | F(x) dx. 
0 


- ж 


Examples. (1) The function /(х) = sin’ x is a periodic function with 
T = 2x. Therefore, without even taking the integrals we can state that for 
any a we will have | 


а+ 2х 2x т 
| sin! хах = | sin’? x dx = | sin’ хах = 0, 
а 0 { - ж 


since the function is odd. The property implies, in particular, that the 
Fourier coefficients of a periodic function f(x) with period 2/ can be worked 
out by 
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а+21 

а=} | f(x) cos "74 dx (п =0, 1, 2, ...), (16.6) 
s 

ba = | fix) sin TX de (n= 1,2, ...), (16.7) 


a 


where a is an arbitrary real number, since the functions cos TE and 
sin "= have period 2/, and products of functions with period 2/ will in 


turn be functions with period 2/. > 


. т-х for 0 <х<т, . ; 
(2) Expand the function f(x) = | 1 BE ae eee: with peri- 
od 2m (Fig. 16.11) into a Fourier series in the interval 0 < x < 27 





Fig. 16.11 


~{ Find the Fourier coefficients. We put in (16.6) and (16.7) a = 0 and 
l= m. Then . 





т 2х 
a= | fode =: 1| Te да+ [а] SA 
T 2 
0 0 т 
т 2r 
аһ =1 је — x) cos nxdx + | cos nxds| 
0 
it o fo n = 1, 3, 
ie — X) cos nxdx = 


у 0 forn=2,4, 
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ee T 
2x 
| 
Dn ех 
. T 


(x — x) sin nixdx 4 | sin ах] 


Cen OCs а 











Е 2r 
-1 | (28 a(- cos gear) - cos nx | 
T n n 2 
_! (-* т" ]- cos "т 
= A ^ cos nx| —- 7 
T 0 n 
Е 1 т C -1 E aman V 
ES [2+ с. е [т + (-1)" - 1] 
x72 for m= i, 3, | 
пт 
1 
- for n=2, 4, 
n 


The Fourier series will thus be 


Ll 2cosx т- 2 sinx , sin 2x 
Јо) = n 


uu 


us т —2 sin 3x , sin 4х \ x 
T 3 T 3 4 











for 0 < x < 2s. 
At x = m (first-kind discontinuity) we have 


fl) = fan) fet) =o ets ;. 
16.7 Complex Representation of Fourier Series 


Suppose that f(x) fulfils the sufficient conditions ‘for Fourier ex- 
pandability. It can then be represented on the interval [— т, т] by a series 
of the form 


fo) = 3 + Уа cos пх + b, sin nx). (16.8) 


nel 
Using the Eulcr formulas 


e"* = cos пх + i sin nx, e^" = cos nx — i sin nx 
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SS PETERE RCM 


we find that 


ime te nr -e 


а о 


Substituting these for cos nx and sin nx in (16.8) gives 


cos nx = 


bc do 1 eit + ea ink e T eit 
ЈОХ) = F +2 (a а. =) 














nal 
ао à аһ — ibn inx ал + ib, —inx 
— 40 M. n ы i 16.9 
z + у; ( ar e A (16.9) 
nai 
We introduce the notation 
do — аһ — iba. an + ibn _ 
? s Со, -n: 09277 ы -aA 


Series (16.9) then becomes 


JU) = co + H (ere ™ + cane 5. 


nal 


We now transform the right-hand side of this as follows: 


a ; oe 
T(x) = Co + Б? c,e^* + > Cj e^ i = Co + > Cn und + > Ca int 


п= 1 n=1 n=l n--l 
-1 г © 7. -1 P = : 
= }, Que doo Om) = met x eu. 
Anu – n=l na – о п= 0 
Or in shorthand notation ' 
Л) = X се", (16.10) 


Тһе Fourier series (16. 8) i is thus represented in the complex form (16.10). 


We will eXpress C, and c_ n in terms of integrals 
т 


Cn = сав Е ( [w cos nx dx — і | 709 sin neds) 


= x (осо: nx — i sin nx) dx = — x; [oe int dx. 


-y -x 


16.7 Complex Representation of Fouricr Series ' OS 
Similarly, 


C-n = 


1 f inx 
PP | Se dx. 


e -* 


These formulas for c, and C-n and co and be combined into one expression 
х 


Сл = =— x | foe inx ty, 


-7 
[ 


where n = 0, +1, +2, 
Coefficients c, are called the complex Fourier coefficients of f(x). 
For a periodic function f(x) with period T = 2l (| > 0) the Fourier series 
will be 


_ а nax ` x nux 
Дх) = zt > (an cos -7> + bn sin | ) 


nzi 
and the complex form of the Fourier series becomes 


Ha 
i 


Јо) = 3 се, (16.11) 
where coefficients c, are given by : 
А пях s 


-a pee 2» (n =0, he ed 


=] 
i 

Series (16.10) and (16.11) are regarded as convergent for a given x if there 
exist the limits 


n : п ; kax 


lim >) ске!" and lim 5; ce '. 


1 
n-—o ke-n n- k-n 


Example. Expand into a complex Fourier scries the periodic function 


-r<x<0 


(cus of period 2r. 


soy = fi 


< The function meets the sufficient conditions for expandability into a 
Fourier series. Let 


ven 


Л) = X coe" 
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We find the complex Fourier coefficients: 


т т 


€, = E | sone" de a gy |e ta 
о 





2a 27 
= 1 x ] ая 1-е" 
NL ( in j 8) Deni 
i 
al 605 пт _; (— 1)" -1 _ pe for odd n, 
s A 0 for even л, 


or, in the shorthand form, 


i: 
СОп- 1 = 


^ mOn- 0): 
Substituting с, into the series gives 
i S gin - Dx 
Хх) = —— 25 L——-, --«x«0,0«x«m. 
T 2n — 1 
n» -—o 


Note that the series can be written as 
+o 


Е i e/Qn * Dx zl | 
л) -i t. Л 1.» 


n= – с 


16.8 Fourier Series in General 
Orthogonal Systems of Functions 


Orthogonal systems of functions. We denote by L2 {a, b) the set 
of all (real) functions defined and integrable on the interval [a, 5], i.c., such 
that for them there exists the integral? 


b 
| ^одах < +o. 


Specifically, functions f(x) continuous on [a, 5] belong to Lz [a, 5]. 
Definition. A system of functions {yn(x)}, where ф„(л) € Lz [a, 5] is 
called orthogonal on [a, 5] if 


b { 0 for msn, 


(em. €») = | ет) рн (дах = Xs dor т=п. (16.12) 


7 The Lebesgue integral. 
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Condition (16.12) implies, in particular, that neither of o, (х): 15 identically 
zero, | 

We introduce the notation 


b а 
eu delP = (en, cu) = | expo dx, 


— 


where 1.0 is said to be the norm of g(x). 
If in the orthogonal system ( (х) | we have 1.1 = 1 for all л, then 
the system of functions [¢n(x)) is said to be orthonormal. 
If the system {х^ (х) | is orthogonal and n(x) з 0, then the system 
te is orthonormal. 
enl 
Examples. (1) The trigonometric system 


і, cos х, sin х, cos 2x, sin 2x, ..., COS myx, Sin ЛА, 


is orthogonal on the interval [— т, т]. 
The system of functions 


1 cos x sin x cos nx sin rx 
UTER [] ee — € мерсе ind 
N2T 


UTREUS rc з 
Vin) Vln 


жс, saet 
Ут Vir 
is an orthonormal system of functions on [—, т). 
(2) The cosine system 
x 2тх пях 


т. 
1, cos “Г? cos “Portes cos ee 


and the sine system 


. тх Pu © NTN 
sin © Sin Qo, SID - 


cos 




















naix _ |. о оптх o | , | 
І = [sn К zl. 
1 atx? 0" 


l I `1 9 ++. 
arc orthovonal on thc interval [0, /], but not orthonormal, since their norms 
i i^ 
(3) Polynomials given by 
NM ә 
n 2" dx? (л =" 0, I, ad ж .) (16.13) 


Р, (X) Et 


are called the /egendre polynomials. | 


l d 


, and so on. 


кю = 


at л = 2 we have P2(x) = 3e RS 
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It can be shown that ше functions 


E ке Eo (1=0,1,2,...) 


form an orthonormal system of functions on the interval [—1, 1]. 
By way of example we show thal Legendre polynomials are orthogonal. 
- Let т> n. Integrating л times by parts we then find 


E 
1 а(х? 3 1)" а"(х? - Da 
Py n X = -—-------—- 
| (x) P, (x) dx "e dx" do 


-1 -1 


"e In! n1 2^ +n TT OQ 


1 ЕЕ n" а"*!(х? — 1)" |! 








dx"- ^ dyt* 1 


ep 


d" (e? с =) d'*ige? Lt 1)" ax] 








i 1 |: _ 1” q'*'(e = D^ 4 


x mini2?*^ PIRE dx ni 
-1 





1 


mint 2" +n ах" -n ах?" 
-1 


- (соли [^ cioe sd 


Ex "mini2"*" axe" -п 


-1 

since all the derivatives up to the order of m — 1 of the function 

Um = (x! — 1)" vanish at the ends of the interval [—1, 1]. > 
Definition. A system of functions (44(x)] is called orthogonal in the 


interval (a, b) with weight o(x), if for all n = 1, 2, ... there exist integrals 
b 

0 | eod; 
i 0 for msn 

2 m n dx = ' 

€)  |ебедебд& a TAN 


It is assumed here that the weight function g(x) > 0 everywhere in (a, b) 
except for, possibly, a finite number of points where g(x) Is zero. 


16.8 Series in Orthogonal Systems of Functions — — 99 


Examples. (1) A system of Bessel functions EA (Hix) i's 1 15 orthogonal 
on the interval (0, 1) with weight о(х)!= x. iċ., 
xJ (ux) Jo jux) dx = 0 : 
Gg н н 
for i = j. Here ш (i = 1, 2, ...) are zbros of the Bessel function J, (x). 
(2) Consider the Chebyshev-Hermite polynomials, which can be defined 
as 


г? i 
Hi = (ei “© maihi (16.14) 
dx à 


Differentiating (16.14) gives : 
Ao(x) = 1, №) = 25, FHi()e4X3-2,.... 
Н сап be shown that Chebyshev-Hermite polynomials are orthogonal in 


= р? 


the interval (— со, + оо) with weight ФО) = е”, ic, 


+ со 
f e^" Hin O) Hn (х) dv = 0 of т sn. 


Fourier series for an orthogonal system. let. [par 1 be an or- 
thogonal system of functions in the, interval (a, b) and let the series 


cigi(X) + оф(х) +... + Cu Pn (х) E EMT (16.15) 
(ci = const) be convergent in the interval to the function /(x): 
F(x) = evi) + cplx) + T *oCapu(X) + .... 
Multiplying this by x(x) (here k is fixed) and integraling in x from a to 
b, we obtain by virtue of orthogonality of { ұп (х)] 
b | 
1 | 
бултуур ете JO) ек (x) dx (16.16) 
| kX) dx z | 


or 


_ Gh ex) 


DB ah vee (16.167) 


This operation is, gencrally speaking, purely formal. Nevertheless, in cer- 
tain cases, e.g., when series (16.15) converges uniformly, all the functions 
€x(x) are continuous and the interval (a, b) is finite, this operation is quitc 
legitimate. But at the moment it is the formal treatment that is important. 
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Thus, let the function /(x) € L2 [a, b] be defined. We find cy by (16.16) 
and write 


f(x) ~ eei + ev) +... 4 Cnn) 9 LLL. (16.17) 


The series on the right-hand side is called the Fourier series of f(x) relative 
to the system { ф„(х)]. Numbers c, are called the Fourier coefficients of 
Ух) for this system. The symbol ~ in (16.17) only means that cy are con- 
nected with фк(х) by (16.16). Here it is not supposed that the series on the 
right converges at all, or less so to /(x). It may well be asked: what are 
the properties of this series? In what sense does it represent the function 
f(x? 

Convergence in the mean. Definition. A sequence [ /„(х) ), n(x) € La [a, b), 
converges to the element f € L2 [a, b] in the mean, if 


b 
lim | {/0) - f) dx = 0 


or, which is the same llf — fall — 0, where 1...1 is the norm in the space 
Lz {a, b]. 

Theorem 16.4. // a sequence (f/^(x)] converges ион, then it con- 
verges in the mean. 
<1 Suppose that (/4(x)] converges uniformly on (а, b) to a function f(x). 
This means that for any £ > 0 aud all sufficiently large л we have 


If) - 7.001 «e vxela, b], 


hence | 
b * 
| Uf) — f. Cop! dx < є!(ф — a). 


And from this follows our statement. > 

The reverse is not true: the sequence ( /,(x)} may converge in the mean 
to f(x) but may not be uniformly convergent (here a and b are finite num- 
bers). For example, let 


Ло) = p; OXD. 


It is easily seen that Jim /„(х) = 0 vx є [0, 1]. But this convergence is non- 


uniform. There exists £, e.g., € = 1/2, such that at arbitrarily large м there 
is always a point in [0, 1], namely x = 1/n, at which f(x) is equal to 1/2, 
ie., /Һ(1/п) = 1/2. And so by simply increasing n one cannot meet the con- 
dition !f,(x) — 01 < 1/2 for all values of x, from 0 to 1, at the same time. 
In other words, already for € = 1/2 there exists no N that would be suitable 
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for all x € [0, 1] at the same time (here the characteristic feature is the hump 
of height 1/2 (Fig. 16.12) that shifts to the left with 7). 
On thc other hand, : 

1 1 


M 2 n?x? 
[uso 0]^dx ers " dy dx 


) 


0 0 | 
1 NES | 
= *--tan n0, n> 
20 + п) 2n | Ж 


so that the sequence [/,(x)] converges in the mean to the function /(x) = 0. 





Fig. 16.12 


Minimal property of Fourier coefficients. Bessel’s inequality. Let 


[en], n(x) € L2 la, Б), be an orthonormal system of functions on 
la, 5], i.e., 


b 


| Фт(Х) еп(х)ах = [| 


0, msn, 
l т=п, ї 


and let f(x) є Lı [a, 5]. 
Consider the linear combination 
Tax) = оле (х) t+ ооф (х) 4+... + «лел(Х), 


where л > | is a fixed integer. We find the values of the constants оз, 
a2, ..., ап for which the integral 


6 
| Uto - Т„бо]?ах (+) 


assumes a minimum value. 
We denote by c; the Fourier coefficients of f(x) for the orthonormal 
system (ф(х) ) 


b 
сє= {| /бдекф)йх (&=1,2,...). 
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By virtue of the system being orthonormal, we will have 


b b 
j Uto - TC) ах = | U* Q9 - 2/69 TQ) + T5691 dx 


a a 


709-2 аа + Xd 


Bene Sco 


PW dx - Ў, сі + Y (ey — ex). (16.18) 
к= 1 k=1 


The first two terms on the right-hand side of (16.18) are independent of 
ax, and the third term is nonnegative. Therefore, the integral (+) assumes 
a minimum value at ок = cx (К = 1, 2, ...). The integral 


b 
| UG) - T.GOI*dx 


a 


is termed the mean square approximation of f(x) by the linear combination 
Т,(х). The mean square approximation of f(x) € L [a, b] thus assumes a 
minimum value when ax = ск (k = 1, 2, ...), ie, when Т„(х) is the nth 

partial sum of the Fourier series of f(x) for the system (05091: Т.х) = 
S Setting ax = Ck, we obtain, by (16.6), 


| 009 - зах = | Ро)ах - Ж ck (16.19) 


or 


If — Sal = Wf? — Y ch. (16.20) 
n=1 


Relation (16.20) is known as Bessel’s identity. Its left-hand side is non- 
negative, and so we obtain from it Bessel's inequality 


n 
x ck ІЛ, 
k=1 i 


Since n is here arbitrary, we can represent Besscl's inequality in a stronger 
form i 


Уол, (16.21) 
к= 1 


i.e., for any f(x) € L2 '[a, b] the series of the squared Fourier coefficients 
of this function converges for the orthonormal system { ф„(хХ)). 
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Since the system 





l. cosx sinx 
& orthonormal on the interval [-- a, a]. hoi usual (niponometric nola- 
tion (16.11) becomes | | 
a m b + bi) < [rom (16.22) 


for any Me Јо) which is integráble when squared. 
Corollary. If /?(x) is integrable, then ак — 0, be — 0 äs & -* œ (by the 
necessary condition for the convergence of the series on the left of (16.22)). 
Parseval's formula. For certain systems [w4(x)] the sign < in (16.21) 
can be replaced (for all f(x) € L2 [a, oD by the equality sign. The resultant 
equality 


Уз сй = 1/1? ' ' (46.23) 

kel 
is known as the Parseval-Steklov formula (completeness condition). It has 
the following meaning. The Bessel idehtity (16.20) allows the completeness 
condition to be written as E 

lim llf — Sal = 0. 


n= о 


Condition (16.23) thus means that now the partial sums S, (x) of the Fourier 
series of f(x) converge to f(x) in the hean, i.c., by the norm of ше Space 
Li [a, b]. 

Definition. An orthonormal syster (a is called a complete system 
in 1 [a, Б), if any function f(x) € Li [a, b] can be approximated in the 


mean with any accuracy hy the linear combination y o pa (х) with a 
kel 


sufficiently large number of terms, i.¢., if for any f(x) є La [a, b] and any 
E > 0 there.is a natural number № and numbers ол, a2, ..., ам, Such 
that 

« E. 


№ 
l- 3 X оле) 








The foregoing suggests the following: 

Theorem 16.5. /f an orthonormal system | pn(x)) is complete i in the 
space Lz [a, b], then the Fourier series on any function f(x) € Lı (а, b] for 
that system converges to f(x) in the| mean, ie., by the norm Lz (а, b]. 
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Remark. |t is possible to speak simply about complete orthogonal sys- 


tems, because if system (4(x)) is orthogonal, the system ten will 
be orthonormal. 

It can be shown that the trigonometric series 1, cos x, sin x, ..., COS nx, 
sin nx, ... is complete in Lz [—7, т]. Whence the following theorem. 

Theorem 16.6. Jf f(x) € Lı [—, т], then its trigonometric Fourier series 
converges in the mean. 

Closed systems. Completeness and closure. Definition. A system of 
functions ( e (x)), фл (х) € L2 [a, b), is said to be closed if no nonzero func- 
tion orthogonal to all the functions n(x) exists іп Lz [a, 5]. 

There is no requirement in this definition for the system { yn(x)] to 
be orthonormal. | 

Completeness and closure mean the same in L2 [a, b] (the whole space) 
for orthonormal systems. 


Exercises 


Expand the following functions into the Fourier series in the interval 
(- т, т) 


| l- for -т<х<0, 2 fo --«x«0, 
туо f for O<x<r. 2. so = [| fo 0<х<т. 


N 0 for --«x«90, —2х for --«x«0, 
9 = n fo  Osx«rm. 4.70) Í 3x fo О<х<т. 
0 for -z«x«0, 
x-—x for О < х < т. 


5. (х) = т + (Jeo = { 


7. fix) = sin? x. 8. aes , 


b: у(х) = Isin xl. 10. f(x) =5 . 11. f(x) = sin - 


422 храпа the function /(x) = я — 2x given in the interval (0, 7) by ex- 
tending the function into the interval (— я, 0) (a) like an even function, 
(b) like an odd function. 

13. Expand the function f(x) = x? given in the interval (0, я) into the Fouri- 
er series in sines. 

. Expand into the Fourier series the functions 

iQ) = —3- x in the interval (—2, 2). 

15 (х) = 1х1 in the interval (—1, 1). 

16. f(x) = 2x in the interval (0, 1). 
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Chapter 17 


First-Order Ordinary 


Differential Equations 
| 


17.1 Basic Notions. Examples 
An ordinary differential equation is an equation 
Е( ууу) = 0 (17.1) 


relating an independent variable x, the desired function y = y (x), and its 
derivatives y’ (x), y” (x), ..., у (x) (at least one derivative is needed). Here 
F is a specified function of its arguments. 

In an ordinary differential equation the function y — y (x) we seek is 
a function of one independent variable x; if it is a function of two (and 
more) independent variables, then the equation is called a partial differen- 
tial equation. In what follows we will only deal with ordinary differential 
equations 

The simplest differential equation is 


y =f), (17.2) 


where f(x) is a known function that is continuous on a certain interval 
(а, Б), and у = y (x) is the desired function. We have already dealt with 
similar equations when we discussed integral calculus. There from a given 
function f(x) we had to find its antiderivative (or primitivc).7(x). Any func- 
tion satisfying (17.2) is known to have the form 


у= х) + С, 


where х) is some antiderivative for / (x) on (a, b), and C is an arbitrary 
constant. The desired function y = y (x) is thus not uniquely defined by 
(17.2). " 

The order of a differential equation is the order of the highest-order 
derivative present. 

For example, y’ = xy? is a differential equation of the first order; 
у" +siny=0 i$ a differential equation of the second order; 
y +y” +y=x + 1 is a differential equation of the fifth order. 

A solution of a differential equation of the nth order on the interval 
(a, b) is any function у = ф (х), which has on this interval derivatives up 
to the mth order, such that the substitution of y = y (x) and its derivatives 
into the given equation turns the latter into an identity in x on (a, b). 
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For instance, the function y = sin x is à solution to the second-order 
differential equation y^ + y=0 on the interval (— со, + oo), really, 
y'-cosx, y" = —sinx. Substituting y and y" into the equation gives 

sin + sinx =0 vxe( – оо, lo). " 
" — Problem. Vind the coincident solitions of the differential equations (a) 
y sy? + 2x - x! and (b) y' = Ay? - ya 2x & xa tart 

The plot of a solution of a diflérential equation is called an integral 
curve of the equation. | 

Solving a differential equation is саса the integration of the differential 
equation. f 

A host of problems in mathematics and other sciences, such as physics, 


chemistry, bioloby, etc., are modelled Бу differential equations. 
Examples. (1) Find a curve such that the slope of the curve at cach 


point would be equal to the ordinąte of the point of tangency. 
-4 Let y = y (x) be the equation off the curve we seek. It is well known 
that tana = y’ (x), and hence the properties of the curve are determined 
by the first-order differential equation у'(х) = у(х). И is easily seen that 
y = e" is a solution of this equation. ‘Also, it has the obvious solution y = 0. 
Other solutions will be the functions y = Се", where C is an arbitrary con- 
stant, so that the equation has aniinfinite number of solutions. > 

(2) Find the law of the rectilinear motion of a material point that travels 
with a constant acceleration а. : : y 
"4 We want to find the formula 5 = 5(/) that represents the path covered 
by the point as a function of timc. As stated we have «d^s/dt* = a, which 
is a differential equation of the second order. We find 


ds/dt == at + Cy, s(t) = at /2 * Ci Cp, (*) 


The constants can be determined by setting 


ds 


eee = yg. 
dt |tt ' 


5 (= = So. 


Putting f= б in the first of (»), we obtain vo = ato + Ci, hence 


C, = vp — ato. From the second of (+) at = fo wc have 
ate atè 
So = e + Cio + C) оп So= ты + (vo — ato) ty + Cr. 


Hence 1 


at 
C = So — Volo + vet 


If then we substitute the values of Ci and C; just found into the expression 
for s (r), we will arrive at the well-known law of motion of a material point 
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with a constant acceleration: 
S (f) = So + Vo(t — fo) + -——————-. в 


Let . 
Е(х, уу) = 0 


be a differential equation of the first order. If we can solve it for y’, we 
will obtain 


= f(x, у), (17.3) 


where f is a given function of its arguments. 
Along with (17.3) we can consider the equivalent differential equation 


dy – f(x, у) ах = 0 (17.37) 


or a more general form 
M (x, y) dx + N(x y) dy = 0, (17.3" ) 


which can be obtained from (17.3’) multiplying it by a certain function 
N(x у) #0 (М(х, y) and N(x у) are known functions of their ar- 
guments). 

Two differential equations Pj (х, yy’) = 0 and Fi(x yy’) = 0 are 
called equivalent in a certain domain D of x, y, and y’, if any solution 
у(х) of one is also a solution of the other, and vice versa. 

When handling differential equations one should see to it that the trans- 
formed equation is equivalent to the original one. 

It follows from the above examples that a differential equation can have 
an infinite variety of solutions ?. To isolate a definite solution of (17.3) we 
have to specify an initial condition, i.e., to state that at a certain value xo 
of x the desired function takes on a value yo 


Ур = Yo or у(х) = уо. |.— (17.4) 
Geometrically, this implies that we specify a point Mo (хо, yo) through 
which the desired integral curve will have to pass. 

The problem of finding a solution y (x) of the equation (17.4) is called 


the Cauchy problem: (initial-value problem) for equation (17.3). 





? The differential equation (y" — 1)? + (x? — y?)? = 0 has only one лме d x; the 
equation (y’)? + 1 = 0 has no real solutions at all. ti cd А 
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17.2 Solution of the Cauchy Problem 
for, First-Order Differential Equations 


» Theorem 17.1 (existence and uniqueness of solution of the Cauchy 
problem). Let 


= f(% 9) (17.5) 


be a differential equation and let f(x, y) be defined in a certain domain 
D in the xy-plane. If there exists а neighbourhood о of a point 
Mo (хо, Yo) € D, where f (x, y) | 
(i) is continuous їп all arguments, 
(ii) has a bounded partial derivative df/ay, | 
then there is an interval (хо — ho , xo + ho) on the x-axis in which there 
exists a unique solution y = ф(х) of equation (17.5), such that at x = xo 
it is yo (Fig. 17.1). | 


2 





Fig. 17.1 


Geometrically, this means that through the point Mo (xo iJ ) passes one 
and only one integral curve of (17.5). 

Theorem 17.1 is local in nature: it only guarantees the existence of a 
unique solution y = g(x) of equation (17.5) within a sufficiently small 
neighbourhood of the point x. It follows from Theorem 17.1 that (17.5) 
has an infinite number of solutions (c. g., one solution whose plot passes 
through (хо, Yo); another solution whose plot passes through (хо, yi), and 
50 on). 

Examples. (1) Let us take tlic equation y’ = x + y. 

"4 The function f(x, y) = x + y is defined and continuous at all points in 
the xy-plane and everywhere df/dy = 1. By Theorem 17.1, through each 
point (xo , yo) in the xy-plane passes one integral curve of that equation. > 

(2) Examine y’ = 3y?^. i 
-4 The function f (x, y) = 3y2” is defined and continuous in the entire xy- 
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plane; here д//ду = 2/y!^ tends to infinity as y tends to zero and the se- 
cond condition of Theorem 17.1 is violated on the x-axis. It can easily be 
verified that the function y'= (x + C)", where C is any constant, is a solu- 
tion of the given equation. Further, the equation has the obvious solution 
y = 0. If we want to find a solution of the equation subject to the condition 
y (0) = 0, we will cbtain an infinite number of such solutions, in particular 
the following (Fig. 17.2): 
yaoy= |0 for x < 0, an for x « 0, КТЕ. 
: x! for x » 0, 0 for x 2 0, UC 


bs ; . 
Thus, through each point on the x-axis pass at least two integral curves, 
and so uniqueness is violated on the axis. 


с (20.0) r 





Fig. 17.2 Fig. 17.3 


If we take the point Mi (1, 1) we will see that within its sufficiently small 
neighbourhood all the conditions of Theorem 17.1 are satisfied. Conse- 
quently, through this point within a small square 2 passes the only integral 
curve y = x? for x > 0 of the equation у” = 3y?^. If we take a sufficiently 
large square Q (think how large), then we will no longer have a unique 
solution in: it. This confirms the local character of Theorem 17.1 

Theorem 17.1 provides sufficient conditions for the existence of a 
unique solution of the equation y' — f(x, y). Namely: there may exist a 
unique solution y = у(х) of the equation y’ = f (x, y) satisfying the condi- 
tion y|;-. „=, although at the point (хо, yo) one or both of the condi- 
tions (1) and (ii) of the theorem are not met. 

For instance, for the equation y’ = 1/y? we have f (x, у) = 1/y?. On the 
x-axis the functions f and д//ду are discontinuous, and д//ду = —2/y? 
tends to infinity as y tends to zero. But through each point (хо, 0) on the 


x-axis passes the only integral curve y = V 3(x — хо) (Fig. 17.3) 
Remark. If we forego the boundedness of д//ду, we will have the follow- 
ing theorem on the existence of the solution... . i. oan 


17.2 Solution of the Cauchy Problein Ш 





Theorem 17.2. If the function f (xi y) is continuous in a neighbourhood 
of the point (xo , Yo), then the equation y! = f(x, y) has at least one solu- 
tion y = ф(х), which at x = хо assumes the value yg. 

Problems. (1) Find the integral curve for the equation y 
passes through the point О (0, 0). | 

(2) Find a solution for the Cauchy problem dy/dx = sgn y, y (xo) = уо. 

Definition. A general solution of the differential equation 


y' =x у) | (17.6) 


in a certain domain 2 of the existence and uniqueness of the solution of 
the Cauchy problem is a uniparamettic family S of functions y = ф(х, C) 
that depend on x and one arbitrary constant C (parameter), such that 

(1) at every permissible C the function у = ф(х, C) € 5 is a solution of 
(17.6), i.e., 


ex, C) = /( р(х, C), х6 (хо — h, xo + A), 
(2) whatever the initial condition y]. {a = Jm there exists a value of Cy 


Й 


= sin xy that 


of C such that the solution y = ф(х, Co) will satisfy the initial condition 


е (хо, Co) = Yo. | 


It is also assumed that (хо, уо) belongs to the domain @ of the existence 
and uniqueness of the solution of the Cauchy problem. 

Example. Show that the equation y’ = ] has the general solution 
y =x + C, where С is an arbitrary, constant. 

-4 [nthis case, f(x, y) = 1 and the conditions of Theorem 17.1 are satisfied 
everywhere. Accordingly, through each point (xo , yo) in the xy-plane passes 
one and only one integral curve ofi the equation. 

We now test that y = x + C meets the conditions (1) and (2) in the defi- 
nition of the general solution. Really, for any C we have y= (x + C)’= 1, 
sO that y=x+C isa solution of the given equation. If we require 
that at x = хо the solution would:take on the value jg, we arrive al 
Jo = Xo + С, whence Со = yo — хо. The’ solution y = x + yo — Xo or 
Y — уо = х — хо complies with the initial condition. > 

A particular solution of the differential equation (17.6) is a solution 
derived from the general solution at some specific value of C (including 
+ оо). And so the general solution of this equation can be defined as a 
set of all particular solutions. 

When integrating a differential equation we often arrive at the equation 


$(x x C) = 0, (17.7) 


which implicitly defines the gencral solution of the original equation. 
Equation (17.7) is called the general (or complete) integral of (17.6). 
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Equation Ф (x, у, Co) = 0, where Со is some specilic value of C, is called 
a particuiar integral. 

In what follows we will sometimes say for short that à solution of an 
equation passes through a point Mo (хо, Јо) if Mo lies on the curve of the 
solution. 

Definition. A solution y:= v (x) of equation (17.6) is said to be singular, 
if the uniqueness property is violated at its every point, i.c., if through each 
point (xo , yo) of it in addition to this solution passes another solution of 
(17.6) that does not coincide with y = V (x) within an arbitrarily small 
neighbourhood of (xo , Yo). 

The plot of a singular solution is called a singular integral curve of 
the equation. Geometrically, this is an envelope of the family of integral 
curves of the differential equation, defined by its general integral. (Recall 
that the envelope of a family of curves Ф (x, y, C) = 0 is a curve that at 
every point is tangent to a certain curve of the family and each segment 
of which is tangent to an infinite set of curves of that family.) 

If in a certain domain D on the xy-plane equation (17.6) satisfies the 
conditions of Theorem 17.1, then through each point (хо, yo) € D passes 
one and only one integral curve y = y (x) of the equation. This curve be- 
longs to the uniparametric family Ф (x, y, C) = 0 of curves which form the 
general integral of (17.6), and is obtained from that family at a specific 
value of C, i.e., it is a particular integral of (17.6). No other solutions pass- 
ing through (xo, уо) are possible here. 

For equation (17.6) to have a singular solution it is necessary that the 
conditions of Theorem 17.1 were not satisfied. Specifically, if the right-hand 
side of (17.6) is continuous. in D, then a singular solution can only pass 
through points where the derivative af/dy becomes infinite. For example, 
for the equation 


у' = зу??? (17.8) 


the function / = 3y% is continuous everywhere, but the derivative 0//dy 


tends to infinity at y = 0, i.e., on the x-axis in the xy-plane. Equation (17.8) 
has the general solution y = (x + C), ie., a family of cubic parabolas, and 
the obvious solution y = 0 that passes through points where df/dy is un- 
- bounded. The solution y = 0 is a singular one, since through each point 
of it pass both the cubic parabola and the straight line y = 0 (see Fig. 17.2). 
And so at each point of the solution y = 0 the uniqueness property is vio- 
lated. The singular solution y = 0 does not follow from the solution 
y = (x + Cy! at any numerical value of C (including + хо). 

From Theorem 17.1 we can only deduce necessary conditions for the 
singular solution. The set of the points where the derivative 0/79) is un- 
bounded, if this set is a curve, may happen to be not a singular solution, 
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if only for the fact that the curve, generally speaking, is hot an integral 
curve of (17.6). | 
If, for example, instead of (17.8) we take the equation 


g* y -3y" +а, а = сопѕі, а # 0, (17.9) 


then on the line v = 0 the boundedness condition for df/dy is still violated, 
but this straight line clearly is not an integral curve of (17.9). 

To sum up, to find singular solutions of (17.6) one must 

(1) find the set of points where д//ду becomes infinite; 

(2) if this set forms one or more curves, check whether or not they are 
integral curves of (17.6); 

(3) if the curves are integral ones, check whether or not ше uniqueness 
property is violated at all their points. ' i 

If these conditions are met, the curve. in question is а P solution 
of (17.6). : La 
Problem. Find singular solutions of equation y’ = Vi- y*. Plot the 
curves. | 


17.3 Approximate Methods 
of Integration of the Equation v' = f(x, Y) 


Method of isoclines. Let 

= f(x, у), ! (17.10) 
be а differential equation, where f(x, у) in a certain domain D іп the xy- 
plane meets the conditions of Theorem 17.1. This equation defines at each 
point (x, y) in D a value of y’, i.e., the slope of the integral curve at that 
point. It is said that equation (17.10) defines in D a direction field. To con- 
struct it, we have at cach point (хо, jo) € D to represent, using a certain 
segment, the direction of the tangent to the integral curve at that point, 
the direction being given by f (xo, yo). The set of these segments gives a 
graphic picture of the directiou field. 

The problem of integration of the differential equation (17.10) can now 
be formulated as follows: find a curve such that its slope at each point 
coincided with the direction of the field at that point. This treatment of 
a differential equation and its integration gives us a graphic method of 
solving the equation. 

We will construct the integral curves using isoclinic lines. An isoclinic 
line, or isocline, is a locus in the xy-plane where the slopes of the desired 
integral curves have the same direction (y’ = const). | 

It follows from this definition that the family of isoclines of (17.10) 
is given by 


Soy =k, | 
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where & is a parameter. If we give to k close numerical values, we can con- 
struct a sufficiently thick network of isoclines. Using these isoclines we 
can then approximately construct the integral curves of the equation. 

Example. Integrate the equation y’ = x by the method of isoclines. 
-4 The family of isoclines for the equation is defined by the equation 
x= k. Putting К = 0, +1, -- I, ..., we obtain the isoclines x = 0, x = 1, 
x= —1,.., from which we then construct the integral curves of the equa- 
tion (Fig. 17.4). > 





The zero isocline f(x, у) = 0 defines the locus of extrema of integral 
curves (the line x = 0 in the example). 

To improve the accuracy of construction it is recommended to find out 
whether the curve is convex, up or convex down and the inflection points 
(if any) of the curves. To this end, у“ is determined by (17.10): 


>” =}; thy’ = foy) + fef os»). 
| 


The sign of the right-hand part determines the sign of y”, i.e., determines 
whether the curve is convex up or convex down (see Vol. 1). The equation 
fx Q y) + fy G5 y) f (x, y) = 0 defines the line which represents the locus of 
possible points of inflection of the integral curves. 

In the above example y" = 1 and therefore all the integral curves are 
convex downward and have no points of inflection. : 


Method of successive approximation. Let у’ = f(x, у) be a differential 
equation, where the function /(x, y) satisfies the conditions of Theo- 
rem 17.1 in some comain D of x, y and let the point (xo , yo) € D. 

The solution of the Cauchy problem 


dy/dx = f (x, y) (7.11) 
P (Xo) = yo (17.12) 


is equivalent to the solution of a certain integral equation, i.e., the equation 
with the unknown function under the integral sign. Indeed, let y — y (x) 
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be the solution of (17.1) specified in some — neighbourhood 
(Xo — Ло, Xo + Ло) of хо and satisfying the initial condition (17.12). 


Then at x € (хо — Ло, Xo + Лу) we have . 


" — = /(х, yo). 


ПЕ С. this identity in х and cónsidering (17.12) we get 


у(х) = Yo + [лау 0) dt, | ,X€ is — Ло Xo d Um ). 


х 
so that the solution у(х) of the dauchy Sem satisfies the integral 
equation 


у= + | S(t, y (D) dt. (07.13) 


Conversely, if a continuous functjon y(x), x € Qo — Л, Xo + Ло) satis- 
fies the integral equation (17.13) it і5 с casy to verify that y (х) is a solution 


of the Cauchy problem (17.11)-(17. 12). 
The solution y = e (x) of the intégral equation (17.13) for all x sulfic- 
iently close to xo can be constructed [through successive approximation by 


р(х) = lim у(х), 


x ; 4 
where фа 4 1(X) = Yo + | S(t өл (Оа, n = 0, 1, 2, .... Неге palt) can be 
Xo Н 
any function continuous on the intgrval [Xo *. Jm, Xo ! Ay], in particular 
£o (f) = yo = const. . 
Example. By successive approximation solve the Cauchy problem 


dy Е 
ae у(х), y(0) = 


i | x ^ 

We reduce the problem to the integral equation y (x) = 1 + | Y(t) а. 
i oot 

If we take as our zeroth approximation the function yo (д) 1, we succes- 
sively find Я 


v1 (x) = | (0 dt = 1 x, 
0 
x x ge 
бд=1+ f e(0dt- 1+ [даах е, 
0 i 0 2. 
п (0) = 14 x ton 4X — c* ' 
Dt arce oy are fe 


It is easily seen that the solution 5 y = с". Б 
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Numerical methods. (1) Euler method. We want to find an approximate 
solution of the differential equation 


dy _ 
e f y) (17.14) 


subject to the initial condition 


y (Xo) = yo. (17.15) 
Suppose that in a certain rectangle D: {|x — xo| < А, |y — yol < В) the 
function f(x, y) is continuous and has continuous partial derivatives of 
sufficiently high orders in all the arguments, so that the solution of the 
Cauchy problem (17.14)-(17.15) exists, is unique and differentiable a suffi- 
cient number of times. 

To solve (17.14)-(17.15) numerically means to construct a table of ap- 
proximate values yi, Y2, ..., Ул OF the solution at the points xi, X2, ..., Xn, 
respectively. The commonest points are xy = xo + kh (k = 0, 1, ..., л). 
Points xx are called the mesh points, and ^ > 0 is called the step size of 
the mesh. Since by definition the derivative dy/dx is the limit of 
Jg Davey as л — 0, then substituting this ratio for the derivative 
we, instead of (17.14), will obtain the difference equation (Euler difference 
scheme) 


кка Yk 


я = f(x, ук). (k 20,1, 2, ...) (17.16) 


or 
Year = Jk + Wf (xe, yk) (kK = 0, 1, 2, ...). (17.17) 


By iteration we find yk = y (xx), remembering that by (17.15) Yo = y (xo) 
is a known quantity. 

As a result, instead of the solution y = у (x) we find the function 
Jk = y (Xx) of the discrete argument хк (mesh function), which yields an 
approximate solution of the problem (17.14)-(17.15). Geometrically, the 
desired integral curve y = у(х) that passes through point Mo (хо, yo) is 
replaced by an Euler broken line Mo М, М... with vertices at points 
Mx (хк, yx) (Fig. 17.5). 

The Euler method is a single-step method, which, to compute a point 
(Xk +1, Jk « 1), requires a knowledge of the previous point (хк, yx) only. To 
estimate the error of the method in one step of the mesh we expand the 
exact solution y = y (x) in a neighbourhood of the mesh points x = xx by 
the Taylor formula 


у(хк+1) = y Gk + Л) = y (xe) + y' Ga) h + Oh’) 
= y Qa) + Af (Xe, ук) + O (h°). 


(17.18) 
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Comparison of (17.17) and (17. 18) indicates that they coincide up to the 
terms of the first order in Л, and the error of (17.17) is O(n’). We say then 
thal the Euler method is of the first order. 


? 








4 , | 
! 
у(х) 
ру 
% Мох.) V7 Uo AXo uo) ^ 
0|  " Xy XX т 
Fig. 17.5 
Example. Using the Euler method, solve the Cauchy problem 
dy _ = 
ae x, у(0=2 
on the interval [0, 0.5] with step A = 041. 
4 In this case, f(x, y) = y — x, xo = 0, yo = 2. Using (17, 17), we obtain 


ук+а = yk + hf Yk) 
we find consecutively 
Yi = Yo + Af (хо, уо) = 2 + 0.1(2 – 0) = 2.2; 
J2 = yı + Af (xi, Yı) = 2.2 + 0.1 (2.2 – 0.1) = 2.41 | 


and so on. 
We tabulate the results: 





k хь Va SL (xe, ye) туа, ук) | Exact solution 
iyzet£.x4l 





0 2.0000 2.0000 2.0000 i 2.0000 


0 
1 0.1 2.2000 2.1000 0.2100 2.2052 
2 0.2 2.4100 2.2100 0.2210 2.4214 
3 0.3 2.6310 2.3310 0.2331 2.6499 
4 0.4 2.8641 2.4641 0.2464 2.8918 
5 


0.5 3.1105 n 2 3.1487 
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If we consider the Cauchy problem 


d? O а 

uc TITA X09 

on any interval [0, a] with ‘any step Л > 0, we will obtain yı = 1 + A, 

уэ = do 2A, ys = 1 + ЗА, etc., so that the Euler broken line “straightens 
ut" and coincides with the straight line y = x + 1, i.e., with the exact solu- 

tion of the Cauchy problem. 

(2) Runge-Kutta method. The Euler method is fairly simple but inac- 
curate. Accuracy can be improved by complicating the difference scheme, 
е.в., by the Runge-Kutta method. 

We return to the Cauchy problem (17.14)-(17.15). We will again tabulate 
the approximate values Yis Y2, -- Yn Of the solution y = y (x) of (17.14) at 
points x1, X2, ..., хл (mesh points). 

Consider a scheme of equidistant mesh points xy = xo + kh, where 
A 0 is the step 'size of the mesh. 

In the Runge-Kutta method the quantities y;,1 are computed by the 
following scheme: 


Jier yi + 4 (ki + 2ks + 2К; + ka), 
where 


ki = f(xi, yi, 
lat (x+ e 


P h hk; 
ky =J (x + uo + ^. 


ky = f(x + h, yi + Ak). 


17.4 Some Equations Integrable by Quadratures 


A differential equation is said to be integrable by quadratures if 
its general solution (general integral) can be obtained as a result of a finite 
sequence of elementary operations with known functions and integrations 
of those functions. Such equations are relatively few in number. For exam- 
ple the equation y’ = x? + y? is not integrable by quadratures. Consider 
some kinds of differential equations of the first order integrable by quad- 
ratures. ' 


Separable equations. Equations of the type TEE 


SiO) dy = fa (x) dx © da (17.19) 


17. 4 Equations: Integrable by Quadratures : По 


аге called separated equations, ог equations with separated variables. Here 
fi 0), Љ (X) are known continuous functions of respective arguments. 

Suppose that y (x) is a solution of the equation. Then if we substitute 
У(Х) into (17.19), we will obtain ап “identity; and if we integrate it we will 
find the finite (not differential) equation 


A 0) dy = ло) dx + С, (17.20) 


which is satisfied by all the solutions of (17.19) (C is an arbitrary constant). 

Conversely, each solution of (17120) is a solution of the differential 
equation (17.19). Indeed, if some function y (x), when substituted, turns 
(17.20) into an identity, then differentiating this identity shows that y (x) 
also satisfies (17.19), i.e., is the general integral of this differential equation. 

For instance, x dx + y dy = 0 is à separated equation. If we write it in 
the form y dy = —хах and integrate both parts, we will find the pnan 
integral of the equation: x? + y? =İC. : 

An equation of the form 


Si @) е: О) dx = Љ (х) ф О) dy, (17.21) 
where the coefficients at the differentials can be factored into components 
that depend only on x and only on yj is called a separable differential equa- 
tion, since we can, by division by £10): (х) = 0, reduce it to a separated 
equation: 
Лб) dx = Ano) dy. П J 
4 0) eG) | 

Example. Integrate the equation (1 + y) xdx s O + х?) v dy. 
Dividing both sides of the equation by (1 4 у) (ва?) и 0 gives 
_хах ydy : 


lex? day! 





If then we integrate both sides of ‘the resultant equality, we will ‘get 


In (1 x?) = In (1.4 y} + In C, i рес 


Notice that division by ei (y) 2 (x) may lead to a loss of solutions that 
turn o, (y) f; (x) into zero. i 

For example, separating the varihbles i in x dy = y dx gives dy/y = dx/x. 
Integration yields In |p| = In |x| + !In|C|, whence y = Cx (here C can as- 
Sume both positive and negative values, but C = 0). Having divided by y 
we have lost the solution y = 0, which сай be included into the general 
Solution y = Cx if we allow C to itake on the value C = 0. t 

If we assume that x and y may both enjoy equal rights, then we should 
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supplement the equation dy/dx = y/x, which makes no sense at x = 0, by 
the equation dx/dy = x/y, which has the obvious solution x = 0. In the 
general case, along with the differential equation 


dy _ ry y 

ae = f(x y) (17.22) 
we should also consider 

dx _ Я 

aie Л (%, 2), (17.22) 


where fi (х, y) = l/f(x, y). In so doing, we should use (17.22’), where 
(17.22) makes no sense, and (17.22’) is meaningful. 

By a change of variables we can reduce some differential equations to 
separable equations. Consider the equation of the form 


dy _ 
dr Slax + by + c), (17.23) 


where /(z) is a continuous function, a, b, and c are constants. A substitution 
2 = ах + by + с yields the separable equation 


dz _ dy _ 
Be she dx a + bf(z), 


hence 


LR = dx. 


a bfa) 


Integration gives | = x + C. Changing z for ax + by + c, we 


dz 
a + bf (z) 
find the general integral of (17.23). 
Examples. (1) Integrate the equation dy/dx = (x + у)”. 
<A We put z =x + y, then 
dz dy dz dz 


DAE Pie = = 1+ 22 = 
dx e ON ctas + z^ hence ic dx 





Integrating gives tan ^! z = x + C or z = tan (x + C). Substituting x + y 
for z, we obtain the general solution y = tan(x + C) - x. >» 

(2) It is common knowledge that the rate of radioactive decay is propor- 
tional to the amount x of the radioactive substance that has not yet decayed. 
Find the variation of x with time ¢, if at t = fg there was x = xo of sub- 
stance. 


-4 The process is described by the differential equation Е ; 
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Here k > Ois the decay constant, which is assumed to be known; the minus 
sign is to indicate that x decreases with f. Separating the variables in (») 
and integrating yiclds 


o4 = -ktedn|C] x= Ce^*. 
From the initial condition х, = @ = Xo we find С = xo et^, therefore 
х(0) = xoe 0%), (**) 


Any process (not only radioactive decay), in which the rate is propor- 
tional to the amount of substance that has not yet been involved, is 
described by equation (+). 

The equation 


Zu = Кх k>0, (++) 
which only differs by the sign on the right form (*), describes а multiplica- 
tion process, c.g., the multiplication of neutrons in chain reactions or the 
multiplication of bacteria on the assumption that the rate of their multipli- 
cation is proportional to the available number of bacteria. 

Equation (***) subject to the condition х, = t = Xo has the solution 


x(t) = xo e* " ^'9, which, unlike the solution of (жж), grows with Г. 

The equations (+) and (+++) can be merged to yield 

©. = ky, k= const. (++*+) 

This equation is the simplest model of the dynamics of populations (the 
multitudes of individuals of one species of plant or animal organisms). 
Let y (t) be the number of the members of the population at a time t. If 
we suppose that the rate of the variation of the population is proportional 
to the size of the population, then we arrive at equation (*«*«*). We then 
put К = m — n, where т is the coefficient of the relative birth rate, and 
n is the coefficient of the relative death rate, then k > 0 for m > n and 
k « 0 for m « n. | j 

If at ¢ = 0 the size of the population is yo, then equation (****) leads 
to the exponential law of population growth 


і ^ 


y(t) = уе“. 


When k < 0, we have y (f) 2 0 as f — +œ, and when k » 0 we have 
y(0— +оо ast +o, | 

The assumption that т and л are constant does not hold for large popu- 
lations. In fact, when a population is too large the resources available be- 
come depleted, which in turn reduces the birth rate and increases the death 


i 
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rate. This circumstance can be described by simple laws 
mzb,- bay, n= bh + bay, 
where b; are positive constants (i — 1, 2, 3, 4). Then 
k=m-n= b — by = (b: + bs)y 
bh - Б 
50 RO (Rh = ») = oA — y) 
where а = bi + by, A = (bi — 53)/(b2 + bi). 
The population dynamics is then described by 


dy _ 2 
ce 3 (A — y)». 


This is the so-called /ogistic equation, a fundamental equation in demo- 
graphy and mathematical ecology. It is also used in the mathematical the- 
ory of propagation of rumours, deseases and in other problems of 
physiology and sociology. Separating the variables in the last equation, we 
obtain 


dy я А Седа 
—— m = adt, = ————————. 
(A - yyy Y= TF селш 
Letting y (0) = yo, we will find the equation of the logistic curve 


y= — A . 
1+ (4 - ) е -4at 
Jo 


When aw > бапа А > 0, we find that y (t) ^ А ast — +00. The logistic 
curve contains two parameters A and o; to find them we will have to know 
two additional values of y (f) at some /; and t2. 

Equations homogeneous in x and y. We shall call a function /(х, y) 
a homogeneous function of the nth degree in x and y, if for any admissible 
t we have 


fs, ty) = 1" f(x у). 
For instance, for the function f(x, y) = x? — xy + y? we have 
f (tx, ty) = PÈ — ху + Py! = Р (0? — xy + y!) = Üf( у), 


so that f (x, y) = x? — xy + у? is a homogeneous function in x and y of 
the second degree. 

For the function f (x, y) = y/x we have f (tx, ty) = ty/tx = y/x = f (х, y), 
so that f(x, y) = y/x is a homogeneous function of zeroth degree. . . 

A differential equation of the first order dy/dx = f (x, y) is said to be 
homogeneous in z and y, if the function f(x, y) is a homogeneous function 
of zeroth degree in x and y. |; | Oe ИКЕ ver eee 
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Let dy/dx = f (х, y) be a differential equation that is homogeneous in 

x and y. We put t = l/x in f (tx, ty) =f (x, y) and obtain f (x, у) = Ji, 7x), 

ie, a homogeneous function of zerdth degree only depends on the ratio 

of arguments. If we denote f (1, y/x) by е (X/x), we will sce that a differential 

equation homogeneous in x and y бап always be represented in the form 


dy y 
—— =е{<-). (17.24) 
ах * e 

Гог an arbitrary continuous funétion o the variables are inseparable. 
We introduce а new desired function 4 (x) = y/x, whence y = xu. Substitut- 


ink 2 sad xA. into (17.24) gives 


u+ x ae. = (и) or xdu = [p (u) – и] dx. 
We now divide both sides of this by x [о (u) — u] » 0 and integrate. The 
result will be 


du = . 
1-05 =шр + In|C]. 


Changing here u for its value y/x, we obtain the general integral of (17.24). 
ido AE 
Examples. (1) Integrate the equation HE. pa 
dx Xy 
- We have dy/dx — y/x xy. We pout yx и, then 
dy/dx = и + x(du/dx). The equation becomes 


: Ix 
ира ug D or наи = <S., 
u x 


dx 
Integrating gives и? = In Cx? ог у= x? In Cx". » 

(2) Find the shape of a mirror concentrating a parallel beam of light 
into a point. 

*1 In the first place, the mirror should be a surface of revolution, since 
only for such a surface all the normals to the surface pass through the 
axis of revolution. | 

We will choose our coordinate system so that the rays werc parallel to 
the x-axis and the reflected rays collected at the origin. We then find the 
shape of the cross-section of the mirror by the xy-plane. Let the cross- 
section equation be у = (x) (Fig. 17.6). 

We will draw à tangent line BN to the cross-section at a point M (x, y), 
where tlie ray £ touches the surface, jits angle formed by BN and the x-axis 
will be o: Let now N be a point where the tangent line cuts the x-axis. 
By the reflection law, the angles NMO and BML must be cqual. It is casily 
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r 


seen that the angle MOP is 2a. Since tana = y’, tan 2a = y/x and 


_ 2 tan © —, then at any point on the curve y = (х) holds the 


Т tane” 


relation y/x = iL i.e., the differential equation that defines the re- 


tan 2a — 





quired path of the ray. 





Solving the equation for the derivative, we will obtain two homogeneous 
equations: 


х Мх? + y! ys -х- Мх? py 


yi =, 


y у 
The first of these is transformed by a change y/x = u to 
К -l+V1l4u? udu dx 
и+хи'=————— ог лр = - 
u + и — Ta x 


Integrating, we will find 





udu a(virewt—1) 
- п |х + Inc = | a 
т+и?-—Уур+и Vitu- 


= (VTF - 1). 
Taking antilogs and substituting y/x for u, we obtain after some algebra 
| -y = 2Сх+ С? or у%*=2С(х+ C/2). . E EE ы EE 
The resultant equation defines in the xp-plane : a family ‘of ор: 
symmetric about the x-axis; the foci of these parabolas coincide with the 


origin, We fix C and rotate a parabola about the x-axis to obtain the 
paraboloid of revolution y^ + z? = 2C (x + C/2). And so a mirror in the 
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shape of a paraboloid of revolution solves the problem. This property is 
used in flood lights. » 

Remark. If «(u) — и = 0, then equation (17.24) has the form 
dy/dx = y/x and is integrated by separation of variables. Its general solu- 
^tion is y = Cx. If e (u) — u goes to zero at u = но = const, then there also 
exists the solution и = uo or y = uox (a straight line passing through the 
origin). That there exists the solution и = uo is immediately seen in that 
case if we write the differential equation іп the form x du = [о (u) — u] dx. 


Consider some equations that can be reduced to homogeneous ones. 
The equation 


Syon UC Ute. (17.25) 
dx ax + Бу + с 
where a, b, c, a, bi , and с, are constants, at с = cı = 0 isihomogeneous. 
Suppose now that at least one of c and c, is nonzero. We should here distin- 
guish two cases. 


b 


(1) The determinant 
bi 





| is nonzero. Introduce new variables £ 
and m by 


x=E+h, y=n+k, 


where /t and k are as yet indefinite constants; then dx = dt, dy = dy. Equa- 
tion (17.25) then becomes 


dy _ att bn t ah * bk c 


dt ait + bi T аһ bk + Cc 


If we choose л and k as solutions of the system of linear algebraic equations 


ah + bk + с = 0, 


17.26 
а\һ + bk +c = 0, ( ) 


we obtain the homogeneous (in Ё and x) equation 
dy | a£ by 


dt. attbw 


Replacing in its general integral £ by x — Л and »byy- k, we will find 
the general inegral of (17.25). 


(2) The determinant is zero. System (17.26) in the general 





b 
bi 


case has no solutions and the method just described is unsuitable. But in 
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this case a, /a = Dj /b = Xie, equation (17.25) has the form 
dy | ax+by+c 


dx (ах + Бу) + c 
and сап be reduced to a separable equation Бу the substitution z = ax + by. 
In a similar manner, we integrate the equation 


dy _ ( tte.) 


“dx ax + by + с 
where f(w) is a continuous function. 


Linear differential equations. A linear differential equation of the first 
order is an equation linear in an unknown function and its derivative, In 
the general case, it has the form 


A w- + В(х)у = /(х), (17.27) 


where the coefficients A (x) and В (x) and the right-hand side f (x) are taken 
to be defined on a certain interval (o, 8). 

If f(x) = 0 on (o, 8), this equation is called homogeneous, otherwise 
it is called inhomogeneous. Assuming A (х) # 0 on (a, В) and dividing both 
sides of (17.27) by A (x), we reduce (17.27) to the form 

ФУ + p(y = а(х), i328) 
x 
where p (х) = В (х)/А (х), q CO = JOVA (x). 

Theorem 17.3. If functions p(x) and q(x) are continuous on 
[a, b] € (a, 8), then equation (17.28) always has a unique solution that satis- 
fies the initial condition yl. = yo, where the point (хо, yo) belongs to 
the band a «x « b, ~w< yc +0, 

-4 We solve (17.28) for y’ 


y= -р(х)у + q(x). 


Here the right-hand side meets all the conditions of Theorem 17.1: it is 
continuous in the variables x and y and has the bounded partial derivative 
af/dy = -p (x) in the band. This proves the statement. > 
A linear homogeneous equation corresponding to (17.28) has the form 
dy 


ЕЯ + р(х) у = 0. Pe ОМИ (17.29) 


It is integrated by separating the variables: dy/y = —p(x) dx. Hence ii 


шр = -fp dx + In|C] „ог, у = Ce-Ío 004r, s (17.30) 
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Dividing by y we lose the solution y zi 0. However, it can be included into 
the family of solutions (17.30), if we assume that C can be zero. Formula 
(17.30) gives the general solution or (17.29) in the band a< x< 2 b, 
—go« y « +0, 

7 "The inhomogeneous linear equation (17.28) can be integrated using the 
so-called method of variation of constunts. It consists in the following. We 
at first integrate the homogencous equation 

2 + p(y =0, 
whose general solution has the form: Je Се - 60 4 where С is an ar- 


bitrary constant. 
We seek a solution of (17.28) in the form 


y = C(9e 1094, (17.31) 
where C (x) is a new unknown function. 
Calculating the derivative dy/dx ánd substituting the values of dy/dx 
and y into the original equation (17/28) gives 


SE sqt 9t, CQ) = fa (ge hax + С, 


where C is a constant of integration. Hence 


y = С(х)е “hide = Се -fp () dx 
te “Pm ang (x) el? Ө) аах. (17. 32) 


This is the general solution of the linear inhamogencous differential equa- 


tion (17.28). 

It is scen from (17.32) that the general solution of (17.28) is the sum 
of the general solution of the corresponding homogencous equation and 
the particular solution of (17.28) that follows from (17.32) at C = 0, i.e., 


Урі. = Jg.h. + Ур. 


Іп (17.32) the indefinite integrals; can be replaced by definite integrals 
with a variable upper limit 


x 


= | p (х) dx $ | pw dx 
y(x)se ~ Е fate «|. 


Xo. 


x 


Here C = y (xo) = yo, therefore the general solution of (17.28) can be writ- 
ten as | 
x 


p (x) dx x р(х) dx 
yee ^ — Py |a(QQe? — dx], (07.33) 


Xo 


x 
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where the role of an arbitrary constant is played by the initial value yo of 
the desired function y (x). 
. Formula (17.33) is the general solution of (17.28) in the Cauchy form. 
It follows that if p (x) and q (x) are defined and continuous on the interval 
— со < х < +оо, then the solution y (x) of (17.28) with any initial data 
y (xo) = yo will be continuous and even continuously differentiable at all 
finite x, so that the integral curve passing through any poiut (хо, yo) will 
be a smooth curve on the interval -œ < x < +œ. 
Examples. (1) Integrate the equation 
dy == 
ae + ycosx = 2cos x. (*) 
-4 We will integrate the homogeneous equation dy/dx + vcos x = 0 that 
corresponds to the original one by separating the variables 


у= Ce - sin x, 
We will seck the solution of the original equation in the form 
у = С(х) с -sin x, (**) 


where C (x) is unknown function. We find dy/dx and substitute it and y 
into (*) 


dy = dC -sinx — —sin x . 

dr ege e C(xe cos x, 

dC |. p" E 
S e -sinx — C(x)e -sin x cosx + C(x)e -sinx cosx = 2cos x, 
Se s 2cosxesnx; C(x) = 2esinx + C, 

dx 


where C is the constant of integration. 
From (жж) we find the gencral solution of (+) 


у(х) = Ce -sinx + 2. 


It is easy to see the particular solution of the inhomogeneous equation 
(*). In general, if the particular solution of the linear inhomogeneous equa- 
tion can be "figured out", then this substantially simplifies the search for 
its general solution. > 

(2) Consider the phenomenon that occurs on closing a d.c. circuit. 
-4 If Ris the resistance of the circuit, E the external e.m.f., then the current 
I = I (t) will grow gradually from zero to a finite stationary value E/R. 

Let L be the self-inductance of the circuit, sucli that whenever the cur- 
rent in the circuit changes; an e.m.f. emerges in the circuit such that its 
magnitude is L Jd and its direction is opposite to that of the external 


di.. 
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c.m.f. By Olun's law, at each moment of time / the product: of the current 
by the resistance equals the real e.m.f., and we реє. 


dl . dl _E 
| шж o" wp | e) 


7 (Е, І, R = const.) 


ІК = Е ~ 1, 


Equation (+) is a linear inhomogencous equation in 7 (t). It is easily seen 
that its particular solution is the function /, (4) = E (R). The general solu- 
tion of the corresponding homogeneous cquation is J, (f) = Ce - (LY, 
And so the general solution of the inhomogeneous equation (*) is 


R 
-— Í E А 
. I0 = L =. 9 
(t) = Ce + R 
At { = 0 we have ҚО) = 0, therefore С = —E/R, so ас we arrive at 


mM 
i= - 5 l-e t), 


It is scen that on closing the circuit as  —> 4-œ the current asymptoti- 
cally tends to its stationary value E/R. > 


The linear inhomogeneous differential equation (17.28) саа also be in- 
tegrated using the following trick. 


We will scek the solution y (x) of (17.28) in the Roni 
у(х) = и(х) у(х), | (17.34) 


where u (x) and v (x) are unknown functions, onc of which, say v (x), can 
be arbitrary. Substituting y (х) in the form (17.34) into (17.28) we obtain 
afler some algebra 

u'vt(v' + p(x) vyu = д (х). | (17.35) 
We choose as v(x) any particular solution v(x) #0 of the equation 
v' + p(x)v = 0. Then, by (17.35), we will obtain for v (x) the equation 


du . 
У rS q (x), 


which is readily integrable by quadraturcs. Knowing v (x) and u (x), we find 
the solution y (x) of (17.28). > 
Example. Find thc general solution of 


y'42xy = хе-х. 


9 We will seek the solution y (x) of this linear inhomogeneous equation 
in the form н 


у(х) = и(х) у(х). 


` 


130 First-Order Ordinary Differential Equations 


Substituting y = uv into the original equation gives 
u'v + uv! + 2xuy = хе 
Or 
u'y + (v! + 2xvy)u = xe -*. (17.35) 
We define у (х) as a solution of the equation 
vy’ + 2xv= 0. 
By separating the variables, we will get 


27 = -2хах у= Се-х, 
; 
We now take any particular solution, eg., one that corresponds to 
C = 1. Then, by (17.35’), we will obtain 


e-xyu' =xe-*, 


whence u’ = x and и = x?/2 + C. 
The general solution of the original equation will be 


у(х) = u(x) у(х) = (5 + с) e-t, » 


The method of variation of constants has the advantage that it can 
be generalized to linear inhomogeneous differential equations of higher 
orders. 

Bernoulli’s equation. Some differential equations can be reduced to 
linear ones by a change of variables. Among such equations is the Ber- 
noulli equation 


3. + р(х) у = ф(х) у", а = const. 
At a = 1 we obtain the homogeneous linear equation 
dy 


Fr + P-a] = 0. 


At а = 0 we have the inhomogeneous linear equation 


dy 
dx 
We suppose, therefore, that с #0, œ #1 (for noninteger а we will as- 


sume that у> 0). ` 
By substituting z = y -«*! we reduce the Bernoulli equation to a 


linear equation in z (x). 


+ р(х)у = g(x). 
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We can, however, integrate the [Bernoulli equation directly by the 
method of variation of constants. To this end, we proceed as follows. 
To begin with, we integrate the equation dy/dx + p (x) y = 0. Its gencral 
solution is у = Ce -iP dr, We will) look for the solution of the Ber- 
nóulli equation in the form 


у = Cxe ~via, ? ы 
where С(х) is a new unknown function. Substituting this form of y (x) 
into the Bernoulli equation, we oblain 

C' (x) = g(x) (C GO)" ей - à ip (2 d, 
This is an equation with separable;variables in C (x). Integrating gives 

(С (x))! - = 

l-a , 

where C is the constant of integration. From (*) we will then: derive 
the complete integral of the Bernoulli equation 





= fa (el -a Ip 60 dx dx + C, 


yl-a(x) = (1 о) ef iP 9 [| (х) ct ~a) 15 60 dx dy +. c]. 


Remark. For « » 0 the Bernoulli equation has thc obvious solution 
y=0. | | 
To integrate the Bernoulli equation we can make use of the substitu- 
tion y (x) = u(x) v(x), where v (x) is any nontrivial solution of the equa- 
tion v' (х) + р(х) v = 0, апа u(x} is defined as the solution of 


ди 2 q (x) ve - (x) м", 


dx 


Example. Find the solution of the Bernoulli equation 


y'-ytanx = —y!cosx. 
"*! We seek the solution у(х) of the equation in the form 
у(х) = u(x) v(x). Substituting y = uv into the original equation gives 
u'v + uy’ — uytanx = -R y? cos x, 
or | 
u'v + (v' - vtanx)u = —lu? v! cos x. 
We choose v (x) such that it will be (some nonzcro solution of the equation 
v’ — ytanx = 0. | 
We integrate it: 
dy . sinx C 
—— --————dx у= <r 
y cos X COS X 
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Since we arc interested in any particular solution, we put C = 4, i.e., take 
v = ]/cos x. Then for u(x) we will get the equation 
u= -и?. 
Integration gives u(x) = 1/(х + C). 
The general solution y (x) of the original equation is given by 


у(х) = и(х) у(х) = APA Г 


Exact differential equations. The equation 
M (x, y) dx + N(x у) dy = 0 (17.36) 


is said to be an exact differential equation if its left-hand side is the total 
differential of a certain function u (x, y) of two independent variables x 
aud y, i.e, 


M (x, y) dx + N(x, у) ау = du = 55 ах + A 
Here u(x, y) = C will be the general integral of (17.36). 

We assume that the function M (x, y) and N (x, y) have continuous par- 
tial derivatives in y and x, respectively, in a simply connected region D in 
the xy-plane. 

Theorem 17.4. The necessary and sufficient conditian for the left-hand 
side of (17.36) to be the exact (total) differential of a function u(x, y) of 
two independent variables x and y is 


ðM _ aN 
-4 Necessity. Suppose that the left-hand side of (17.36) is the exact differen- 
tial of u (x, у), ie, 


ди 


M (x, y) dx + N(x y) dy = йи = де dx + ~ ау. 


ax “ay 
Then M = du/dx, N = du/dy. We differentiate M with respect to y, and 
N with respect to x 


9M | au aN — au 


^ дудх ax дхду 
Since the mixed derivatives are equal, 
ам LUN ae 
ду дх` 
This proves the necessity of (17.37). 
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Sufficiency. Suppose that the condition (17.37) is also sufficient and 
find u(x, Y) such that du = M (v, y) dx + N (x, v) dy, or construct 


ди’ ди 

JU 2 М(х -ь— =N 7.38 
Y x M (x, y), y (xy). (17.38) 
First of all we find u (x, y) satisfying the first of (17.38). Integrating this 
with respect to x (assuming y to be constant) gives 


u= {м (x, y) dx + e), (17.39) 


where e (y) is an arbitrary function of y. 

We select y (у) so that the partial derivative of u given by (17.39) with ° 
respect to y would be N (x, y). It is always possible to find such a function 
«€ (y) subject to (17.37). Indeed, (rom (17.39), 


au 
oy 
Equating the right-hand side of this to N (x, y) gives 


= д , 
2 э Mende +e’). 


p’ 0) = NG) — $e y dx. (17.40) 


The left-hand side of this is independent of x. We will now see that, provid- 
ed (17.38) is satisfied, its right-hand side does not include: x either. With 
this in mind, we will show that the partial derivative with lrespect to x of 
the right-hand side of (17.40) is indentically zero. We thus have 


д д _ ON 29 9 | 
x" -зу|м ax] TE à E |" ax| 


but 
Jr | MO y)dx = M(x, y), 
Ox 


hence 


à aN _ aM _ 
2 [N-i [Ma] = wc rS 


Now, integrating (17.49) with respect to y, we will get - 


е0) = [| -$ we dy+G 


m 


where C is the constant of integration. Substituting this into (17.39), we 
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arrive at tue desired function: 


u(y у) = (мах 4 | |" - $e dy + G 


whose exact differential, as is casily verified, is M (x, y) dx + N (x, y) dy. > 
This procedure of constructing u (x, y) is a method of integrating equa- 
tion (17.36), whose left-hand side is an exact differential. 
Example. Check 'that 


e- dx — (2y + xe-»)dy = (*) 
is an exact differential equation, and integrate it. 
~ In this case M = e-/, N= — (2y + xe -») 
әм ƏN а.а e- .9M -3N 
T» e ^ Pa te y, hence ay Ox 
and so (+) is an exact differential equation. 
We now want to find u (see (17.39)): 
и = [M (x, у) dx + ф(у) = fe -*dx + e(y) 
or 
и = Хеу + p). (**). 


Finding ди/ду from (+) and equating du/dy to N(x, y) = -2y-xe-, 
we obtain 


—xeYt+o’(y) = -2y-xe-r. 
Thus, e' (y) = —2y, and hence 
eo) = —у*+ С, С = соп. 


Substituting this into (жж) gives 
=xe-r—y?4C> xev- =C, 


i.e., the general integral of the original equation. > 

It is sometimes possible to find a function p(x, y) such that 
uM dx + uN dy will be an ‘exact differential, although M dx + Ndy may 
not be one. Such a function р (x, y) is called an integrating factor. — 

It can be shown that for the first-order equation M (x, y) dx 4^ 
М(х, у) = 0 with M(x, y) and N(x, y) subject to certain conditions there 
always exists an integrating factor, but to deduce it from the condition 


? D) 209 іп the general case means to integrate a partial differen- 
tial equation, я as a rule is a more difficult task. 


17.5 Riccati Equation dS 


Problem. Find the integrating factor for the linear differential equation 


dy = 
e + р(х)у = q(9.. 
c* Hint: Seek the factor in the Гот po p(X). 


17.5 Riccati Equation 
The equation 
dy _ 
dx 
where q (x), p (x), and r (x) are known functions, is called the Riccati equa- 
tion. If p, q, and r are constants, then it is integrated by separating the 
variables 


= (х) +р(ху+ roy? › (17.41) 


locate 
4 + лу + гу 


When г (x) = 0, equation (17.41) is linear, and when q (x) = 0), it is the Ier- 
noulli equation. In the general case equation (17.41) is nol inggile by 
quadratures. 
We will now discuss some properties of the Riccati equation. 
Theorem 17.5. Given one particular solution of the Riccati equation, 
its general solution can be found by quadratures. 
+4 Suppose we know the particular solution y = vı (х) of (17.41), then 


у(х) = а(х) + р(х) у (х) + r(x) yi (x). (17.42) 


Putting y = yi (х) + z (x), where 20%) is a new desired function, we obtain, 
by (17.42), 


d 
Je ~ P(X) + roy (9)2 = года? 
Thi isthe Bernoulli equation, which is integrated by quadratures. P 
“Example, Integrate the Riccati equation 
у= y? + Rey = е H ех. 


if we know its particular solution iyı = e. 
"4 Putting y = e* + z, we will have for z (x) 


dz _ 2 ] 
—— = Z^, hence Se 
1 ence 4 Cox 


The solution of the original equation will be 





1 
= x 
у(х) = e+ c 
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A special case of (17.41) is the special Riccati cquation 


dy is : 
“Fo tay” = bx* (> 0), (17.43) 


where a, b, and « are constants. 

At « = 0 we have dy/dx = b — ay? and the equation is integrated by 
separation of variables. 

At « = —2 we get dy/dx + ay” = b/x’. Setting у = 1/z, where z is а 
new unknown function, we get 


К 2 
— S +$-4 hence L sab (©) : 
This equation is homogeneous in x and z; it is integrated by quadratures. 
Along with œ = 0 and œ = —2 there exist an infinite variety of other 
values of a at which the Riccati equation (17.43) is integrated by quadra- 
tures. They are given by | 


4k 
-2k *l 
For all other values of « the solution of the Riccati equation (17.43) is 
not expressed by quadratures. If then we set in it y = u'/(au), where 
u = u(x) is a new unknown function, we will then arrive at the second- 
order equation d^u/dx? — abx*u = 0, whose solution can be expressed in 
terms of the Bessel functions (see Chap. 18). 


a= (A= +1, x2,... ). 


17.6 Differential Equations Insolvable 
for the Derivative 


Consider the general case of the first-order equation 
К »у')=0 - (17.44) 


which is insolvable for the derivative. It has some distinctive features. For 
instance, the equation (y’)? + 1 = 0 has no real-valucd solutions at all. 
The solutions of the equation (y')? = 1 are the straight lines y = +x + C, 
so that through each point in the xy-plane pass two mutually perpendicular 
integral lines. The field of integral curves of the equation (y^)? = 1 is ob- 
tained by superposition of the field for y’ = 1 and y' = —1. If (17.44) 
can be solved for y’, we obtain equations of the form y’ = fi (x, y), which 
can sometimes be integrated by the methods discussed above. 
We now introduce the concept of the general solution (general integral) 
for (17.44). Suppose that in the neighbourhood of a point (xo, yo) we can 
solve this equation for the derivative, ic, we have the equations 


= fi(x у) G= 1,2, ..., m) jus "T 
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and suppose further that each of these equations has the general solution 


ye gli) (11,2, т) (17.45) 
or the general integral 
an 
К #(х, у, С) = 0 (i= 1, 2,..., т). | (17.46) 


The multitude of the general solutions (17.45) (or the integrals (17.46)) 
is known as the general solution (integral) of (17.44). Thus, the equation 
(y’)? = 1 breaks down into two: y’ = 1, у’ = —1; their general solutions 
у=х+С,у= -x + Cin combination constitute the general solution of 
the original equation (y’)? = 1. The general integral of this equation is 
often written as (y – х - OY +x- C) = 0. 

It is not always easy, however, to solve (17.44) for x’ and the resultant 
equation у’ = fi(x, y) often cannot be integrated by quadratures. We will 
now look at some of the procedures of integrating (17.44). 

(1) Let equation (17.44) have the form 


Fly’) = 0. (17.47) 


Suppose that there exists at least one real-valued solution y’ = А; of this 
equation. Since this equation does not contain x and y, then А; is a constant. 
Integrating the equation y’ = k; gives 
y-kx*C, or а= 2C. 
x | 
But k; is a root of F(k) = 0, accordingly, F (w — C)/x) = Ois the integral 
of the equation. ' 
For example the equation (y^)! — (y)! + y' — 3 = 0 has the integral. 


(458) п (2 =f)’ Pee Ang jao 
x x X 


(2) Equation (17.44) may have the form. 
Fi’) = 0. (17.48) 


If it is difficult to solve this equation for y’, then it may be advisable to 
introduce a parameter / and to replace (17.48) by the two equations 


Y=e(), у= (0), (о << 0), i 
such that Р( (^, Y) = 0, t€ (fo, fi). Since dy = y'dx, then 


dx = 107. Hs 0 di, hence x- ly dt + C. 
y' y (0) ( | 


The desired integral curves are thus determined by the equations in para- 
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metric form l 


x= [59 di +С, y-e(t) 


Example. Integrate the equation у??? + (y!) = 1. 
4 We put y = cos?t, y^ = sin?t, then 





4 ^ie 2 
dx = dy = _ 3 с05' tsini di = —3 RR dt. 
: sin’ / 


К sin? ¢ 
Further, we find 


2 
x= ЕЕЕ 
sin’? 


and the parametric equations of the desired integral curves 
x=3t+3cott+ C, y = cos? t, > 


If equation (17.48) is readily solvable for y, the parameter is normally 
у’. In fact, if y = p O’), then, putting y’ = p, we get y = ф (р), so that 


dx = 9 = LO) a x= ("© ap ic 
у р i P 


The parametric equation of the integral curves will be 
x= [30a +С, y=). 


Excluding p, we obtain the general integral Ф (x, y, C) = 0 of (17.48). 
Example. Integrate thé equation y Vy’ — 1 22 ~ у’. 
~“ We solve the equation for y to obtain 


2 - у 
У = — Я 
: TRE а 
We then set y' = p, and find 
yo. 
Vp-1' 
Further, 


d dp 1 
ах = — = -—— yi X= + С. 
у' А 2(р - 1)??? | [p — 1 


We thus find the. pdrametric equations of the integral curves 


x= 1 +С; 33 2=p 
СМЕС Ур 1 
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We can easily exclude p. Really, from the first cquation of the above 
system we find 
; (o 2.—XxX-6 p= аа 42 t Ed. 

ot Vp- a 1 (wi €) 

If we substitute p into the second eqtlation, we will have the general solution 
of the original equation: y = x - C- М(х ~ С). > 

(3) Let (17.44) have the form ` 

F(x,y) = 0. (17.49) 


If this equation is hard to solve for y^, then, as in the previous case, it 


is expedient to introduce the paramcter ¢ and to replace (17.49) by two 
equations: | 
x-e() у= ү() (Kt <n). 
Then 
dy = y' dx = ¥(N o' dt, 
- fy Me’ () а! + С. 
The integral curves of (17.49) arc ithus given in parametric form by 
x2e() у= [00е (фаг + C. 


If equation (17.49) can easily be solved for x, x = p(y’), it is convenient 
to take as the parameter y’ = p. Then x = (p) and dy = y’ dx = 
р o' (p) dp, whence y = | pg’ (р) dp + С. 

Example. Solve the equation x = (y^)? — y' —- 1. 
41 Put y’ =p, then x = p! — p= 1. Further, 

ә 4 2 
dy = y' dx = р(3р? – 1)dp; y= Зр - 5. +С. 

In parametric form, the кш of integral curves of this equation is 

given by 


x-p'-p-l y 3L LE uc > 


2 


(4) Lagrange equation. A differential equation of the type 


у= хе(у') + уу”) (17.50) 
linear in x and у, is known as the Lagrange equation: Here y and y are 


known functions. 
Introducing the parameters dy/dx = p gives, 


у = хе(р) + (p). i (17.51) Fe 
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This formula relates x, y and p. To derive a second relation for determining 
x and y as. functions of p, we will differentiate (17.51) with respect to x 


p- e) + хө’ (р) 2+ y* p) 2 
whence 

реб) = [xe' (р) + ф' @)] Е (17.52) 
or 


[Pp - e] = = хе’ (р) + ү' (р). (17.53) 


Equation (17.53) is linear in x and dx/dp, and so it can readily be in- 
tegrated, e. g., by variation of constants. We now derive the general solution 
x = w(p, C) of (17.53) and add to it the equation y = x e (p) + y (p), to 
obtain the paranietric equations of the desired integral curves. 

In passing from (17.52) to (17.53) we divided by dp/dx. This causes solu- 
tions for which p is constant to be lost and so dp/dx = 0. Taking p to be 
constant, we note that (17.52) is only satisfied when p is a root of the equa- 
tion p — e(p) = 0. Thus, if the equation p — ф(р) = 0 has real roots 
р = pi, then to the solutions of the Lagrange equation we have found above 
we have to add the solutions 


y = xe(p) + Wp), 
poss or у= xy (pi) + YQ), 


which are straight. lines. 
(5) Clairaut’s equation. An equation of the form 


у= ху +”) (17.54) 


is called the Clairaut equation. 
Putting y’ = p, we obtain y = xp + y (p). Differentiating with respect 
to x gives 


p=ptx Bay DB ог [xev]. - o 


Therefore, either dp/dx = 0, and hence р = C, or x + y' (p) = 0. In the 
first case, excluding p, we will find the family of curves 


y = Cx + V (C), 


i.e., the general solution of the Clairaut equation. It is found without quad- 
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ratures and describes а one-parameter family of lines. In the case of 
x + y' (p) = 0 the solution is given 


y=apt¥), x= -W (р). (17.55) 


Ať can be shown that, as a rule, the integral curve (17.55) is thc envelope 
of the family obtained. | 

Example. Solve the Clairaut equation y = xy’ — (у”)?. 
4 The gencral solution of this equation is immediate: y = Cx- С. 
Another (singular) solution is given by | 


у= хр-р, х= 2р. 
Excluding the parameter р, we find у = x?/4, the envelope of the lines 
у = Cx — С? (Fig. 177). > 





Fig. 17.7 :. 


Equations of the form F (x, y, y') =:0, gencrally speaking, have several 
integral curves passing through a certain point (xo, yo). Indécd, solving the 
equation for y’, we as a rule obtain several rcal-valued functions 

= fis y) i = 1, 2,..., т. If every у’ = fi (x, y) in the neighbourhood of 
(Xo, Yo) satisfies the conditions of Theorem 17.1 on thei existence and 
uniqueness of the solution, then for each Of these equations there exists 
a unique solution meeting the condition y (xo) = yo. Therefore, speaking 
about the uniqueness of the solution to F (x, y, y’) = Osubject to the condi- 
tion y (xo) = yo, we generally mean that through a given point (xo, yo) in 
a given direction passes only one integral curve of the original equation 
F(x y y') = 0. 

For example, for the solutions to the equation (y*)? — 1 = Othe unique- 
ness property in this sense is satisfied everywhere, since through each point 
(Xo, yo) in the xy-plane pass two integral curves but in different directions. 
For the Clairaut equation y = xy’ — (v (see the above example) through 
the point (0, 0) also pass two’ integral lines: the straight line y = 0, which 
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enteís into the general solution of this equation, and the parabola y = x?/4. 
These lines have at (0,0) the same direction since y’ = 0. Therefore, at 
(0, 0) the uniqueness property is violated. 

Theorem 17.6. In a certain neighbourhood of the point (хо, Yo, Yo), 
where yg is one of the real-valued solutions of the equation 
F (Xo, Yo, y’) = 0, the function F(x, y, у”) satisfies the conditions : 

(1) it is continuous in all its arguments, 

(2) there exists a nonzero derivative dF/ay'; 

(3) there exists a bounded derivative aF/dy: | AF/ay| < М. 

Then there exists an interval [xo — Ло, хо + ho] on which there exists а 
unique solution y = y (x) of the equation F (x, y, y") = 0 satisfying the con- 
dition y (xo) = yo and for which y' (xo) = yo. 


17.7 Geometrical Aspects of First-Order 
Differential Equations. Orthogonal Trajectories 


The general solution y = ф (x, C) of a differential equation of the 
first order defines in a plane a family of curves dependent only on one 
parameter C. 

Let us now state a problem that is in a sense inverse: given a one- 
parameter family of curves у = е (x, C), construct a differential equation 
for which y = e(x, C) will be the general solution.: 

We thus have 


y = ф(х, C), (17.56) 


where C is a parameter. Differentiating (17.56) with respect to x gives 


y’ = ex (x, C). (17.57) 


If the right-hand side of (17.57) no longer contains C, then (17.57) will 
be the differential equation of the family of curves (17.56). For example, 
if y = x + C, then y’ = 1 will be the differential equation of the family 
y =x + C. If now the right-hand side of (17.57) contains С, ме сап Solve 
(17.56) for C as a function of x and y to find 


C= V (x y. "A 07.58) 
Substituting this into (17.57), we will obtain the first- order differentia 


equation "E. 


=p G9). И u 0759) 


It is ly. seen that у = ф(х, C) is the. solutio of (17. 59).; at any C 
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If x, y, and C are related by: 
$(,»xC)20, (17.60) 


then differentiating this with respect!to x gives 


oU 


p+- у' = 0. (17.61) 
Excluding С from (17.60) and (17.61) gives 
F(x, у, у') = 0. (17.62) 


It can be shown that (17.60) is the general integral of (17.62). 
Orthogonal trajectories. A number of applications lead to the following 

problem. Given a family of curves Ф (x, y, C) = 0, find a family of curves 

Y (x, у, C) = 0 such that each curve of (x, y, C) = 0 passing through a 





Fig, 17.8 


point (x, y) would meet a curve of Y (x, y, C) = Oat a right angle, i.e., such 
that tangents to the curve of b = O and Y = Oat (x, y) would be orthogonal 
(Fig. 17.8). The family Y (x, у C) = 0 is called a Jamily of orthogonal 
trajectories to 4 (x, y, C) = 0, and vice versa. If, for instance, the curves 
of Ф = 0 are the lines of force of a force field, then orthogonal trajectories 
are equipotential lines. E MOM 

Analytically, this means the following. If F (x, у, y’) = 0 is the differen- 
tial equation of the family 9 (x, y, С) = 0, then the differential equation 
of trajectories orthogonal to Ф = 0 has the form 


F(x, —) =0 
J 


(the slopes of the tangents to the curves Ф = 0 and ¥ = 0 at every point 
must be related by the orthogonality condition kı А = —1). 
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To sum up: if we warit to find orthogonal trajectories to a family 
Фф (x, y, C) = 0, we have to derive the differential equation F(x, y, y‘) of 
the family and replace in it y^ by —1/y’. Integrating the resultant equation 
will give the family of orthogonal trajectories. 
Example. Find the orthogonal trajectories of the family 


xta у? = С? (17.63) 


of circles with centre, at the origin. 
-1 We will set up the differential equation of the family (17.63). Differen- 
tiating (17.63) with respect tox gives 2x + 2yy' = 0 or x + yy’ = 0. Hence 


, x 


v= -—, 


y 
This is the differential equation of the family. If now we replace in it y’ 
by —I/y', we will find the differential equation of the family of orthogonal 
trajectories 
1 x $c. 
-—= -— or у ==. 

у y x 
Integrating the last equation, we find that the desired orthogonal trajecto- 
ries are (Fig. 17.9) 


у= Сх (x #0), 
x=0 (» = 0). 
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Exercises | 
: Use the method of isoclines to construct the integral curves of the 
following differential equations: 
diy’ =х+у. 2. у' = (у— 1)х. 
a successive wesc solve the Cauchy problem: 


= 2x» y(0) = 
^ integrate the ыйл equations: | 
4. уау + (L + y?) dx = Se” sin? хах + cos’ хау = 0. 


CyB = y «xe^ уб) = n2! = у + Уу =F, 


jx Ee у н | 
зу pe сае + 2ху = хе-=. | 


10. \y’ — ycotx = 2xsin x, у(т/2) = 1. 
1 


y’ + 2xy = e, y (1) = 1 12. y^ Pur. Bon 
X — 


AX) by = y! In x.(14) xyy' = 2y? — Ix’. 
15. Wy 4: x!y ) dy = dx. 62 x!yy' а y!x = 1. 


17. ( mx - 1-2) dx — (»-1) dy = 0. 
x? 


18. G + uir) dx + (2xy + tanx)dy = 0. 19. 2y = xy’ + y' Iny*. 


20. Find the orthogonal trajectories of the family 'of hyperbolas 
x? — y? = а?, where a is a numerical parameter. 


Answers 





Fig. 17.10 Fig. 17.11 
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з. у= ей A x +1 y) eC S tan x схе 30/3 = С. 6 e -I+ = dn zn 
7. C? = y + Му? — xè. 8. хі + 2xy - y! — Ax + 8y = C. i 

9. у = (= + c) e 7. 10. y = G3 + 1— x74) sin x. 
iicyadeerejhq x= с» + 2+ I T 13. y = (Cx + mx + р). 


14. Vy? = 3x! = Cx! 15. x = 1/(Се 0+2 4. y! — 2). 16. y! = (C + 3). 


17. x? -x+ ух — у? = C. 18. xy? + ytanx = С. 


r 
19. PE E 20. xy = C. 
|у = Cp ~ p. 


E 


Chapter 18 


Higher-Order Differential Equations 


18.1 Cauchy Problem 


` Let 
y” = f(x, у, у', on YOO”) (18.1) 
be a differential equation of nth order, solved for the highest-order deriva- 


tive y™. 

What conditions have to be specified so that we could obtain a definite 
particular solution of equation (18.1)? Бога first-order differential equation 
y! = Дх, y) it is sufficient to specify the value Jy of a particular solution 
at some value x of the independent variable . x, le, to specify a point 
(Xo, Yo) through which the integral curve of thc equation must pass. For 
higher-order equations this is no longer sufficient. For example, the equa- 
tion y" = 0 has the solutions y = Cix + C, where Ci and С are arbitrary 
constants. The equation y = Сух + С, defines a two-parameter family of 
straight lines in the xy-plane. To isolate a straight line it is insufficient to 
know the point Qo, Уо) through which the line must pass, since we also 
need the slope y'l; 24 = Jo of the! | Straight line. 

In the general case of the nth- order differential equation (18.1) to obtain 
a particular solution we should specify n conditions 


уі = Jn, И ЦЕРА = X эз у” Е Р? : уі" Е n (18.2) 


where Јо, Yó, ..., yr? are some numbers. The collection of these condi- 
tions is known as the initial conditions for the differential equation (18.1). 

The Cauchy problem for this equation is formulated as follows: find 
the solution of the differential equation (18.1) satisfying the initial condi- 
tions (18.2). i 

The existence and uniqueness of the solution of the Cauchy problem 
is taken care of by 

Theorem 18.1. Let 


Dai /(х, у, у', ae уб?) 


be a differential equation of nth order solved for the highest-order derivative. 
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If the right-hand side of (18.1) is continuous as a function of n + 1 argu- 
ments x, y, у", "P ina certain neighbourhood Q of the point Mo(xo, Yo, 
yo, vey у" D) (in Fig. 18.1 for л = 2), then there exists an interval 
Xo — hg < x € xo + ho ON the x-axis on which there exists at least one solu- 
tion y = ф(х) of (18.1) satisfying the initial conditions 


Vixen = Jo, y' һы» = ж, эө уе” D deos = W^ n: 


Further, if the function f(x, y, Y’, ..., у“ 9) has bounded partial derivatives 
LET Sf 
ду’ ay’? wane aya") 





in Q then such a solution is unique. 





Fig. 18.1 


For example, for the equation y” = e^" y + sin y’ the right-hand side 
= ету + sin y’, viewed as a function of three independent variables, 


е д = 
X, у, y’, is cotitinuous everywhere and has derivatives oh = e^", and 
y 


i = cosy’, which are bounded everywhere. Therefore, whatever the 

y 

numbers хо, jo, and yg, there exists a unique solution of the equation such 

that it obeys the initial conditions у, - х, = Yo and y' lz=r = Jó- 
Definition. The general solution of equation (18.1) in a certain domain 


Q where there exists a unique solution of the Cauchy problem is an 
n-parametric family S of functions y = ф(х, Ci, С, ..., Cn) dependent оп 
x and n arbitrary constants Ci, C2, ..., Cn, such that 
(1) for every admissible C;, С, ..., Cn the function y = ф(х, Ci, С, 
Ca) є S is a solution of (18.1), i.e., 
e? (x, Ci, С, ..., Ca) 


= f(x, e(x, Ci, C, saer Cn), coup e 7 (x, Ci, Ci, m С\„)), 
хє (хо — А, xo + А); 


"өз 
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- (2) for any initial conditions 


Vier = Jo, y 1 хо = Jo, seep yor id Pe = a D 


such tha! the point (Xo, Jo, Yó, -7 yer 19) belongs to Q where there exists 
Aiunique solution of the Cauchy problem for (18.1), wé can find С, 
“C9, ..., CP such that the solution y = р(х, Сү, C$, ..., CP) € S satisfies the 
initial conditions. | 

A solution derived from the general one for specific! values of Ci, 
С), ..., Ca is called a particular solution. Its plot, a curve in the xy-plane, 
is called the integral curve of the equation. 

Relation (x, y, Ci, С, ..., Cn) = 0, which implicitly defines the general 
solution, is known as the general or complete integral ofi (18.1): 

Problem. Show that the function y = Ci cos x + C» sin x is the general 
solution of the equation y" + y = 0. 


18.2 Reducing the Order of Higher-Order Equations 

(1) An equation of the form 

y" = f(x), (18.3) 
where f(x) is a known continuous function, is integrable by quadratures. 
Really, considering that y = (y“~")’ and integrating with respect to x 
both sides of the equation, we will have 

yr = |x) dx + Ci, 


ic, we arrive at an equation of the same form as the original one. We 
further find 


y"?^- 67 dx) dx + Cx + С. 


In n steps we will obtain the general solution of (18.1) 


у(х) = | | | (- | Дх) ax) dx| dx 


n-i n-2 
———— + (бу————. +. + Са. 
а= 01 (1 — 2)! e 


Example. Find the general solution of the equation y" = 2x. 
“4 Integrating twice, we get the desired general solution 


| 3 
y= [ахах = хт + Ci, =} + Сх + Gr 
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(2) If an equation does not contain the desired function and its deriva- 
tives through order & — 1, ie, it has the form 
F(x, y”, ye * 9, in y) 20, (18.4) 


then the order of the equation can бе reduced down (о л = & by the change 
y? = р(х). The equation becomes 
F(X, P, P's ws 
Suppose we can integrate this equation to obtain 
р = Y(x Q, Q, .., Сак). 
Notice that p = y? (x), then 
y? = Y(x, G, e. xai буз); 


l'rom this equation we find y(x) by integrating & times. 
Example. Find the general solution of the equation y" — y"/x = 0. 
< Put y" = p(x), then ve = p'(x), and the equation will become 


р“- Юю 5 Q. 


dp _ i 
P 2g. 
dx x | 
Separating thé variables in this equation, we will find p = Сүх or 
= Сх. From this we readily find the general solution 
= 2 x)! + Сәх + Сз. 

(3) Ifa differential equation does not explicitly contain an independent 

variable x, i.e., it has the form 


FO, у', у") = 0, (18.5) 


the order of this equation can be reduced by one by substituting у’ = p(y), 
where p = p(y) is treated as a new unknown function, and y is taken to 
be an independent variable. We will have then to express all the derivatives 
d*y/dx*, К = 1, 2, ..., n, in terms of derivatives of p with respect to y: 


Фф gy Fro d( d T 
X= py), 92 a(g У) = 4 (p) 2 p, 


d' d 2) d 22 (ay 2 Фр 
dà - 2(53 djV dy) dx "Ndy] | P ay 
and so on. 
We see that any derivative d* y/dx*, К = 1, 2, ..., n, is expressed through 
the derivatives of p with respect to y of the order not higher than А — 1, 
ie, the order of the equation has been reduced by one. 
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Example. Integrate the equation 
уу" + (07) = 0 u (+) 
-A We pul у' = p(y), then p” = pdp/dy) and the equation becomes 


dp 2 
Раг es m 0. 
Ур dy + р 


We now reduce this by р, р 70, and separate the variables. We thus get 


o dy _ С. 
pQ) = —- or rx y! 
hence 


yy2=Gx+G o у= Ух + Q. (++) 
The case of p = 0 gives the solution y = C, which is included in (++). > 


|, . . 
It always pays to see whether or not the left-hand side of the equation 
is a total differential of some expression. So, equation (*) can be written as 


d 
—-(yy’ = 0, 
a 07 


whence 


C d >) om 2 
My! = ——* —-[—-|ж=—-] = С + Сз. 
XY з! s 2! y 1X 2 


The common equation y” = /(у) can readily be integrated by quadra- 
tures, if we multiply its both sides by v’. We offer the reader to do this. 
Remark 1. Consider the second- order equation 


y” + nG)y' + р(х) у =!0, (18.6) 
which is linear in the desired function y(x) and its derivatives y’ and y”. 
We put 

у(х) = u(x) v(x), | (8.7) 
where u(x) and v(x) are new functions, one of which can be selected in 


an arbitrary manner. Substituting уФ)і in the form (18.7) into (18.6) we ob- 
tain for u(x) 


+ (27 + р) + = tpu ery =0. (18.8) 


v 


If we know one solution у(х) # D of (18.6), then we can take v = у(х). 
In (18.8) the term containing u(x) will then vanish (if v = у(х), then 
v^ + pv’ + pv = 0, since A) is assumed to be a solution of (18.6)). 
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Equation (18.8) will then become 
yi 
u” + (2-— + u' = 0. 
( » ^ ) 


It can readily be integrated. As a result, we will find the general solution 
of (18.6). 
If we put 


- famas 
, 


u(x) = e (18.9) 


then in (18.8) the term with the first derivative will vanish, and the equation 
will assume the form u” + q(x) u = 0. This transformation is useful for 
qualitative examination of the equation and for approximate methods of 
solving the equation. 

Consider, for example, the Bessel differential equation 


xy” + xy! + (x? – 2) у = 0, (18.10) 


where v is a numerical parameter. The solutions of the equation are the 
Bessel functions, which play an important role in many problems of phys- 
ics. We represent (18.10) in the form 


Pare ete » 
y idet d Дайе з pres 


Неге р(х) = 1/х and by (18.9) we have 


-j£ -2 
v(x) =e 2х = x 4, x>0. 
1/2 


Putting y(x) = x^ ““u(x), we obtain for u(x): 


,2 — 
u” + ( si Au =0. 
x 


This equation is convenient to examine the behaviour of the Bessel func- 
tions at large x. 

Remark 2. When solving the Cauchy problem for higher-order equa- 
tions it may be a good idea to find the values of C, in the course of solution, 
and not after the general solution of the equation has been found. This 
is because the integration is sometimes simplified dramatically, when С; 
assume concrete numerical values, whereas with arbitrary C; integration in 
elementary functions is more difficult, if not impossible. 

Consider, for example, the following Cauchy problem: 


x y” = 2y!, ylxso = 1, y! liso = 1. 
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ee, 


Letting y’ = p(y), we obtain p(dp/dy) = 2y3, whence p^ = y! + Ci or 
dy/dx = Jy! + Сү. Separating the variables, we will find v 4 C: = 
јо“ + C7"? dy. In the right-hand side of the last identity we have an 
detegral of a differential binomial. Неге m = 0, n = 4, p =i —1/2, so that 
this integral cannot be expressed through a finite combination of elemen- 
tary functions. However, if we turn to the initial conditions, then we will 
have C; = 0. This immediately gives dy/dx = y?, and so from the initial 
conditions we will get 
1 


PCM 


Кашу. Find two solutions of the Cauchy problem for the equation 


= 3 My? with the initial conditions y(0) = y’(0) = 0. One may 
Sane whether or not this fact is at variance with Theorer 17.1 (on exis- 
tence and uniqueness of the Cauchy problem)? 


18.3 Linear Homogeneous 
Differential Equations of Order л 


A linear differential equation of nth order is an equation linear in 
some unknown function and all its derivatives. It has the form 


ао(х)у a (x)y 9 +... + а„(х)у = g(x), 


where a(x), a(x), ...‚ а(х), g(x) are functions defined on an interval 

(a, В). If g(x) = 0 on the interval, then the equation is called a linear 

homogeneous equation, otherwise the equation is called inhomogeneous. 
Suppose we have a linear homogeneous differential equation 


ay (x)? rayo? +... + а„(х)у = 0. 


If a(x) # 0 on some interval, then dividing. all the terms of the equation 
by the coefficient ao(x) gives 


yO + p(o)y" 7 + .. + р„(х)у = 0, | (18.11) 
or 


y? = —pi(x)y"~ D. na D(X). (18.12) 


If m(x), A = 1, 2, ...,-т, in (18.11) are continuous on the interval [a, 2], 
then the right-hand side of (18.12) is continuous in x, a € x < b, and in 
Y, у’, ...‚ YHP for any values of y, y’, ..., y^^, and it also has partial 
derivatives with respect to y 9 equal to —pn—«(x) and bounded on [a, В]. 
Therefore, by Theorem 18.1, we will deduce that if the coefficients p(x), 
k = 1,2, ..., n, of (18.11) are continuous on [a, b], then for any initial con- 
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ditions 
у= = у, у= = YO, is at TP us, ‚= c 
х є (а, b) -œ < y? < +оо, kK=0,1,.., 42-1 
there exists a unique solution of (18.11) satisfying these initial conditions. 
Recall the following notion. We say that on a set E an operator A with 
values in a set & is specified, if corresponding to each element y € E by 
a certain law is an element f = Ay €.% The set E is called the range of A. 
Let E be a linear space. An operator A defined оп Е is said to be linear, 
if it is additive and homogeneous, i.e., 
(D AQ) +32) = Ал + д» Vy, V EE, 
(2) Alay) = «Ay vy € E, Va where а is a number. 
We now represent (18.11) in the form 
Цу) = 0, 
where L[y] = y? + р(х)у" 7) +... + р„(х)у. It is easily seen that L is 
a linear differential operator defined at any rate in the linear space of the 
functions y(x), which are continuous on (a, b), together with all the deriva- 
tives through the nth order. 
The differential nature of the operator is obvious. 
We will now .how that it is linear, i.e., that 


Q) Loa + №] = LD] + LD), 
(2) Су] = Су], 
where С is‘a constant. Really, 
Цу + x] = On + »)® + р(х) + р)" 
‚+ р(х)ол + м) = OP + р(х)" P +... + рн(х)у) 
Т 
Further, 
L[Cy] = Cy + pG)Cy" 7 +... + р(х) Cy 
CO? + р(х)" 79 +... + р„(х)у) = CLD. 
This suggests that | 


z| eno] = X GLi», 


fol ` 


izl 
where C; are constants. 

We will now establish some properties of the solutions of a linear 
homogeneous equation. | 
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Theorem 18.2. /f a function yo(x) is a solution of a linear homogeneous 
differential equation L[y] = 0, then the function Cy Yola), where C is an ar- 
bitrary constant, is also a solution of the equation. 

я As stated, L[jo] = 0. We have to prove that [Су] = 0. Using the 
7 homogeneity property of /.[у], we have /.[Cyy] = С/.[ у] = 0. This means 
that Cyo(x) is a solution of the equation L[y] = 0. > 

Theorem 18.3. Jf functions у(х) and y(x) are solutions of a linear 
homogeneous equation L[y| = 0, then the sum у (х) + ys(x) is also а solu- 
tion of the equation. 

4 As stated, L[yi] = 0 and Lpa] = 0. We prove that [у + р] = 0. This 
immediately follows from the additivity property of Liy}: 


Щу + р] = у] + Цр 0. > 
Corollary. A linear combination with! arbitrary constant coefficients 
Ў Сух) of solutions у(х), у(х), vey Jn(x) of the linear homogeneous 


i=} 
differential equation L[y] = 0 is a:solution of the equation. 

The equation L[y] = 0 always.ihas the trivial solution y = 0. From 
Theorems 18.2 and 18.3 we obtain that a collection of solutions of L[y] = 0 
forms a linear space, whose zero is the function y = 0. 

Theorem 18.4. /f a linear homogeneous equation L[y] = 0 with real 
coefficients p(x), k=l, 2, .., п, has a complex solution у(х) = 
u(x) + iv(x), then the real part of the solution u(x) and its imaginary part 
v(x) are each a solution of the equation. 
< Let L[u + iv] = 0. We prove that Ep = 0 and Z[v] = 0. Using the 
linearity property of L, we get ` 

Llu + iv] = Ци) + Що] = 0. . 
It follows that L[u] = 0 and L[v] = 0, since the complex-valued function 


of a real argument becomes identically zero if and only if its real and imagi- 
nary parts are identically zero. >’: 


18.4 Linearly Dependent 
and Linearly Independent Systems of Functions 
Consider a system of functions у(х), р(х), ...‚ Ya(x) defined on 
an interval (a, b). 
Definition. We will say that the functions р(х), u(x), .., у(х) are 
linearly dependent on the interval a.« x < b, if there exist constants 
01, 02, ..., а such.that on that interval we have 


a yi(X) + осу (х) +... + anyal X) = 0, 
where at least one of о; is nonzero. 
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If the identity holds only at ay = оз = ... = a, = 0, then the functions 
yi(X), ¥2(X), ...‚ Yn(x) are said to be linearly independent on the interval 
(a, b). 

Consider now.some examples of lincarly dependent and linearly in- 
dependent functions. 

(1) The functions у(х) = x and у(х) = 2x are linearly dependent on 
any interval (a,b), since we have, for example, the identity 
2у — уз = 2x — 2x = 0, where о = 2, œ = -1. 

(2) The functions 1, x, x’, ..., x" are linearly independent on any interval 
(a, b), since the identity 


oo-1l- oix + олх" = 0, xt(a,b) 


is possible only if o; = 0, i = 0, 1, 2, 

If at least one of а; were nonzero, then in the left-hand side of the 
identity we would have à polynomial of degree not higher than zt, which 
would have not more than л various roots and, consequently, would vanish 
at no more than л points in the interval. 

(3) The functions еб“, ef”, ..., eX", where ki # kj at i з j, are linearly 
independent on any interval (a, b). For simplicity we will confine ourselves 
to the case of n = 3. Suppose that the functions e*", e*:*, её are linearly 
dependent. Then 


оле“ = + oz e Y ase ^ =0. 
Here at least one of o; is nonzero. Suppose for definiteness that оз = 0. 
If we divide the identity by e“ and differentiate the resultant expression, 
we will get 

a(k — ki) e 7 * + оз(Аз — ki) e 7? = 0, 


If then we divide this by е7 ^? 


x, we will find 
wlk — Ki) — K)eh - = 0, І 
which is impossible, since оз # 0 according (о the assumption and k; # kj 
for i = j. It follows that our assumption is wrong and the functions under 
consideration are linearly independent. 
Remark. Linear dependence of a pair of functions implies that one of 
the functions is obtained from the other by multiplying by a constant, i.e., 
y(x) = Byi(x), 8 = const. 
In general, if у(х), ya(x), ..., Yn(x) are linearly dependent on (a, b), 
then at least one of them is a linear combination of the others. 
Problem. Show that if a system of functions у(х), у(х), ..., ¥n(x) is 


linearly independent on the interval (a, b), then any subsystem of this SyS- 
tem of functions is also linearly independent on (a, b). 


and again differentiate with respect to 
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Theorem 18.5 (necessary condition for linear dependence of functions). 

If functions у(х), у(х), ...› yn(x) that have derivatives through the order 

n — 1 are linearly dependent on an interval (a, b), then on the interval the 
déterminant 


A (x) yx) у(х) 
W(x) = у(х) y) oC) 
EMR MG ы IED 


called the Wronskian determinant (or simply Wronskian) of the system of 
functions yy(x), у(х), ..., Yn(x) is identically zero, ie, 


W(x) 80 in (a,b). 
<4 Suppose that л = 3 and the functions y; (x), (x) and yx(x) that arc 


twice differentiable are linearly dependent on the interval (а, b). This means 
that in (а, b) we have i 


aryi(x) + ezy(x) + a(x) = 0, 


where not all a; (i = 1, 2, 3) are zero. To be more specific, let eu # 0. We 
solve the identity for yı(xy and differentiate it twice 


w(x) = - Sn - yx), (18.13) 
yi(x) = - 2 ых) — 2 у(х), 
ay et : 
7 "M К т (18.14) 
wd = - 22 yr(x) — D yrGo. 
[4| Q1 


Let us form the Wronskian of the system у(х), J2(x) and y3(x) 
x) р(х) у(х) 
WO) = | убх) у(х) уйл) |, 
у(х) у(х) уу(х) 
or, by (18.13) and (18.14), 


-9yuQ)-T354()  »(Q) a) 
[41 Е ot 


Wx = | — = yi) - PEL yix) yi 


L9tyG-73y»0) уй) уй) 
a | 
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The first column of the determinant is a linear combination of the other 
two for any хє (a, D). Such a determinant is known to be zero. Hence 
W(x) = 0 vxe(a, b). > . 

We easily prove the following theorem by contradiction. 

Theorem 18.6. If the Wronskian W(x) of a system of n functions is not 
identically equal to zéro in a certain interval (a, b), then these functions are 
linearly independent on the interval. 





Fig. 18.2 


For an arbitrary system of functions that can be differentiated л — 1 
times on (a, b) the reverse of Theorem 18.5 is not true. To see this, consider 
an example. For the functions (Fig. 18.2) 











T x? -1<x <0, (as 0, -1«x«0, 
id 0 O<x<1, " xà 0<х<1, 
the Wronskian in the interval (—1, 1) is identically zero: 
~ к =0, -1<х<0, 
W(x) = | “Жел сс 
Ph d * 80  Oxx«l 
0 2x 








As is easily seen, however, the functions (Хх) and у(х) are linearly in- 
dependent on the inferval (— І, 1). Notice that on the intervals ( — 1, 0) and 
(0, 1) the functions ф(х) ‘апа (х) are linearly dependent. 

We generalize somewhat the above example: 


0 X 
ko = | Y « 0, 


x". x < 0, 
0, х x", x20 (т> 1, integer). 


, x 20, 


hts f 
C 


These functions are linearly independent on any interval that contains the 
point x — 0, at the same time their Wronskian is identically equal to zero. 
Also, the function р(х) has everywhere continuous derivatives, up to the 
order m — 1, and only the derivative of the ith order has a discontinuity 
with a finite jump at x = 0. Taking гт sufficiently large, we obtain à system 
of functions having continuous derivatives of any desired order. 
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Problem. What can be said about the Wronskian of a system of futic- 
tions у(х), X400, ...‚ Р(х), if we only know that these functions are 
(a) linearly- dependent or (b) linearly independent? 

Theorem 18.7 (necessary condition for lincar independence of solu- 
(fons). If functions у(х), yo(x), ..., Ya) are linearly independent on the 
interval (a, b) and are solutions of the linear homogeneous. differential 
equation 


y? + poo y* 7 D +... + PAX) = 0 (18.15) 


with coefficients р(х) continuous on [а, b], then the Wronskian of the sys- 
tem af solutions ' 


' у(х) у(х ) у(х) 


W(x) = yi(x) y(x) "(x) 
yE (х) y£- (x) - ye 7 Dx) 


cannot vanish at any point in (a, b). 
4 Let л = 3. Suppose that at a pojint'o € (а, b) the Wronskian is zero, 
ie, (хо) = 0. We set up a system of three linear homogencous algebraic 


equations іп aj, о, and ay: 


олу (хо) + о (хо)  o3y3 o) = 0, 
оту (хо) + ооу (х0) + eiyiCxo) = 0, (18.16) 
ayi (Xo) + ооу (хо) + оуу Qu) = 0. 
For this system, W(x») is assumed’ to be zero; therefore, the system has 
a nonzero solution ёи, à», and йу, i.e, at least one of à; is nonzero. 
Consider the function 


y = у(х) + ёзуз(х) + азуз(х). (18.17) 
It is a linear combination of the solitions YX), у(х), and y(x) of (18.15), 


and hence it is itself a solution of the equation. 
By (18.16), this solution satisfies the zero initial conditions 


у(%) = Giyi(Xo) + бу (хо) + Gsyr(x0) = 0, 
Y' (Xo) = бу) + у(х) + yix) = 0, (18.18) 
Y" (xo) = Gayl’ (xo) + ау Oo) + зу (х) = 0. 


Such initial conditions are obviously met by the trivial solution y = 0 of 
(18.15) and, by virtue of the thegrem on uniqueness of solution, by this 
solution alone. Accordingly, &iyi(x) + G2)2(x) + азу(х) = 0 on (a, b) at 
least one of à; being nonzero. It follows that the solutions у(х), у(х), 
апа y;(x) appear to be linearly dependent, despite the conditions of the 
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theorem. The contradiction emerged due to the assumption that W(x) turns 
into zero at xp € (a, b). And so our assumption is wrong and W(x) z 0 
everywhere in (a, b). | 

From Theorems 18.5 and 18.7 we will deduce, as consequence, the fol- 
lowing important theorem. 

Theorem 18.8. Let у(х), Yx(x), ..., у(х) be particular solutions of (18.15) 
with coefficients continuous in the interval (a, b). For them to be linearly 
independent in (a, b) it is necessary and sufficient that the Wronskian W(x) 
of the system of solutions be nonzero. 

- The necessity follows immediately from Theorem 18.7. 

The sufficiency follows from the fact that if the functions yi(x), 
уз(х), ..‚ Ya(x) are linearly dependent, then by Theorem 18.5 we have 
(х) = 0. Therefore, if W(x) # 0, then the functions у(х), у(х), ..., у(х) 
cannot be linearly dependent, ie, they are linearly independent. > 

Problems. (1) Given the equation y" + pi(x) y' + p(x) y = 0 with 
continuous coefficients, prove that two solutions of the equation that have 
a maximum at the same value of x are linearly dependent. 

(2) Given the equation y" + pi(x) y' + р(х) y = 0 with continuous 
coefficients, prove that the ratio of any two linearly independent solutions 
of the equation cannot have any points of maximum. 

(3) Given the equation y^ + pi(x) y' + р(х) y = 0 with coefficients 
continuous on the interval [a, b], show that two linearly independent solu- 
tions vi(x) and у(х) of the equation cannot turn into zero at the same 
value of x% € (a, b). 


9.5 Structure of the General Solution 
of a Linear Homogeneous Differential Equation 
Theorem 18.9 (ou the structure of the general solution of a linear 


homogencous differential equation). A lincar homogeneous differential 
equation 


y? + р(х) pO") +... + pal) y = 0 (18.19) 
with coefficients p(x), К = 1, 2, ..., n, continuous on the interval [а, b] 


has in the domain a < x < b, ly 9| < +оо, k = 0, 1, 2, n — 1, the general 
solution 


у= Ў Ср), (18.20) 
i=1 


ie, a linear combination of n particular solutions ух), i = 1, 2, ..., n, which 
are linearly independent in (a, b). Here Ci, Сз, ..., Cn are arbitrary constants. 
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<4 We will base ourselves on the-definition of the general solution and will 


simply check whether the family of functions y = Y Сәх) satisfies the 
jel 

sanditions (1) and (2) of that definition. 
^ Рог any Ci, С, ..., Са the function у(х), given by (18. 20), is a solution 
of (18.19). This follows from the fact that, as it has been established above, 
any linear combination of particular solutions of a linear! homogeneous 
equation is itself another solution of the equation. 

For (18.19) the conditions of Theorem 18.1 are met for хє [а, Б], there- 
fore, we have only to show that we can always choose e Cr, wy C. to 
satisfy the arbitrary initial conditions - 


(n-0|, (n- 0 


Ylx=x Jo, y "Ix, = 0, “s Y 2x9 — Jg 


where % € (a, b). 
We will only consider the case of n = 3. We require that the solution 


у(х) = Саут (х) + Со (х) + С›уу(х) 


satisfy the initial conditions. We thus obtain the system of three lincar al- 
gebraic equations in Ci, C», Cy 


Ciyi(xo) + Cyw) + С›уз(%) = уо, 
Ciui(xo) + Coyi(xo) + Cays(xo) = yo, (18.21) 
Cir (xo) + Су (o) + Cry (xo) = yo 


The determinant of the system is the Wronskian W(x) of the linearly in- 
dependent system of solutions of (18.19), and hence it is nonzero at any 
x € (a, b), specifically at x = xo. Therefore, the system (18.21) can be solved 
uniquely for Ci, Cz, Cy at any хо € (a, b) and any right-hand sides, i.e., 
at any Jo, Jd, Jd. And this means that it is possible to choose С?, C?, С? 
such that the particular solution у(х) = Сру(х) + Сўу»(х) + С?уз(х) 
would тесі the initial conditions whatever they might be; > 

It follows from Theorem 18.9 that if л linearly independent particular 
solutions of a linear homogencous differential equation of nth order are 
known, then any other solution of the equation can be represented as a 
linear combination of these particular solutions, and hence it will be linear- 
ly dependent with respect to them. And so the maximum number of linearly 
independent solutions of a homogeneous linear differential equation is 
equal to its order. 

In summary, the collection of solutions of a linear homogeneous 
differential equation forms a linear space whose dimension is equal to the 
order of the equation. 

We introduce the notion of the fundamental set of sdlutions. 
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Definition. A collection of any л linearly independent particular solu- 
tions of a linear homogeneous differential equation of th order is called 


its fundamental set of solutions. 
Theorem 18.10. For each linear homogeneous equation (18.19) with con- 


tinuous coefficients p(x) there exists a fundamental set of solutions (and 
even an infinite number of fundamental sets of solutions). 
-4 Consider, for example, the homogeneous equation of the second order 


y' + р(х) у + r(x) y = 0 (18.22) 


with coefficients continuous on the interval [а,Ь]. Let x € (a, b). By 
Theorem 18.1 equation (18.22) has the solutions 


y = у(х), у = у(х) (18.23) 


that at x = хо satisfy the ‘initial conditions 


yi) = 1, yil%o) = 0, alm) = 0, (х) = 1. (18.23 ’) 
The Wronskian of (18.23) at the point x is nonzero: 
"all 9l. 
W(xo) = 0 1 = 0. 





Consequently, the set of solutions (18.23) of equation (18.22) is fun- 
damental. The choice of initial conditions (18.23’) led to the formation 
of one fundamental set. For initial data at point хо we can take any set 
of numbers у (хо) = aii, (х) = az, (х) = ai2, )5(хо) = a2, provided 
that the Wronskian 


W(x) = d 412 








022 


is different from zero. Clearly, we can find an infinite variety of such sets 
and so we can construct an infinite number of fundamental sets of solu- 
tions for (18.22). 

Problem. Set up the general solution for the equation y’ + p(x) y = 0, 
given the nonzero particular solution yi(x) of the equation. 

Theorem 18.11. 7f two equations of the form 


y + px) y"? +. + p(x)y-0 
and 
y? + g(x) y" P +... + а(х) y = 0, 


where the functions р(х) and gi(x), i = 1, 2, ..., n, are continuous on the 
interval [a, b], have a common fundamental set of solutions y(x), ya(x), ..., 
au(x), then these equations coincide, ie, р(х) = qi(x) on (0, Б]. 
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A fundamental set of solutions! thus completely defines the lincar 
homogeneous equation (18.19), 1.е.,. completely defines ihe coefficients 
p(x), і = 1, 2, .., п, of the equatión: 
+ Correspondingly, we can formulate the problem of finding an equation 
of the form (18.19) that has a given fundamental set of solutions у(х), 
(Хх), ...› Ja (X). We now represent the left-hand side of the equation in 
the form of a determinant: 


у(х) (x) es Ju) у(х) 

у(х) yix) es рих) y'(x) 

cO MERO Pr tm = 0, (18.24) 
HPO) X7) PG) yf P0) 

y?(x) Их) — . »x"Q) у) 


where у(х) is the desired function, апа у(х), y(x), ..., (Хх) are a piven 
fundamental set of solutions. 

Equation (18.24) has solutions r(x), р(х), ..., р(х), since if we substi- 
tute any of these л functions for y(x) two columns of the determinant be- 
come identically equal and the determinant will become identically zero 
in x € (a, b). Expanding the determinant with respect to the elements of 
the last column we obtain from (18.24) an equation of the form 


W(x) y? — W(x) yp" "P+. x Wal) у = 0, (18.23) 


where W(x) is the Wronskian of the set of functions vj(x), 1» (X), <., (А), 
and 


(x) Jax): we ух) 
yi(x) y(x) es a(x) 
Е EE E ate 
WG) P "OY us EO) 
(х) vo) — EPO 


The Wronskian W(x) of the fundamental set of solutions у(х), 
у(х), ..., Ya(X) is distinct from zero in the entire interval (a, b). Dividing 
all the terms of (18.25) by W(x) = 10, we will reduce the equation to the 
form (18.19) i 


y? + pix) у" 0 Tec Pal) у = 0, 


where, in particular, р(х) = —Wi(x)/ W(x). 

It can be shown that if the elements ау of the determinant A of ath 
order are differentiable functions of x, i.c., aij = aj(x), then the derivative 
of the determinant A = A(x) is the sum of n determinants 


A’ = Af + Аз +... + An, 
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where Ad, k = 1, 2, ..., A, is the determinant derived from the original one 
by replacing the elements of its Ath row by the derivatives of respective 
clements. For example, for the Wronskian of the set y; (x) and y2(x) we have 


d 
dx 


AQ) (х) 
у(х) у(х) 








- | y) у(х) 
y(x) y(x) 

| у(х) (x) 
уго) y(x) 








а. »(x) 
у(х) у(х) 





It can be readily verified that ИЛ(х) = dW(x)/dx, and so 
W' (x) 


P(x) = — Wo) 





Integrating the last identity in x from xo to x we will arrive at thc 
Ostrogradsky-Liouville formula 


x 
- nea. (18.26) 
W(x) = W(x)e ^ Р 

Problem. Form the linear differential equation of the second order 
whose solutions are уу = x and y; = x’. Show that the functions x and 
x? are linearly independent on the interval ( — co, + co). Make sure that the 
Wronskian for these functions is zero at x = 0. Why is this not at variance 
with the necessary condition for linear independence of a set of solutions 

of a linear homogeneous differential equation? 


18.6 Linear Homogencous Differential Equations 
with Constant Coefficients 


Let 
y" + py' + my = 0, (18.27) 


where p, and p» are real numbers, be a linear homogeneous differential 

equation of the second order. To find the general solution of the equation 

we need to find two of its linearly independent particular solutions. 
According to Euler, we will seek them in the form 


D sisi (18.28) 


where ^ = const. Then y’ = Ae", y’ = Хех, Substituting these expres- 
sions for y and its derivatives into (18.27), we get 


e" (A? + pià pm) = 0. 
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Since eV # 0, we must have A? + pià +m = 0. Consequently, the func- 
tion = с х will be a solution to (18.27), i.c, it will turn it into identity 
in x, if A obeys the algebraic équation 


c M x np + р = 0. (18.29) 


Equation (18.29) is called the characteristic equation in relation to (18.27), 
and its left-hand side e(A) = X? + pid + p is called the characteristic poly- 
nomial. 
Equation (18.29) is a quadratic equation. We denote its roots by ^, and 
2. They may be (1) real and different; (2) complex; (3) real and equal. 
Consider each case separately. D 
(1) If the roots № and X; of the characteristic equation are real and 
different, then the particular solutions of (18.27) will be 


y= e у» = e^* 
These solutions arc linearly independent (№, = №‘), and so they form a fun- 


damental sct of solutions of the equation. The gencral solution of the equa- 
tion has the form 


у = Сех" + Сех", 
where C, and С are arbitrary constants. 
Example. Find the general solution of the equation 
у" —3y' + 2у = 0. 


“4 We set up the characteristic equation 
3à$-3 +2 = 0. 

It has the roots № = | апа № = 2. The desired general solution will be 
y= Спе" + Ge Р 


(2) Let the roots of the characteristic equation be complex. Since the 
coefficients py and p; of the characteristic equation are real, the complex 
roots are pairwise conjugate. Suppose that М = a + if and X; = a — if. 
Particular solutions of (18.27) can be written in the form 

fiet p = eit | 
These are complex-valued functions of a real argument x, and we will only 
be concerned with real solutions. Using the Euler formulas 


еб = cos Вх + isin Вх, e^ = cos Bx — isin fix, 


we can represent the particular solutions ӯ; and № of (18.27) in the form 


Ji = e""(cos Вх + іѕіп Вх), |. yo = e""(cos Bx — isin fx). 
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Using Theorem 18.4 we find that other particular solutions of (18.27) will be 
yı = е" cosx, y2 = с sin Bx. 
These ` solutions are linearly independent, since  j(a)/ri(x) = 


tan Bx Æ const, and so they form a fundamental set of solutions. The 
general solution of (18.27) in this case has the form 


у = Спе“ cos Bx 4: Cpe sin fix. 
Example. Find the general solution of the equation 
y" + 2у' + Sy = 0. 
~1 We write the characteristic equation 
3.23 + 5 = 0 
Its roots are М = -1 + 2i, and № = -1 — 2i, therefore а = -1, В = 2 
The general solution will be 
= Cye~*cos2x + Coe “sin 2x, > 
(3) Suppose now that the roots of the characteristic equation are real 
and equal. One particular solution y, = ем“ follows immediately. The 


other particular solution, which is linearly independent of the first one, 
will be sought in the form 


y = e" u(x), 
where u(x) is a new unknown function. Differentiating gives 

yi = Meu teu’, yf = Мели + 2.ueut + eu", 
Substituting the expressions obtained into (18.27) gives 

eM[u^ + (2 + piu’ + (М + pi + pu] = 0. (18.30) 
Since М is a root of the characteristic equation, 

Mp + р = 0, 
and since № is a double root, we also have 

2N + pi = 0. 


Relation (18.30) thus becomes u” = 0. Hence и = Ax + B, where A and 
B are constants. We can, in particular, put A = 1 and B = 0, then u = x. 

For the second particular solution of the equation we can thus take 
jy) = xe", This solution is linearly independent of the first one, since 
y(xy/yi(x) = x # const. The solutions yı = e** and y = xe form a 
fundamental set of solutions of (18.27) and the general solution will then be 


y= C,e^* + Cyxe^* Or =e MC + Cix). 
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Example. Find the general solutión of the equation : 
у" +2y' ty =0. 
-4, The characteristic cquation ‘X? + 2А + 1 = 0 has multiple roots 
= № = —1. Therefore, the general! solution of the oripinal differential 
equation will be 
у= Сет" + Охе“. > 
Remark. Consider the lincar homogeneous differential equation (in 
general, with variable coefficients) 
Цу = у + р(х) ув. + pr) y = 0. (18.31) 
i ` 1 
Le y(x) be a particular solution of the equation. We introduce а new 
desired function u(x) by 
y = у(х) u(x). : 
This equation is solvable for u(x) in the intervals where у(х) does not 
vanish. From this we find the derivatives with respect to y 
yo = yu’ + yin, 
y" = yu”  2ytu' + уги, 


eee eee eee eee eee ee eee eee eee vn 


and substitute them into (18.31): 
у(х) uu + [nyi + pyra? +. + [uu 
+ pi? + pf P us ра(х) уз] и = 0. 


For u(x) we again obtain an equation of order л, but the coefficient 
at u(x) is Д [yi]. It is identically equal to zero since у(х) is a solution of 
(18.31). Accordingly, the order of the equation obtained will decrease if we 
introduce a new function z(x) = u^(x). If we also divide all the terms of 
the last equation by у(х) # 0, we will reduce it to the form 


“7 + q(x) 27-2) du * Qn - (X) 2 = 0. 


To summarize, if we know a particular solution of (18.31), the problem 
of integrating this equation reduces to integrating a linear homogeneous 
equation of order n — 1. [t can bershown that if we know two particular 
linearly independent solutions, then the order of the equation can bc 
reduced by two. In general, if we know r particular linearly independent 
solutions of a linear homogeneous differential equation, then the order of 
this equation can be reduced by ^ » | 
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Linear differential’ cquations with constant coefficients occur in 
problems concerned with mechanical and electrical oscillations. Consider 
the equation of free mechanical oscillations, where the independent varia- 
ble is the time ¢ 

2 
mod 4 4 ® 4 ky 0. (18.32) 
dt dt 

Here y is the displacement of the vibrating point about the position of 
equilibrium, 7 is the point mass, and л is the friction coefficient (we con- 
sider the friction force to be proportional to speed), k > 0 is the elasticity 
coefficient of the restoring force, which is believed to be proportional to 
the displacement. The characteristic equation for (18.32) 


m? +h +k =0 


has the roots Мм; = —A/2m + N h*/(4m?) — k/m. If friction is suffi- 
ciently large, i.c., h? > 4mk, then these roots are real and negative. The 
general solution of (18.32) will then be 


y= Сем + Сех. i (18.33) 


Since ^, < 0 and X; < 0, then from (18.33) we conclude that when friction 
is large the displacement tends to zero with increasing t, without vibrations. 

If friction is small, ie, A? < 4rmk, then the characteristic equation 
has complex conjugate roots -a + iB, where а = A/(2m) > 0, and 
В = wNk/m  h'/(Am^). The general solution of (18.33) will then be 
given by 


y = Cie ^" cos Bt + Coe ?'sint (а > 0) 
or 
y = Ae~“sin(@t +8) (A, 5 = const). 
lt is seen from this that when friction is small the vibrations are damped. 
Suppose now that we have no friction, i.e, that Л = 0. In that case, 


the characteristic equation 7^ + К = 0 has purely imaginary roots 
№, = xi Kk/m. The solution of (18.32) has the form 


у = Ci cos ot + Cosin ot = A sin (wf + ô), 


where w = ^/К/т, i.c., we now have undamped harmonic oscillations with 
the frequency w = V K/m and arbitrary amplitude A and initial phase ô. 
Problem. Consider the equation 


y” + py! + py = 0, 
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where pi and p» are constants. At what pi and p» (1) all the solutions of 
the equation tend to zero as x -> + со and (2) cach solution of the equation 
becomes zéro on an infinite sct of points x? 

We now consider the lincar homogeneous differential equan of ar- 
Sitrary order n > | with constant coefficients 


L[y] = y? + py" ^P + + ру = 0, : (18.34) 


where pi, pz, ..., Pn are real numbers. The general solution of (18.34) is 
sought in the same manner as for the second-order equation. 

(1) We look for the solution in the form y = е. Substituting e for * 
y in (18.34) gives | d 


L[e"] = e" eX) = 0. 
This leads to the characteristic equation: 


eO) = А" + pdt +... + р = 0. (18.35) 


(2) We find the roots №, №, ..., М of the characteristic equation. 

(3) According to the nature of the roots we write the particular linearly 
independent solutions of (18.34) proceeding from the facti that 

(a) corresponding to each real single root ^ of the characteristic equa- 
tion is a particular solution e™ of (18.34); 

(b) corresponding to. each pair of single complex conjugate roots 
М =a + if and № = а — if are two linearly independent рше solu- 
tions e?* cos Bx and e™ sin Bx of (18.34); 

(c) corresponding to each FT root ta of multiplicity r arc r lincarly in- 
dependent particular solutions e™, xe™, ..., 7 (ех of (18.34). 

Indeed, let А be a root of ИСТРУ r of the characteristic equation 
e(A) = 0. We will treat y = e" as a function of two arguments x and А. 
lt has continuous derivatives of all orders with respect to x and №. More 


n 


д Я 
precisely, pale) =x = x"e™, Therefore, partial derivatives of y = e" with 


respect to x and à are independent of the order of differentiation (the opera- 
tions of differentiating y with respect to x and А are interchangeable), so 


that 
ay д" 
кра L | 
5 = an” [)]. : 


Using this property, and also the fact that 


L[e"] = е (A), (18.36) 


| 
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we obtain 





SM Е д XY 29 Axr 29 Me 
L{xe™} -1[ 26 | зу Ре ] a e(X)) 
= xe o(h) + емф’ (А), 
1.02%] = 1 а? м = 9? Lie] = a i 0 еч (А)) 
“ | an? arn? É 
= Ke eX) + 2xe™ фи (A) + ^ e" Q) den 
Це oes eQ)) = x7! e" e) 
„en x? е e! Q) +... + ем POA). 


If X is an rtuple root of the characteristic equation (А) = 0, then 
ed) = p’ (A) =. = фе (A) = 0, pA) = 0, and so the right-hand 
sides of (18.36) and (18.37) are identically equal to zero in x: 


L{e“] = 0, [хем] =0, ., Lf T'e] = 
This means that eV, xe", ..., x'^ 'e“ are solutions of (18.34). It can easily 
be verified that the functions е, xe™, ..., x”~ 'e* are linearly independent 
on any interval (a, b) where x is defined. 
(d) what is said in (c) also holds true for complex roots. Therefore, cor- 
responding to each pair of complex conjugate roots А = a + iB, and 
М= а ~ if of де и аге 2p particular solutions of (18.34) 


71е ах 


“cos Вх, хе“ *cosBx, ш. x cos Bx, 


ae xe™ sin fx, .., x7 'e sin fix. 


(4) The number ofiparticular solutions of (18.34) constructed in such 
a manner is equal to the order n of the equation. It can be shown that 
these solutions are all linearly independent in combination. Given л linearly 
independent particular solutions yı (х), J2 (X), ..., y&(x) of equation (18.34), 


we obtain the general solution 
| 


y = Cwi(x) + СОјь(х) +... + С„у„(х), 
where Ci, C», ...‚ C, are arbitrary constants. 
Example. Find the general solution of the equation »® — y” = 0. 
-1 (1) We write the characteristic equation 


$6.30 or А(А – 1) = 0. 
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(2) We find the roots of the characteristic equation 
Мм = № = 0, =l y= -l, №; = і, № = he. 


> (3) From the nature of the roots we write the particular linearly indepen- 
dent solutions of the equation: 


X у= е" ја = е" 5z2cosx, My = SIN. 


2h J) 

(4) The genera! solution of the equation has the form 
у= C + Ox + Се + Cet + С; cos x + Cs sin x. > 
Table 18.1 


Differential equation 


Lp) я Q9 + pry") +... + р„у(х) = 0 


(pi, р, ..., Po are real numbers) 








Characteristic equation 
£0) = А" + дА" auus o ра 


Roots 
Мм, Мм, ..., М ' 






| 
| 
| 
Пе 









of the characteristic equation (à) 


| 


Particular linearly independent solutions 


A09, у (0), ..., ул(х) 


of the differential! equation Ly] = 0 


General solution of the equation [у] = 0 


y(x) = Cy) + CinQ) +... + Сау (х) 





(Ci, Са, ..., С, are arbitrary constants) 
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18.7 Equations Reducible to Equations 
with Constant Coefficients 


There are linear differential equations with variable coefficients that 
by a change of variables can be transformed into equations with constant 
coefficients. Among them is the Euler equation 


a d'y zd ty dy 
x" Ja te x" t te + ра-аХ- + рау = 0, 
where pi, p», ..., р„ are constants. 
We will confine ourselves to the Euler equation of the second order 
(it occurs in problems of mathematical physics) 





,d dy 
x 152+ pay + ру = 0 ((pi, pz) = const). (18.38) 
We put x = e', then 
dy Е ау а! -dy 


ae dtdr ^ U 
о е т 
d ах\ах dx dt? dt 


Substituting the expressions for x, dy/dx and d? y/dx? into (18.38) we obtain 
thc differential equation with constant coelficients 


d'y dy 
—- 4 = 1 — + = 0. 18. 
a (Р ту Py =. (18.39) 


We integrate it in a conventional manner, i.e, we set up the characteristic 
equation 


~+- 0А + р = 0, (18.40) 
find its roots and from the nature of the roots we form the gencral solution 


of (18.39). We then return to the old variable x. 
Example Find the general solution of equation 
dy 


d'y 
х? + 3) + 0. 
deo ае г 


-4 Changing the variable x = e' yields the equation 


whose characteristic equation is 
№ + 24 +1 = 0. 
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It has the roots № = № = —1. The general solution of the transformed 
equation ts 


y( = Cre"! + Се“. 
Й terms of x, we obtain the general solution of the original equation 


y(x) = G+ Ginx а woe 
x 


Remark 1. For (18.39), if the roots, or (18. 40) arc real and different, the 
particular solutions have the form e = (e')* = х“. Therefore, from the 
very beginning we could seek particular solutions in this form. Substituting B 
y= х“ (x > 0) into (18.38), we obtain for k the equation 

k? + (р = К р = 0, (18.41) 
which coincides with (18.40). Corresponding to cach real root of equation 
(18.41) is the particular solution у = x^ of equation (18. 38); to a double 
root there correspond two solutions y, = х“ and Jz = x* In x of (18.38). 
To the pair of complex conjugate roots e + iB of equation (18.41) there 
correspond two solutions v, = x cos (B In x), yo = x" sin (fl In x) of equa- 
tion (18.38). 

Remark 2. The Pond 


(ax + by 3 + (ax +) + py =0, 


where а, b, pi hs pi are constant numbers, can also 68 reduced to ап 
equation with constant coefficients by the substitution ax + b = e'. 


18.8 Linear Inhomogeneous Differential Equations 


A linear inhomogencous differential equation of order п is an equa- 
tion of the form 


alx) y? + a(x) y" 7 +. + а(х) y = (5). (18.42) 


Here the functions a(x), a(x), ..., as (X), g(x) are defined Оп some interval 
(о, В). IC a(x) x 0 oti (о, B), then dividing by ao(x) gives 


VO + pix) y^ 7 +. + pix) y = f(x), | (18.43) 


where 


p(x) = 


ак(х) g(x) 
kK=1, 2, .., п, = 
ао(х)' m So a(x) ; 


From Theorem 18.1 it follows that if on an interval [a, b] the coefficients 
Px(x) and the right-hand side f(x) of equation (18.43) are continuous, then 








i 
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this equation has a unique solution subject to 
i ; 
, (n- 1 -1 
Veer = Уо, |» len = Vó oy Y^ "dns = ys" 3 


where x € (a, b), -0< n < +% k=0,1,.., 2-1. 
Equation (18.43) can be written as 


Цу] = Дх), (18.44) 


where, as before, L[y] = y? + р(х) y" P? +... + р„(х) у. 

Theorem 18.12. Jf F(x) is a solution of the inhomogeneous equation 
Liy] = f(x), and у(х) is a solution of the corresponding homogeneous 
equation L[y] = 0, then the sum yo(x) + (x) is a solution of the in- 
homogeneous equation. 
~ As stated, L[y] = f(x), Liyo} = 0. The operator L being linear, we have 


Дуо + F} = Liyo] + LU] = Дх). 


This means that yo(x) + p(x) is a solution of the equation 
Цу] = f(x). > 

Theorem 18.13. 7f yi(x) is a solution of the equation L[y] = fi(x) and 
у(х) is a solution of the equation L[y] = f(x), then the function 
y(x) + jo(x) is a solution of the equation L[y] = fi(x) + A(x). 
^5 As stated, L[5] = A(x), /[у›] = f(x). Since L is a linear operator, 
we get 

Цу + »] = Lin) + Lia] 8/60) + 69. 


| 
This implies that у(х) + у(х) is a solution of the equation 
Ду] = A(x) + A(x). > 

The theorem proves the so-called superposition principle. 

Theorem 18.14. Jf the equation [Ду] = U(x) + iV(x), where ail 
рк(х), К = 1, 2, ..., n, and U(x) and V(x) are real-valued, has a solution 
y = u(x) + iv(x), then the real part of the solution u(x) and its imaginary 
part v(x) are solutions of the equations L[y] = U(x) and L[y) = V(x), 
respectively. u 
-4 By the hypothesis we have 

L[u + iv] = U(x) + iV(x), 
or : 
Ци) + iL[v] = U(x) + iV(x). 


Hence L[u] = U(x) and Z[v] = V(x). в 

Theorem 18.15 (structure of general solution). The general solution in 
the domain a < x < b, ly 9| < +, k = 0, 1, 2, n — 1, of the equation 
Ly] = y? + р(х) y€ 79+... + pax) y = Дх) (with plx), k = 1,2, oer 
n and the right-hand part х) continuous on the interval [a, b], is the 
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sum of the general solution of the corresponding. homogeneous equation 


n © 
Jah. = > Ciyı(x) and some partictlar solution Ypi. = y(x) of the in- 
isl Ce 
dlibmogeneous equation, ѓе, ур. = Jan. + Ypi. 
а Wc have thus to show that 


зба GA) AJ); (18.45) 


where Ci, C», ..., Ca are arbitrary constants, апа yi(x), Y(X). ...; Yal) 
are linearly independent solutions ;of the corresponding homogencous 
equation L [y] = 0, is the general solution of Liy] = f(x). We will rely on 
the definition of the general solution and simply check whether or not the 
family of functions у(х) given by (i8. 45) meet the conditions (I) and (2) 
in that definition. 

Really, the function y(x) given by (18.45) is a solution of (18.43) at any 
constants, since the sum of a solution of an inhomogencous equation and 
any solution of the corresponding homogencous equation is a solution of 

the inhomogeneous equation Z[y] = Ax). 

Since the equation (18.43) for x € [a, b] satisfies the conditions of The- 
orem 18.1, it only remains to show that by selecting Су, C2, ..., C, in (18.45) 
we can meet the arbitrary initial conditions 


Vie axe = Jo, y’ linus = My eg y” Е Е =u — Ww n (18.46) 


where xo € (a, b), ie, we can solve апу Cauchy problem. 

We will restrict ourselves to the case of n = 3. If we require that (18.45) 
satisfy the initial conditions (18.46), we arrive at the system of equations 
for Ci, С and C: 


Ca) + Calo) + Сууу(%) + Gs) = yo, . 
Ciyi(xo) + С (хо) + С›ууз(%) + F (xa) = Jo, (18.47) 
Ciyë (xo) + Су (хо) + Cays (хо) + F” Oo) = yo. 


This system of three equations linear in Су; C; and С, permits only one 
solution for Cj, C; and Cy for arbitrary right-hand sides, since the deter- 
minant of the system is the Wronskian W(xs) for a linearly independent 
system of solutions of the corresponding homogeneous equation, and 
hence is nonzero at any point x € (a, b), specifically at x = хо. This Suggests 
that, whatever yo, yo, and yo, we will find the solution C?, C$, and C? 
of (18.47), such that the function 


y = Сфу(х) + сЁу(х) + Сўуз(х) + HX) 


176 18 Higher-Order Differential Equations 


will be a solution of the differential cquation (18.43), obeying the initial 
conditions 


yh-s = Jo, У'\х=» = М, у" 1 = yo P 


It follows from the theorem that the problem of finding the general solution 
of a linear inhomogencous equation consists in finding some particular 
solution of this inhomogeneous equation and the general solution of the 
corresponding homogeneous equation. 
Example. Find the general solution of the equation y" + y = x. 

~4 It is easily seen that the function у(х) = x is a particular solution of 
the equation. To find the general solution we only have to find the general 
solution of the corresponding homogeneous equation 


у" +у= 0. (+) 


This is a linear homogeneous equation with constant coefficients. The ap- 
propriate characteristic equation is № + 1 = 0, its roots are № = i and 
№ = -i. Therefore, the general solution of (+) has the form 


ж. = Ci cos x + Co sin x. 
The general solution of the original inhomogeneous equation is 
жа. = Cicos x + Crsinx + x. > 


18.9 Integration of Linear Inhomogeneous Equation 
by Variation of Constants 


For simplicity we will start with the case of the second-order 
equation: 


у" + р‹(х)у' + р(х) у = Kx), (18.48) 
where p(x), p2(x), and (x) are continuous on the interval (а, b]. Suppose 


that we know the fundamental set of solutions у(х) and у(х) of the cor- 
responding homogeneous equation 


у" + р\(х)у' + р(х)у = 0, (18.49) 
then 
у = С\у\(х) + Q(x), 


where С, and С are constants, is the general solution of (18.49). Notice 
that this assumption is a bit uncomfortable, since there is no general 
method of finding solutions of linear homogeneous equations of -order 
n > 2 with variable coefficients. 


18.9 Integration by Variation of Constants i 177 


1 
We will integrate (18.48) using the method of variation of constants 
(Lagranges method). We will seek the solution of (18.48) in the form 


у= Сү(х) у(х) + Сх) nr), -— (18.50) 


Where Ci(x) and C(x) are new unknown functions of x. do Find them we 
will need two equations containing them. Clearly, Ci(x) апа C3(x) must 
obey the equation that results from the substitution of оет) MN) A4- 
С›(х) 2(x) for у(х) into the original equation. 

We now subject Ci(x) and C2(x) to additional conditions, DilTerentiat- 


ing (18.50) gives 

y! = Alx и + C(x) уз + Сх) yi + C(x) 5. 
The additional condition (its expediency will bc obvious from the following) 
is 


Ci(x) у(х) + Ci) р(х) = 0,. | (18.51) 
then 

y' = Ci) yt + С›(х) уз, (18.52) 

у" = Cur + Су + Сүу{ + Суз. (18.53) 


Substituting (18.50), (18.52) and (18.53) for y, y' and y" in (18.48) gives 
ACODE + p(x) у + po) il + С›(х)[уз' + mo)» | 
+ р(х) уз] + Cio) уу + Су(х)уз = foo. 
The expressions in brackets are identically zero, since vi(.x) and у(х) are 
solutions of the homogeneous equation (18.49). And so substituting y, y’ 
and y" into (18.48) we obtain 


Ci(x) yi(x) + C(x) yi(x) = f(x). (18.54) 
Thus, y = Ci(x) у(х) + C2(x) у(х) will be a solution of the inhomogene- 
ous differential equation (18.48), if Ci(x) and C(x) simultaneously obey 
(18.51) and (18.54), i.e, the system 
pde + Сух) (x) = 0, | (18.55) 
Ci(x) у(х) + Су(х) у(х) = Дх), ' | 
whose determinant is the Wronskian of the linearly independent solutions 


у(х) and з (х) of (18.49) and, therefore, nonzero everywhere in the interval 
(a, b). We solve the system as a linear algebraic system for Сү(х) and Cz(x) 


C(x) = eG), C(x) = ф›(х) 
(here gi(x) and ф(х) аге known functions) and integrate 


Cx) = feG)dr С, G(x) = feo dx + С; 
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(here Ci and С are constants of integration). Substituting these expressions 
for C\(x) amd C(x) into (18.50), we find the general solution of (18.48) 


y= CQ) + Съб) iQ) |е) dx + у(х) [es dx, 


where C, and C; are arbitrary constants. 

To sum up: given a fundamental sct of equations of the corresponding. 
homogeneous equation, we can find the general solution of an in- 
homogeneous equation by quadratures. 

Example. Find the general solution of the equation 


^" 1 
bye. 
sin x 


~ Consider the homogeneous equation y" -+ y = 0, which corresponds 
to the original inhomogencous equation. This is an equation with constant 
coefficients. The functions у(х) = sin x and у(х) = cos x form its fun- 
damental set of solutions. We will look for the solution of the original 
equation in thc form 


y = Ci(x) sin x + C(x) cos x. (*) 
System (18.55) will then become 


Ci(x) sin x + Cy(x) cos x 


0, 
1 


t 


Ci(x) cos x ~ C(x) sin x = —-—. 
Sin x 


Solving the system for Cy(x) and Ci(x) gives 
C(x) re M Ci(x) m = l, 
Ci(x) = In Isinxl + Ci, С(х) = —x + G. 


Substituting these expressions into (*), we will find the general solution 
of the original equation 


y= Cy їп х + С cosx + sinxln lsinxl — xcosx. & 


To integrate a linear inhomogeneous differential equation of order п 
(л 2 1) | 


ye + pix) ye? + + Pu(X) у - F(x) (18.56) 


we will proceed in a similar manner. 
Let у(х), (х), ..., У(Х) be a known fundamental set of solutions of 
the corresponding homogeneous equation. We will seek (һе solution of 
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(18.56) in the form | 
y = Ci(x) у(х) + C2) (х) + +4 CQ) у(х), (18.57) 


where Ci(x), C(x), ..., С„(х) are new unknown functions. 

ato find the л functions Ci(x), OQ), vey Ca(x), we will form a system 
of n equations that contain these functions. When we sct up the system, 
we can take n — | equations in an arbitrary manner and then form the 
nth equation proceeding from the requirement that y(x) given by (18.57) 
obeyed (18.56). The first п — 1 equations will be 


Ci) у + Сх) ya +... + CH) Ya = 
Ci) у{ + Сх) +... + Co) = 0, : 


Meesnesthsoeepesacseseveceocecseeverbssesecouueseeaeevesseecsesecececce 


Ci) v"? Cio) y 7? +... + Cio)? = 0. 


Then, for the function у(х) given by ;(18.57) to satisfy (18.56) Ci(x) must 
be subject to the condition 


CPET + Сх) P +... CIO IEP = Д). 
To find Cx), i = 1, 2, ..., n, we will have the system 


Cin d Сзуз +... + Cin = 0, 
Суут + Сзуз +... + Gon = 0, 


HT MO E RAN ERES (18.58) 
суе-? + сзу! (a - 2) t. 24 pu m 0, 
Cy 4 cot Dau Су = Дх). 


The determinant of the system is thé Wronskian of a fundamental set of 
solutions of a homogencous equation, and hence it is nonzero in (a, b). 
"Therefore, system (18.58) is solved uniquely in Cx), i = 1, 2, ..., n. Solving 
iL gives Сх) = ф(х), where (х) are known functions, and then 


Ci(x) = falx) dx+C (= 1, 2, .., n). 


Substituting these into (18.57), we will obtain the general solution у(х) 
of the original equation (18.56) 


у(х) = È Сәх) * $59 | «t x) dx, 


where Су, C5, ..., Cy are arbitrary constants. 


I2* 
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18.10 Inhomogeneous Linear Differential Equations 
with Constant Coefficients 


In Section 18.9 we discussed the general method of solving an in- 
homogeneous lincar differential equation, namely the method of variation 
of constants. When the equation has constant coefficients, a particular so- 
lution of the inhomogeneous equation can sometimes be found much easi- 
er, namely by selection. | 

Consider some forms of equations to which the methad can be applied. 
(1) Equations of the type 


L(y] = y? + pry? +. + pay = Р(х), (18.59) 


where pi, p», рз, «+ pa аге real numbers, Р,„(х) is a given polynomial of 
degree т: 


i 
Pax) = дух" + Ay! Tec ZA Ao x 0. 


The characteristic equation for the homogencous equation that cor- 
responds to (18.59) has the form 


№" + р"... tpn- + Pn =O or e0)-20, 


where e(À) = M + pd"! +... + p, is the characteristic polynomial. 

If p, is nonzero, i.e., А = 0 is no root of (à) = 0, then there exists 
a particular solution у(х) of (18.59) that also has the form of a polynomial 
of degree m. Actually, we take у(х) in the form 


F(x) = Box” + By"! Tet Bn, 


where Bo, Bi, ..., Bm are indefinite coefficients. We then substitute this into 
(18.59) and, comparing the coefficients at the same powers of x on the 
left- and right-hand sides, we derive for B; a system of linear algebraic equa- 
tions, which is always solvable, if p, ; 0. Indeed, equating the coefficients 


at x", x^7!, 1 we obtain 


x" PnBo = Ao, hence By = z, 
4А, — MPn- 1Bo 





x"! | mpa-1Bo + „В = А, hence B; = 21. 

Рп 

In summary, if \ = 015 no root of the characteristic equation ¢(A) = 0, 

then there exists a particular solution f(x) of (18.59) which has the form 

of a polynomial whose degree equals that of a polynomial on the right 
of (18.59): | 


PX) = Box” + Bix"! +... + Bs. (18.60) 
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Suppose now that p, = 0. To be morc general, we also assume that 
Dro = Pao 7 = Paora = ©, but py, #0, ie, А = 0 is an r-tuple 
root (r > I) of the characteristic equation e(A) = 0. Equation (18.59) then 
becomes : 


s y 4 prm + рау = Р(х). (18.61) 


Putting y? = z, we arrive at the previous case. Therefore; there exists a 
particular solution of (18.61) in the form : 


FOC) = Box” + Bat! +... + B, 


We deduce from this that F(x) is a polynomial of degree 71:+ r, such that 
its terms with x to power г — 1 and lower will have arbitrary constant coeffi- 
cients, which can, in particular, be chosen to be zero. The particular solu- 
tion will then bc 


F(X) = x'(Box" + Вах"... + Bum). 


To sum up: if X = 0 is a root of multiplicity r > 1 of the characteristic 
equation (Л) = 0, then the particular solution 5x) of (18.59) should be 
sought for in the form of the product of х” by the polynomial Q,,(x) of 
degree m with indefinite coefficients: (x) = x'Qn(x). 

Example. Find a particular solution of the equation 

y ty = 2x43. 


“4 The characteristic equation А? + А = 0 has roots № = 0 and № = - 1l, 
therefore А = 0 is a simple root (r = 1) of the equation. The polynomial 
on the right-hand side is a polynomial of the first degree (m = 1), therefore 
we will seek the particular solution of the inhomogencous differential equa- 
tion as 


y(x) = м Box + Bi ). 
Substituting F(x) into the equation and comparing the coefficients at the 
same degrees of x, we will find that By = 1 and B, = 1. And so the desired 
particular solution will be y(x) = x? + x. Р 
(2) Equations of the type 


Ду] = y? + py" 7? & + pay = e" Pm(x), a = const. (18.62) 
We will seek the particular solution in the form - - 
J(x) = e"*z(x), 


where z — z(x) is to be found from the condition 


Liez] = e^* P, (x). (18.63) 
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Then 


jx (as + па" 14 + е 4 Rb M: 
! 
We then multiply ў, J’, ..., 9 by ра, pa- i, ...› 1, respectively, and add 
up the results, grouping the terms by columns: 


| o 
L[e*'z] = е [etaz + e ) +... + „+ Oo Tec 29); 


Here (a) results from substituting А = a іп the characteristic polynomial 
(à). It follows that to obtain the identity (18.63) we should define z(x) 
as a solution of "ü 2, 
(a) 
2 + + MO +.. + e'(a) + (а): = Pax). (18.64) 
| 

This is a linearly inhomogeneous equation with constant coefficients, its 
right-hand side being a polynomial. Therefore, we should seek a particular 
solution of (18.64) as a polynomial Q,,(x) of degree п, if (а) ғ 0, i.e., 
when a is not a root of the characteristic equation (À) = 0. If a is a root 
of the characteristic equation of multiplicity r > 1, then 


pla) = e'(a) =... = фе (а) = 0, ea) z 0, 


and we should seek the solution of (18.64) as X Qn(x). Therefore we will 
look for the particular solution of the original equation (18.62) in thc form 


I(x) = e" Q«(x), (18.65) 
if a is not a root of the characteristic equation e(À) = 0, and in the form 
(х) = x'e* Q«(x), (18.66) 


if a is a root of the characteristic equation of multiplicity r > 1. Here Qu(x) 
is a polynomial of degree m with indefinite coefficients, | i.e., 


Q«(x) = Box" + Bx"! +... + Bn. 


Examples. (1) Find the particular їшї of the calor 
y" y! = 26", us ЖО 
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-4 The characteristic equation А + = 0 has the roots № = 0 and 
№ = -1. The right-hand side of the equation is the product of с" (a = 1) 
by a zero-degree polynomial (гт =.0). Since a = 1 is not a root of the 
characteristic equation, the particular:solution P(x) should be sought for 


in the form 
P(x) = Ве" 
Substituting (x) into the equation and réducing by с", we will find B =- 1. 
Hence y(x) = e”. і 
(2) Determine the form of the particular solution of the equation 
y" —2y' + y = хе". 
«¢ The characteristic equation № — 2X + 1 = 0 has the roots Аг = № = 1 
In this case Р,„(х) = x, ie, т = 1 anda = 1 is a double.root (r = 2) of 
the characteristic equation. Therefore, the particular solution f(x) should 
be sought for in the form 
у(х) = х?е*(Вух -+ By). P 
(3) The above reasoning also holds true for complex а. Therefore, if 
the right-hand side of the linear differential equation 
Ly] = y? 4 py) +... жау = f(x) (18.67) 


has the form 
J(x) = e** [P (x) cos Bx + О,(х) sin Bx], (18.68) 
where Р(х) and Q;(x) are polynomials of degrees mi and s, respectively, 


then we procced as follows. We transform the trigonometric functions into 
exponential functions using the Euler formulas 





е!8х -ifr LBx _ Qc düx 
+e е-е 
соѕ Вх = ——--, sin Bx, = = poe, 
2 | 2i 
then 
e ir — ifs ік - iüx 
+e -e 
Дх) = E tet) —- 


ЕС +i 72 fe ifla 


+ | 5 Р„(х) – 1 oje“ "y і8)х 


L 


The polynomials in brackets have a degree equal to the highest degree of 
Р(х) and О,(х). We denote the polynomials by M(x) and N(x) to obtain 
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on the right | 
М(х) e * © + N(x) ev 79 (18.69) 


For each term on the right we can use the rule mentioned above: if 
a + 13 are no roots of a characteristic equation, then a particular solution 
of the differential equation can be sought for in the form (18.69). If then 
a + 18 are roots of a characteristic equation of multiplicity r > 1, then the 
particular solution also includes the factor x”. 

If we return to the trigonometric functions, the rule could be formulated 
as follows: 

(a) if a + if are no roots of a characteristic equation, then a particular 
solution ?(x) of the differential equation (18.67) should be sought in the 
form 


х) = e""[U(x) cos Вх + V(x) sin Bx], (18.70) 


where U(x) and V(x) are polynomials with indefinite coefficients each of 
which has a degree equal to the highest of the degrees of Pin(x) and Q(x). 
The coefficients of these polynomials are found by substituting F(x) into 
the differential equation and equating the coefficients at the same powers 
of x on either side. We should equate to each other the corresponding 
coefficients of the polynomials that appear as factors at cos Вх, and 
separately the coefficients at sin Bx; 

(b) if œ + i аге r-tuple roots of the characteristic equation (resonance), 
then the particular solution f(x) must be sought as 


F(x) = x'e"*[U(x) cos Вх + V(x) sin Bx]. (18.71) 


Remark. The forms of particular solutions (18.70) and (18.71) are also 
valid when on the right-hand side of the equation either О,(х) or Pm(x) 
is identically zero, ie, when the right-hand side has the form 


ее р.(х) соѕ бх ог е°*О,(х)зїп fix. 


Examples. (1) Find а particular solution of the equation 
y” + 2у' + у = cose. 
-1 The characteristic equation à? + 2А + 1 = 0 has the roots 
м = = —1. In this case a = 0 and f = 1, therefore œ + iB = +i are 
no roots of the characteristic equation. Further, Р(х) = 1 and О,(х) = 0, 
and so the particular solution of the equation must be sought for in the 
form 


F(x) = Acosx + Bsinx, А, В = const. 


Substituting F(x) into the equation, we will have A = 0 and В = 1/2, and 
so J(x) = Gin х)/2. > DE 
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(2) (Resonance.) Consider the equation of elastic vibrations without 
resistance under the action of a periodic external force 
y" + а?у = asin Bl, r (*) 


where the independent variable is the time /. 
-4 The general solution of the homogeneous equation is: 


Yen. = Ci cos ot + Cy sinot = Asin (wt + ô). 


If 8 z w, ic., if the frequency of the external force does not coincide 
with the frequency w of the natural oscillations of the system, then the - 
particular solution of the inhomogeneous equation will be 


Ў) = Mcos Вг + Nsin Bt, M, № = const. 
Substituting this. expression into (+), we will find that М =0 and 
N = a/(w* — В?). The general solution of (+) will then be 


Е а n 
ei. = A Sin (o£ 4 6) + "uU sin (Jt, 


ie, the resultant motion is a combination of natural oscillations with fre- 
quency w and forced oscillations with frequency 6. 

If 8 = о, ie, the frequency of the external force coincides with the fre- 
quency of natural oscillations of the system, then we have to seek the partic- 
ular solution of the inhomogeneous equation (*) in the; form 


(t) = (M cos wt + Nsin wt). 
al. 





Substituting #(f) into (*) gives | 


=- nie N=0, hence j(r)- — — t cos ot. 
w 2 
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The general solution of (ж) will be 
y = Asin (ot + б) — Z tcos ot. (++) 
2w 


The second term on:the right of (+*+) suggests that here the amplitude of 
oscillations increases indefinitely with ¢ (Fig. 18.3). This phenomenon, 
which ‘occurs when the frequency of the external force coincides with the 
frequency of natural oscillations of the system, is called the resonance. > 

It is convenient to look for particular selutions in the following manner. 
Consider the linear inhomogeneous differential equation with real constant 
coefficients 

Цу] = y? + py" ^? +... + рау = e" P, (x) cos fix, (18.72) 
| 

where P(x) is a specified polynomial of degree m with real coefficients; 
a and @ аге real numbers. 

We now set up an auxiliary inhomogeneous equation with the same 
left-hand side as (18.72) and the right-hand side represented as a complex- 
valued function of a real variable x 


Liz] = 2 + piz"? +.. + р 
= e Р(х) cos BX + Р.) ѕіп Вх. (18.73) 
The right-hand side of (18.72) is the real part of the right-hand side of 
(18.73); therefore, by virtue of Theorem 18.14, the real part u(x) of the solu- 
tion z(x) = u(x) + iv(x) of equation (18.73) will be a solution of the origi- 
nal equation (18.72). The problem thus comes down to finding a particular 
solution of (18.73), which can be written as 


L[z] = e" * Ю®*р (у). (18.74) 


It follows from the foregoing that: 
(1) if the ај а + if is not a root of the characteristic equation 


e) = А + pn 2+ Pn = 0, then the particular solution of equa-. 
tion (18.74) should be sought for in the form 

£(x) = e* * "0, (x), (18.75) 
where 


О„(х) = Box" + Bix"^! +... + Bm 


is a polynomial of degree m with indefinite coefficients; 
(2) if a + iB is а root of multiplicity г of the characteristic equation, 
then the particular solution of (18.74) has the form 


х) = х'е©* imo, (с). | Е (18.76) 
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The replacement of trigonometric functions by exponential functions sim- 
plifies the. calculations, since the substitution of Z(x) into (18.74) makes 
it possible to cancel out сб tiw on cither side. The complex coefficients 
cB, By, oy Bm in Ош(х) are found by substituting solutions (18.75) or (18.76) 
into (18.74) and equating the coellicients at the same powers of x on either 
side. We then isolate the real part u(x) of solutions (18.75) and (18.76) to 
find the particular solution of (18.72). 
If the equation has the form 


Liy] = e" P, (x) sin fix, (18.77) 


we proceed in a similar manner: (1) we pass on to the auxiliary equation 
(18.74); (2) we then find the particular solution Z(x) = u(x) + iv(x) of the 
equation. The imaginary part v(x) ofithe solution will Бс а particular solu- 


tion of equation (18.77). 
Example. Find the particular suluiton of thc equation 


y'-Fy-5xc'"'cosx. А (*) 
-4 We write the auxiliary equation | 

z” + z= Sxe! *?* Я (+) 
Since the number —1 + i is not а: root of the characteristic equation 
№ + I = 0, the particular solution of (**) will be sought for as 

х) = (Вох + Bie * 7 


Substituting z(x) and z"(x) = 2(—i + i) Bee ! *? + (51 + i (Box + 
D,)ef7 ! *?'* into equation (++) and cancelling out e^! *"*, we obtain 
(-2 + 2i) By + (2i + 1)( Byx + Bi) = 5х. 
Equating the coefficients at the same powers of x on either side of this 
equality, we get 
Bol — 2i) = 5, hence By 1 26 
2 + 14i 


Bl — 2i) + (-2 + 21) By = 0, hence B, = - e 


Therefore, 


х) = [ +29 х + $ + ‘ile eos її: 


The particular solution of the original equation will thus be 


u(x) = Rez(x) =e "lC 4 $e - (2 + sina. > 
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18.11 Integration of Differential Equations 
Using Power Scries and Generalized Power Scries 


ny the differential equation 
"= Дх, у, y). (18.78) 


We would like to find a solution of the equation subject to the initial con- 
ditions 


yQo) = Yo, У'(%) = yo. (18.79) 


Suppose that the function / is analytic in the neighbourhood of the point 
(xo, Jo. yó), i.e, is representable by a power series in x — xo, y — Jo, and 
— №. 
The solution y(x) of the Cauchy prone (18.78)-(18.79) can then be 
obtained as a series: 





уф) = уб) + 2) o) +7 O9 (у у 
(п) 
++? w) (х= xo)" +... (18.80) 


In fact, knowing хо, Yo, yó, we by (18.78) itself will find у” (хо) = 
J(xo, Yo, Yo). Differentiating (18.78) with respect to x gives 


y" aft fy + Ју" (18.81) 


Substituting into the right-hand side of (18.81) the values xo, yy and 
yo and the value y" (хо) we have just found, we will have у" (xo), and so on. 

If series (18.80) converges in an interval (хо — Л, xo + А), then it defines 
there the solution of the Cauchy problem (18.78)-(18.79). 

Example. Find the solution of the Cauchy problem 


у" =}, (*) 
У0) = 1, у'(0)=1. is (**) 
= .By (+) and (++) we have y" (0) = 1. Differentiating (*) gives y" = у’, 
and so y" (0) = y'(0) = 1. In general yO) = 1, n = 0, 1, 2, ... Then 


2 n 
= x x z x = pt 
HOGS ү & te Re etate 


Consider the linear differential equaton 


род у" * p)! + рду = 0. (18.82) 
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Theorem 18.16 (analyticity of solution). /f p(x), р(х) and m(x) are 
analytic functions in the neighbourhood of the point x = хо and p(xo) # 0, 
then the solutions of (18.82) are also analytic functions in a certain neigh- 
bourhood of x = хо, and so these solutions can be sought for in the form 
Of the sum of the series 


у= ay + a(x — x) + a(x — x)! +... + a(x — Xo)" +... (18.83) 
Example. Find the solution of the problem | 
у” +у=0, 000) = 0, 0" (0) = 1. | 
«t We will look for the solution in the form of the series 
| у(х) = а + ax ох? + ау? +... + aux +... | 
We thus have | 
у'(х) = а + 20х + Зах? +... + nax" +. | 

У”(х) = 1-2а; + 2-3ax +... + n(n — l)a,x" ^? + 0 


Substituting у(х) and y" (x) into the original equation and equating to zero 
the coefficients at the powers of x, we find | 


I to 
х" а + 1 X 20 = 0, hence a = – —-—, 
1 x2 
. 1 а! 
X a + 2 X 3m = 0, hence a; = + -—-, 
2x 
-9 Ц 05-2 
X"77 | an-2 + n(n — Ya, - 0, hence an= + @ on 


From the initial conditions we have do = 0, a = I, therefore a, = 0 


and, in general, a4 = 0, k = 1,2, ... . Further, we have а = l,a = 3x3' 
а zA І In general, а (= 1 
5 = ———— = — c. ; = —————- 
4x5 IXx2x3x4X5 |" +t Ok + Di 
We arrive at 
3 2k +1 ; 
x x k X mae 
MW) = -- -— —- +. + (- 1)! = +... = іх. > 
2d 1! 3 (D (2k + 1)! 


Suppose now that the cocfficient po(x) becomes zero аќ а point хо. 

Definition. A point xo is called a zero of order (multiplicity) m (m is 
a positive number) of the function /(x), if f(x) is represented in the form 
Лх) = (x = xo)" fi(x), where fi(xo) ғ 0. 
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Theorem 18.17 (expandability of solution into generalized power scr- 
ies). If in (18.82) the coefficients р(х), pi(x), апа p(x) are analytic func- 
tions in the neighbourhood of xo, where x = хо is a zero of order m of ро(х), 
a zero of order m — 1 or higher of р(х) (if m > 1), and a zero of order 
m ~ 2 or higher of p(x) (if m > 2), then there exists at least one nontrivial 
solution of (18.82) in the form of the sum of the generalized power series 


у(х) = а(х — х)" + а(х — xo t!  .. + а(х — хо)" + 


where o is a real number, not necessarily an integer. 


i 

18.12 Bessel Equation. Bessel Functions 

An equation of the form 

x!y" + xy’ + (x? – »))y-0, (18.84) 
where v is a real number, is called the Bessel equation. This equation has 
a singularity at x — 0 (the coefficient at the highest derivative in the equa- 
tion vanishes at x = 0). Comparing (18.82) and (18.84) indicates that for 
the Bessel equation po(x) = x^, pi(x) = x, р(х) = x? — v?, since x = 0 is 
a zero of the second order (m = 2) of the function p(x), is a zero of the 
first order of the function pi(x), and is no zero of the function p(x) (if 
v з 0). Therefore, by virtue of Theorem 18.17, there exists a solution of 
(18.84) in the form of the sum of the generalized power serics 


Wx) = x" J; arx", по x 0, (18.85) 
k=0 
where a is the characteristic exponent to be determined. 
We rewrite (18.85) in the form 


у(х) = Ујакх“*° 


k=0 
and find the derivatives 


y= Sk + o) aue eem 


k=0 


у= X + о) o 1упх**°7?, 
кед: ! 


Substituting these into (18.84) gives 
xk + o)(k + о — 1) акхк+° 2 


k=0 
a hoe eds Uto hs at г 
+x DK + o)aax***7! + (xh— v’) Ў акх* * = 0. 
k-0 k-0 
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СЕИ! “aak 


If we then equate to zero the cocfficiénts at x", a” ' !, ал, an we will 


get the system of equations 
[02 — иа =0, , 
a xt! [at D? - va = f 


xt? | Ko + 2) - và] a d = 0, (k = 2,3, ..) (18.86) 


Since ag # 0, then from the first of (18.86) it follows that a? — »? = 0, or 
g = xy. 

Now from the second of (18.86) we will have 
a, = 0. 

We will first take the case of a = v > 0. We rewrite the Ath (k > 1) 

equation іп (18.86) іп the form 
(o+ k+ v)(a + k и) ак ta-2=0. 

From this we derive the recurrence formula to determine ay in terms of ак - 2 


ак -2 А 
ак = = 6 6 M Mou 
(c * k * v (oct K-r) 

Considering that а = 0, we obtain from this that аз = 0 and, in general, 
Gm «| = 0. On the other hand, cach even coefficient van be expressed 
through the previous one by the formula 


02m 2 
Фт = a 





Or, since o = v, 


a Gn — 2 
2 = — ———-- - 
3 2*m(m + v) 


If we apply this formula several times we will be able to express dom 
through ao 


do i 


2? x I x (v + 0) 


а) а 


a= — rr ee 


2? x Av +2) 2*!x1x2( + 00 + 2) 
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Or, in general, 


(to 
Mm = (= D" 


PEMO X o + 2) L0 my 
We now substitute the values of the coefficients into (18.85): 
z х?" 
X) = aox'[ 1 + П) c. 18.87 
Уаз ( 22 ! ed DE t 5) Л) 


т=\ 


It can easily be verified that the series on the right of (18.87) converges 
іп any case on the positive x-axis and defines there the function у(х), i.e., 
a particular solution of the Bessel equation. 

Consider now the case when o = — v». If v is no positive integer, then 
we can write the second particular solution that is deduced from (18.87) 
by the change of у by —v (in (18.84) » appears evenly): 


z » xm 

шы; ( b 2, D yreui-ri Mor #2) a (or xj 
(18.87) 

(If v is a positive integer, then the solution (18.87’) is no longer valid, since 

beginning with a certain number one of the factors in the denominator 

іп (18.87^) will be zero.) The series on the right of (18.87’) also converges 

for all values of x > 0. The solutions у(х) and у (х) are linearly indepen- 

dent. Really, their ratio 


х? 
H _ү-»___2Җ—-»+1) '_ 
у(х) CU o 
2^(v + 1) 


is not constant. 
For our further discussion we will necd some of the propertics of Euler's 
T-lunction. The latter is defined as follows: 


Г(р) = |х let dx, Rep > 0. 


Integrating by parts we obtain the basic functional equation for the 
T-function 


Г(р + 1) = prop). (18.88) 


Since Г(1) = 1, then Г(2) = 1-Г(1) = 1, r(3)=2r(2)=2!, and in 
general 


Г(л + pen (л= 0, Í, 2, ..). 
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It can be shown that Г(1/2) = Ут. Using the functional;cquation (18.88) 
we can derive the gamma-function for negative values of the argument. 
If we represent (18.88) in the form I'(p) = Гер + 1)/p, we notice that for 
small p we have I'(p) = \/p. 
Similarly, if 7! is a positive integer, then for p close to —т we have 
(-4 n" 1 
Г(р) = era 
m ptm 
It can be shown that '(p) = 0 for all p, therefore the facon VT (p) will 
be continuous for all p if we put 


1/7(-т) = 0 (7 =0, 1, 2, ..). 


Let us return to the solution of the Bessel equation (18.84). Here ao 
is still arbitrary. If v # — л, where n > 0 is an integer, then putting 


2 


dag = РОГ 
2'l'(v 
gives 
ат = (= n" Эту» үг, д. үү, 
22" * "WC, + v + 2)..(v + mro +1) 
1 


=. (= jj ds >=. = ЕЕЕ ЛЕЕ за. ч: 
(-1) 22" * "P (i + )Г(и + т + 1) 


Substituting this into (18.86) gives 


"T = AMEN 1 х c be 
уы) 21 ) Г(т + OU +a + jG ) : d 


m-0 


Series (18.89) defines the function 


_ = m 1 x Amr 
ow 2j D Ton + DP(» tom + a Ji | ОБ 


which is a solution of the Bessel equation and is called the Bessel function 
of the first kind of order v. | 
The scries | 


| 1 X 2т- 
Ј-) = X Us Г(т + БЕРГ СЕКЕ? ) 


corresponds to the case of o = — r (v is a noninteger) айа defines the se- 
cond solution of (18.84), which is linearly independent of J,(x). 


| 
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We thus conclude that if у is a noninteger (> # 0, +1, +2, ...), then 
the functions J,(x) and J_,(x) form a fundamental set of solutions of the 
Bessel equation (18:84) and its general solution will then have the form 


у = Jx) + CJ. (x). 
For integral v, we have the lincar dependence 
J-a(x) = (- D" Л). (18.91) 


Indeed, we have , 


2m — n 
m X 
Ј-.(х) = Da ) Г(т + DIE TTE! -n+ a3 ) | 


т=0 


The first л terms of the series vanish, since 1/T (m — n+ 1) = 0 at 
m=0,1,.., n 1, and I/T(n — n * 1) = 1. Introducing the notation 
m = k + n, we find 


E 1 x 2k +n 
J—n(x) = уха 1) Г(К ++ 1)Г(К + zu ) 


2k *n 
күзө лд 
TO yen sceau à) RIAL 











y 
y-Je(r) 
zJ (x, 
toh t3) 5.520 8.654 
te—»- 
тр 2.405 x 


Fig. 18.4 


We write the series for the Bessel function of the first kind of order zero 
(n = 0) and order one (7 = 1): 


xV, 1 уху ] Fey IE 
мә -1-($) + ana (3) ap) * ^ 

1 /х\? 1 /x\ 
ло) -i-i i) ^as) 02052 


` The functions Љ(х) апа Л. (х) (Fig. 18.4) often occur in applications. as 
them detailed tables are available. is 
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SS E 


Recurrence formulas. Using the'formula (18.90) we make sure, by direct 
check, that 


LO Led) = SO. | - (18.92) 
dx 


In exactly the same manner we find 
4 (x^ A(x)) = —x^ six). (18.93) 
dx 
Expanding the derivatives in the left-hand sides of (18.92) and (18.93), 
we obtain 
JA) + =I) = 4-109, (18.94) 
KO) - 24) = (о), ` (18.95) 


By adding and subtracting (18.94) and ы 95), we obtain two important 
recurrence formulas: 


Дх) = 514, х) — 20091. (18.96) 


J, a. 1(x) + J,- 1(X) = D 1g) (18.97) 


Formula (18.96) indicates that derivatives of Bessel functions are cx- 
pressed through Bessel functions. It follows from (18.97) that, knowing 
JAx) and J,- (x), we can find J,, (x). Specifically, all Bessel functions 

of whole numbers are expressed through Jo(x) and J,(x). Relation (18.91) 
comes in handy here. At v = 1 we find from (18.97), e.g., ` 2 


Љ(х) = iA (х) — Jo(x). 


Besse! functions for half-integer n. Consider a special class of Bessel 
functions with half-integral odd л, This class occurs in applications and 
is noted for the fact that in the case under discussion Bessel functions can 
be expressed through elementary functions. So at » = 1/2 we readily find 


De 
—- sin x. 
TX 


Likewise, at » = —1/2 


J- 172 (X) = j= COS X. 


Jya(x) 
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The above furmulas can be rewritten as 


x [2 GM WAT бш 
J(x) = ae cos(x j JI v =. (18.98) 


Using the recurrence formula (18.97) we find, for example, that 


Jyx(x) = лоб) — J-wx(x) = 2 (ms — cos x), 


and so on. 


Zeros of Bessel functions. In many applications it would be instructive 
to have an idea of the distribution. of zeros of Bessel functions. The zeros 
of Jiz2(x) and J. 1/2(x) coincide with the zeros of sin x and cos х, respec- 
tively. It can readily be shown that for large x we have the asymptotic 
representation (cf. (18.98)) 


ES | 2 rm т -3⁄2 25 
J(x) = = cos(x 5 z) + O(x ) x7 +00, (18.99) 


that holds for any integer or noninteger v. (Here f(x) = O(y(x)) means 
that the ratio /(х)/ ф(х) remains bounded as x > оо.) Formula (18.99) shows 
the behaviour of the Bessel function with increasing argument. This oscil- 
lating function becomes zero an infinite number of times and the amplitude 
of the oscillation tends to zero as x > + о. 

The distribution of zeros of the Bessel function with positive integral 
n, ie, the roots of the equation 


J (x) =O (n20,1, 2, ..) 


is established by the following theorem. 

Theorem 18.18. The function J,(x) (n = 0, 1, 2, ...) has no complex 
zeros, but has an infinite number of real zeros, arranged symmetrically about 
the point x = 0, which is one of them if n = 1, 2, .... All the zeros of the 
Junction are simple, except for х = 0, which at n = 1, 2, ... is a zero of 
multiplicity n. 

Orthogonality and norm of Bessel functions. We first consider the 
property of orthogonality. It can readily be verified that the equation 


аду" e xy + (NX? - и) = 0, (18.100) 
where is some nonzero numerical parameter, is satisfied by the Bessel 
function J,(Ax). 

We rewrite (18. 100) in the form 


1 ; 2 (3 Levi 5 
5 Dy M =0 А 
y” + x? + ( Ay 7 (18.101) 
and denote y, = J,Qux), ya = J,Qox), where №, № are some values of ^. 
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_ — —-— Є———є—————— 


We will then have the identities 


n 1. p = 
Yi -+ y^ + (м - um = 0, 
? 


{ ks bra ‚_ и? 
vit IX + |M- -rhs 0. 


Multiplying the first one by у(х), the second by у(х) and subtracting one 
from the other, we will get 


У» — n 1 Ой» - n») + (М — M)y = 0. 
Multiplying this identity by x, we notice: that it can be written as 


d 
[хо м) = (№ - А) xn». 
ах : 


Integrating this with respect to x from 0 to 1, we will have 


[] 
[х(угу» — »oty[ | = (№ — А) [n 020209 dx. 
0 
or 


МЛМ) Л) — ЉЛ(Љ) МАМ) 
= (№ — №) [x40) J,Qux) dx. (18.102) 
0 


(1) Let №, Æ №. Then from (18.102) it follows that if i, № are zeros 
of J,(x), then the left-hand side of (18.102) and, hence, the right-hand side 
as well, arc zero. Then 


| хло) J,(Mx) dx = 0 


This implies that, by definition, J,(àix) and J,(\2x) are «шош! with 
weight g(x) = x on the interval [0, 1]. 
The Bessel function J,(x) has the countable set of zeros 


О < м< № <... < № <... 


and hence, the set of functions 
Ix), IA), cr SOX), ..., (18.103) 


where р is s is a system ошоной on the interval [0; 1] with weight 
g(x) = 


| xJ4Qux) LOX) dx = 0, 14]. (18.104) 
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(2) If X, and X; are the roots of the equation 
Jx) = 0, 
then at № # № we from (18.102) also have 


i 
| x AX) (эх) dx = 0. 
0 
Accordingly, the set of functions {J,(\nxX)n=1, where №, are roots of the 
equation J/(x) = 0, is orthogonal on the interval [0, 1} with weight 
o(x) = x. 
(3) Let ^ and M be the roots of the equation 
x Ji (x) 
JA) 
whére л is some fixed number. 

Equation (18.105) is used in mathematical physics and for у> —1 it 
has an infinite number of positive roots, but it has no complex roots, save 
for the case of (— h + v) < 0, where there are two purely imaginary roots. 

If we write the left-hand side of (18.102) in the form 


i J/00)4,02) — М. 032)4,01) 
И AFO) X02) 
= JADA) | J,A) 705) |: 


we will see that Bessel functions are orthogonal in zeros of the linear combi- 
nation xJ/(x) — hJ,(x) = 0 of the Bessel function and its derivative 
I 
1 : 
{ Osx), уә)ах = 0, izj, 
0 
where № (k = 1, 2, ...) are the roots of (18.105). 


The quantity 


/1 
Ї/„0\)Ї = (í E) 
0 


is called the norm of the Bessel function ЈА x). 
Using the equality (18.102), we can show that 


ї/,(\х)1? -j [2209 + (: A +) лоо]. э. (8106 


= Л, (18.105) 











1/2 


In particular, for Љ(№х), where № isa zero of the Bessel function we have 


LADI = 360) = ЛО), 
since Л (№) = ~J (A). сая nd or PE qu paa. 
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Neumann (Weber) functions. Афу nontrivial-sohition of the Bessel 
equation (18.84) is called a cylindrical function. When v is not an integer, 
the functions J,(x) and J- ,(x) form a fundamental set of solutions of the 


Bessel equation (18.84). When v = n; ie, л is an integer we have the lincar 
"dependence 


J- (x) = (- 1)" (ә). 


To suppclement the solution J,(x) by one that is not proportional to it, 
we proceed as follows. When > is not an integer, wc form the function 


ОЗ а (18.107) 
Sin TV 





ON) = 


It is a linear combination of solutions of the linear homogencous equation 
(18.84), and so it is itself a solution of the equation. 





Fig. 18.5 


In the limit as » ^ n, we, by LiHospital’s rule, will have; 
ðJ, ðJ, : 

mre. 

(=D ðv ðv 
(—1)°т 

One distinction of N,(x) (Bessel function of the second kind) is the 

presence of a singularity at the origin of coordinates (Fig. 18.5). 


N&(x) = 


von 





No(x) ~2n=, = 1.7$1... 
O S | x0 0. 
N(x) ~ - (л — 1)! (2) (п=1,2,..) 


T x 


5, 


The solution N,(x) of the Bessel equation (18.84) at » — n constitutes 
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together with Ja (x) a fundamental set of solutions of the equation 
x!y" + xy! + (T – п?)у = 0. 


The function №, (х) is also called the Neumann (or Weber) function. 
At sufficiently large x 


| 2 (v... т 
J,(x) же Tx cos (« 73 т) 


x> +0, 


Table 18.2 Forms of particular solutions of inhomogeneous linear equations with constant 
coefficients for various right-hand sides 


Right-hand side* Roots of characteristic Forms of particular 
of cquations equations solution 
|. Pin(x) Number 0 is no root of characteris- Ën (х) 


tic equation 


Number 0 is a root of characteristic x P, (x) 
equation of multiplicity r 2 1 


2. e” P, (x) Number a is no root of characteris- — e** P,() 
tic equation 


Number a is a root of characteristic — x/c?* P, (x) 
equation of multiplicity r > 1 


3. Р„(х) cos Bx | Numbers +if are no roots of P, (x) cos fix 





+ QQ) sin fix charactcristic equation + Ox(x) sin Bx, 
К = max (m, s] 

Numbers. +/@ are roots of charac- x" (AQ cos fix 

teristic equation of multiplicity r + Ok (x) sin Вх) 

4. e™ [Pm(x) cos Ax Numbers а + if are no roots of, e" (Pr (x) cos fix 
+ Q.(x) sin Вх] characteristic equation + QQ) sin Вх), 


k = max (m, s) 


Numbers a + if are roots of charac- x'e™ (P(x) cos Bx 
teristic equation of multiplicity r + Ox(x) sin Bx) 


* The first three kinds of right-hand sides are special casés of the fourth. 
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This suggests that at large distances from the origin of coordinates the 
cylindrical functions of the first and second kinds are related as those of 
sine and cosinc. Owing to the factor 1/Ух the functions decay as x grows. 
These functions are convenient to represent standing cylindrical waves. 
c* In analogy with exponential functions (Euler formulas) we can con- 
struct a lincar combination of J,(x) and N,(x) to obtain functions associat- 
ed with running waves. This brings us to the Bessel functions of the third 
kind or Hankel functions given by 


Hf9(x) = J,(x) + iN. (x), 
Hx) = J,(x) — iN (x). 


Exercises 


Fiud the general solution of the equations: 
1.(1 x?)y" + 2xy! =x. 2: y Ptanh x = y". 3. уу" = у'?. 4. yy" + 
у'? = 1. 
Find the solution of the Cauchy problem: 
5. y" + I8sin pcos? y = 0, (0) = 0, y'(Q0) = 3. 
б.у” = 18y", y(I) = 1, y'(1) = 3. 
7. y! y" = 40%" — 1), у(0) = V2, »'(0) = V2. 

Integrate the equations. Wherc required, find particular solutions. 
8.»y" —4y' c 4y = 0. 9.y" —2y' – 3у = 0. 10.y" + 2у' + Sy = 0. 
11. y" — 3y' + 2y = 0, у(0) = 0, у'(0) = 1. 12. у" — y' = 0. 13. y" — 
у= 0, у) = у) = у") = 0. 14.9 – у= 0. 15,50 + у= 0. 
16. y = 0. 

Find the general solutions for 
17. у" y 21.18. y^ -2y' + у= хх +1. 19. y" — y= dxe*. 20. y" — 
2у' + у=2е'. 21. y" + y' c у= sin x. 22.y" + y = cosx — 2sin x. 
23. y" + 4y = 3x sin х. 24. y" + 4y = 2sin?x. 

Find the form of particular solutions for 
25. y" — у= 3 + хе + хіп х. 26. y" + у = 2 x + x7e + xsin x. 
27. у" – у" = 1+ хе *t2xcosx. 28.y" + y" 2 x t ixe' + xsinx. 
29. y” — y = 1 + хе + e*cos x. : 

Integrate by variation of constants 
30. у" + у= 1/созх. 31. y" — y’ = e™sin e. 

Integrate the following Euler equations: 

32. х?у" — xy’ — 3y = 0. 33. x° y" + ху” +y=0. 


Answers 
3 
у= 5 - 4+ Ci tan! x + С. 2. у = C cosh x + Су + Gx + Cs. 
3. у = Сес" 4.5 = (х + С)! «C. 5. y = tan ^! 3x. 6. у = qi 
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e 


1.у = Мз е. 8. y = Cie” + Сухе? 9. y = Cre + Coe. 10. y = Cue ^" cos2x + 


Cie7'sn2x. 1.у=е”—е'._ ILy=C + Qe + Oe B.ya0 14. у = 


Cie" + Се" + G соѕх + C, sin x. 15. y = C, e??? cos y Cer? sin? x + 
MM 

Cie ^ Y cas v2. + Cue ! 7 sin Y? «. 16. y = Ci + Cix + Cy) + Сух? + Сух. 
2 3 


17. y = Cicos x + C:sin x + 1. 18. y = Cie" + Ске" + x + 3. 19. y = Cue? + Сет“ + 
i : 


v3 -31/1 


(= we 20. v = Cue! + Сухе! + xoc. 21. y = Cue ^"? cos Mt Cie sin i x- 


cos x. 22. y = Cicos x + Cosinx + x (cos y+ $sin x) . 23. y = Cycos2x + С, sin2x + 
. 
x sin x — 2 cos x. 24. у = C, cos 2х + С, 5іп 2x + i - їр sin 2х. 25. y = Ax + x(Ayx + 
Bi)e! 4 (Ai + Bax + Dz)cosx + (Ayx? + Bix + Dy)sin x. 26. y = x(Ax + B) + 
(Aix? + Bix + Di)e! + x((Arx  Bi)cos x + (45x + By)sin x]. 27. y = Ax? + x(Ayxt 
В,)е* + (Aix + Bi)cos x + (Asx + В) зіп х. 28. y = (Ax + B)x? + (Aix + Bie" + 
(Ах + Bi)cosx + (Áx 4-By)sinx. 29. y = A + (Aix + Bye™ + e'(Aacos x + Bisin x). 
30. у = Cicos x + Cysin x + cos x In|cos x| + x sin x. 31. y = C, + Cre” — sine’. 


32. у = С + 22 33. y = Cicos(In x) + С ѕіп(10 x), x > 0. 


Chapter 19 


Systems of Differential Equations 


19.1 Essentials. Definitions — 


A system of differential equations models even the simplest problem 
of particle dynamics: given the forces acting on a particle, find the law 
of motion, i.e, find the functions x = x(t), у = y(t), z = z(t), which express 
the dependence of the coordinates of a moving particle on time. The system 
that results in the general case has the form 


dx dx dy dz 
di? = s(t X, J, 2, dt' di’ 2 
ty | 
22 = «(^ x, у 2, а а, а) , (19.1) 
d. dx dy a) 
d? | a(i PrE T aë ш) 


Here x, y, z are the coordinates of a travelling particle, ¢ is time; f, g, A 
are known functions of respective arguments. 

A system of the type (19.1) is knówn'as a canonic system. Turning to 
the general case of the system of m differential equations with m unknown 


functions xi(f), (0), ..., Xm(f) of t; we will treat as canonic the system 

of the form | | 
ие E а Pede Жу Жду о We M). 
{== 1, 2, т 3019. 2) 


which is solvable for the highest-order derivatives. A system of first. order 
equations solvable for the derivatives of the desired functions у 


= filt, Xi, 0,0...) (= 1, 2, ..., n) ee) 
is called a normal system Ў 
If xj, x7 ..., x" іп (19.2) are taken to be new auxiliary functions, 


then the general canonic system (1912) can be replaced by an equivalent 
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normal system consisting of N = kj + А +... + km equations. There- 
fore, it is sufficient to consider only normal systems. 

For example, one equation 920/012 = —x is a special case of the canonic 
system. Setting dx/dt = y, we will have dy/dt = —x from the original equa- 
tion. As a result, we will have the normal system of equations 


dx 
dt 
dy_ _ . 
аа: 


=), 


equivalent to the original equation. 
Definition. Any system of n functions 


x; = xy(t), 2 = xxt), ..., Xn = x«t), (19.4) 


differentiable on the interval а < ¢ < b, such that it turns the equations of 
(19.3) into identities in £ on the interval (a, b) is called a solution of the 
normal system (19.3) for t defined on the interval (a, b). 

The Cauchy problem for the system (19.3) is formulated as follows: find 
the solution (19.4) of the system such that at £ = to it obeys the initial con- 
ditions 


Xt | rete = Xl, X | cate = х0, -eer X | ө» = XR (19.5) 


Theorem 19.1 (on existence and uniqueness of the solution of the 
Cauchy problem). Let (19.3) be a normal system of differential equations. 
Suppose that the functions fi (t, X1, X2, ..., Xn), і = 1,2, ..., n, are defined 
in a certain (n + 1)-dimensional domain D of the variables t, xy, xa, ..., 
Xn. If there exists a neighbourhood Q of a point Мо (to, Xi, x9, ..., х") 
where f; are continuous in the multitude of arguments and have bounded 
partial derivatives in хі, Xa, ..., Xa, then there will be an interval 
lo — Ло < £ € to + ho where there exists a unique solution of the normal 
system (19.3) satisfying the initial conditions xy | rem = Xt, xil i-e = 
Xo ion er Xaltan = es 

' Definition. A system of n functions 


xi = X(t, Cy, Co, ..., Cn) ( = 1, 2, ..., n) (19.6) 


of t and л arbitrary constants: Cj, Сх, .. ., Cn, is called the general solution 
of the normal system (19.3) in a certain domain 0 where there exists a 
unique solution of the Cauchy problem, if : 

(1) for any permissible values of Ci, C5, .. Gn the mn e» 6 turns 
equations (19.3) into identities; j 

(2) in Q the functions (19.6) solve any Cauchy problem: Goo 
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Solutions that are deduced From the general one for concrete values 
of Ci, Cs, ..., C, are called particular solutions. 
We will turn for definiteness to the normal system of two equations 


c "dt = A (t, х, xj, 


19.7 

A 2 (l, xi, X2). 0 

We will treat the system of values of /, xı, x» as the Cartesian coordinates 

of a point in a three-dimensional space with the system of coordinates - 

Otxix2. The solution x; = AO. хә = x(t) of the system (19.7), which at 
t = tá assumes the values xt, x$, defines in the space a line passing through 

the point Mo(to, x1, x9). This line is known as the integral curve of the 

normal system (19.7). The Cauchy problem for (19.7) can be given the fol- 

lowing geometrical treatment: in the space of £, xi, x it is required to find 

the integral curve passing through a given point Mo(to, х?, x$) (Fig. 19.1). 
Theorem 19.1 cstablishes the existence and uniquenes of such a curve. 





Fig. 19.2 


The normal system (19.7) and its solution can also be treated as follows: 
we will view the independent variable ‹ as a parameter, and the solution 
xi = x, (4), x = xx(t) of the system as parametric equations of the curve 
in the xix;?-plane. This plane of the variables ху, x2 is called the phase plane. 
In the phase plane the solution xc xi(f), хә = x(t) of (19.7), which at 
t = to takes on the initial values х?, x2, is shown by the curve AB, passing 
through Mo(x$, x9) (Fig. 19.2). This curve is termed the path (trajectory) 
of the system (phase path). The path of (19.7) is the projection of the in- 
tegral curve on the phase plane. From an integral curve the phase path 
can be determined uniquely, but not vice versa. 
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19,2 Methods of Integration 
of Systems of Differential Equations 


One of the integration methods is infegration by elimination. A spe- 
cial case of a canonic system is one equation of order л solvable for the 
highest-order derivative 


х@ = fU x x’, OO. 


Introducing the new variables xy = х'(0), x; = x" (0), ..., хаа = x ^ (t), 
we replace this equation by the following normal system of n equations 


dux (19.8) 





ахд -1 
dt : 

ie, one equation of nth order is equivalent to the normal system (19.8). 

The reverse is also true, i.e., generally speaking, a normal system of n 

equations of the first order is equivalent to one equation of order n. It 

is on this that the elimination method of integration of a system of differen- 

tial equations is based. It is done as follows. Let there be a normal system 
of differential equations 


dxi 


= f(t, X, xit e. Xn-1), 


dr (f, Xi, Хз, ...› Xn), 

m. Silt, Xr, X2, (59 Xn), 

Lo MP Е ТРАЕ (19.9) 
dX, 

= = fit, X1, X2; , Xn) 


We differentiate, for example, the first equation in (19.9) with respect to /: 
ах aA, Ada, дав | A са 
ай at ax dt ðn dt ` дф dt . 








ш dx,/d! on the right-hand ‘side by the expressions SiG, ха, 
X2, ...› Xn) yields 


d'n afi, ал ah ал, 7 
ade at ac E met: om Sat, Xi, Xo, o.o, Xa), 





19.2 Methods of Integration 207 


ie, an expression of the form 


2. А 

рон. (19.10) 
И, dt 
This equation is again differentiated with respect to t. Using (19.9), we get 

dixi дЕ, дЕ, LR 

rM D MEE сш 
or 

dixi ar 

т = P(t, х Хэ, ...› Хд). А 


If this process is continued, we get 


а* 

a = Falt, X5 X23 y Xu), 
d SOR AR de ee gles i E E 
рут m Feci а, Hay sos X 
d"x, 





z = Filt, xu X2, «++» X 


We assume that the determinant (the Jacobian of the system of Functions 
Л, Fr, зз Fi -1) 





3h Әл af 
àx; дху OXn 
Р, Fos .... F.-) | 98. OF, aF 
“Dix, хз, ...X*) |n 9» 0X, 
Ё, 1 OF n - дЕ, - 1 
“Ox, a (x. 


is nonzero for the values of x2, xi, ..., x, in question, viz., 


DU, Fi, oes Fa-1) 
GI E ee x i 19.11 
D(x, Ady xy Xn) ( ) 
The system of equations containing the first equation in (19.9) and the 
equations 


аху = d" ^ ly, Е" 
а? 26...29 ae!) I8 -a(t, Xi, X2, ...‚, Xn) 


will be solvable for x2, x, ..., Xn; which are expressed in terms of /, x1, 
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dx,/dt, ..., а хаа", Entering these expressions into 
d"xi | 
РШ = Lt, Хү, Ny 75953 Xu) 


yields one equation of order л 
d"x dx а" lx 
im = Ф (« x, T PES ^e) . (19.12) 


It follows from the way it was derived that if xi(t), xx(t), ..., x«(f) are solu- 
tions of (19.9), then x1(f) will be a solution of (19.12). Conversely, let xi(1) 
be a solution to (19.12). If we differentiate this solution with respect to 


dxi а" !vi А 
t, we get ucc gm We get these values as known functions of ¢ 
in the system of equations 
dx dix 
P = fit Xt, 22, ..., Xn), a = Ft, xi, Х2, ..., Andy wees 
а" 59 
uec Ha Xn X2, ...‚ Ха). Е 


By our assumption, this system can be solved for x», xs, ..., Xn, le, X2, 
Xa, ..., Ха can be found as functions of /. 


It can be shown that the system of functions 
ху = X(f), Xo = xxt) ..., Xa = X(t) 


constructed in this way is a solution to (19.9). 
Example. Integrate the system 


dx dy 
—- = = —X. 13 
di Y, dr x (19.13) 
: ERE Я : d'x dy ; 
-4 Differentiating the first of these, we will get di = dr' whence, using 
ч 2 
the second equation, we will have + x= 0, ie, a linear differential 


equation of the second order with constant coefficients and one unknown 
function. Its general solution has the form 


x(t) = Cycost + С›5їп Ё. 
From the first equation we find 
y(t) = -Cisint + Cicos t. 


It is easy to verify that x(f) and (f) at all Cı and C» satisfy the given system. 
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— 


Functions x(/) апа x(t) can be represented in the form : 


xe Asin д, уе лс pu) C 19.14) 


Aud so the integral curves of (19.13) atc helical lines with lead A = 2x and 
general axis x = y = 0, which is also an integral curve (Fig; 19.3). 

^ Eliminating in (19.14) the parameter ¢, we obtain the equation 
х + у? = A’, since the phase paths of the system аге circles with the centre 
at the origin of coordinates, i.e, projections of the helical lines on the 


xy- plane. i 


St 





Vig. 19.3 


At A = 0 the phase path consists of one point x = 0, y = 0, called the 
stationary (or rest) point of the system. Р | 
Remark. |t may happen that the functions хә, Xs, ..., Xn cannot be 
: : dxi d' !х\ 
found in terms of 4, xi, ——, 222, — Me 
dt di^! 
nth-order equation that is equivalent to the initial system. A simple example 
is the system | 
dx Р dx; 


-- = Дэ, 


‘dt 


. We cannot, therefore, есі the 


dt 


An equivalent second-order equation in xi or x? cannot bé found. This 
system is composed of a pair of first-order equations, each of which is 
independently integrable (yielding x = Cie‘ and x? = C;e'). > 
Normal svstems 
dx 


qr Kis Reeves We 2. stadt (19.15) 


are somelimes integrated by the method of integrable combinations. ``: 
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An integrable combination is a differential equation that is a conse- 
quence of the system (19.15), but now readily integrable. 
Let us integrate, for example, the system 


dx dy 
A = у SS NX, 
di 7^ dt 
~A Adding these equations together term by term yields the following in- 
tegrable combinations: 

a(x + y) 


ПЕ T3 


hence x + y = Се". 
Substracting term by term the second of these from the first one, we 
will obtain another integrable combination: 


ORE _ 


dt (x - y), 


hence x — y = Се“, We have thus obtained two end results 
x + y = Се", х- у= Qe"; 

from which we can readily cleduce the general solution of the system: 
x0 = (Cie! + Свет), 0) = 5 (Cie! - Оет). > 


One integrable combination yields one equation 
Pil, Хі, Му 55 Xn) = Ci, 


thal relates the independent variable ¢ to the unknown functions xi, 
X2, ...› Xn. Such a finite equation is known as the first integral of the 
system (19.15). More precisely, the first integral of the system of differential 
equations (19.15) is a differentiable function (f, xi, л, ..., Xn) that is 
not identically constant but constant on any integral curve of the system. 

If the first л! integrals of system (19.15) have been found and all of them 
are independent, i.e., the Jacobian of the set of functions $i, ..., Ф, is 
nonzero: 








oP, ap, av; 
дх\ 0x2 UU Xn 
e a a a #0, 
0$, of, ah, 
x 23x x, 


then the problem of integration of system (19.15) is solved, since from the 
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system 
Ф, (t, Xp А, à Xn) = C, 
Ф, (f, Xn, х2, ..., Xn) icm C2, 
at Bee a лоба Siar ЕГО E ERE 


Ф, (t Xn х2, ..., Xn) = Ch, 


we find all the unknown functions xj(f), x2(f), ..., х„(0). 


19.3 Systems of Linear Differential Equations 


_ А system of differential equations is said to be linear, if it is linear 
in the unknown functions and their derivatives present in the equations 
of the system. A system of 7 linear first-order equations, written in normal 
form, is 


dx, = 
s - ` aN + fil) — GM 2.. ny (19.16) 
j=l 
in matrix form 
dX _ 
ue AX +F, (19.17) 
where 
xi(t) ii) 
x(t) Xt) 
X = : n F = i : 
Xn(f) ЛО) 
ant) — ai) а1„(0) 
a(i) — ax) (0) 
А ПРИОРИТЕТНОЕ 
ал100) amli) ee Qn,(1) 


Theorem 19.2. If all functions aj; (f) and fi(t), i, j= 1, 2, ..., п, are 
continuous on the interval a < t Sib, then in a sufficiently small neigh- 
bourhood of each point Mo(to, Xi, х3, . . ., X), where ta € (a, b), the condi- 
tions of the iheorem on the existence and uniqueness of the Cauchy 
problem are satisfied, and so through each such point passes only one in- 
tegral curve of (19.16). 

In this event, the right-hand sides of (19.16) are continuous in the collec- 
tion of arguments f, xi, X2, . . ., Xa and their partial derivatives with respect 


14+ 
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to xj, / = 1, 2, ..., n, arc bounded, since these derivatives are equal to 
the coefficients ay (/) that arc continuous on the interval [a, b]. 

We introduce the lincar operalor L = d/di -- А 

System (19.17) then becomes 


LIX] = F. (19.18) 


If F is a null matrix, ie, f (0) = 0, i= 1, 2, ..., n, in the interval (a, b); 
then system (19.17) is called a linear homogeneous system and has the form 


L[X] = 0. (19.19) 


We will give some theorems that establish the behaviour of solutions 
to linear systems. 

Theorem 19.3. [f X(t) is a solution of a lincar homogeneous system 
L[X] = 0, then cX(t), where c is an arbitrary constant, is also a solution 
of the system. 

Theorem 19.4. The sum X(t) + Xz(t) of two solutions X(t) and Xx(t) 
of a homogeneous linear system of equations is a solution of the system. 

m 


Corollary. A linear combination >} СХ) with arbilrary constant 
i=l ie 

coefficients c; of the solutions Xi(t), ..., X4(0) of the linear homogeneous 
system of differential equations L[X] = 0 is a solution of the system. 

Theorem 19.5. If X(t) is a solution of a linear inhomogeneous system | 
LIX] = F, and Хо) is a solution of the corresponding homogeneous sys- 
tem L[X] = 0, then the sum X(t) + Xo(t) will be a solution of the in- 
homogeneous system L[X] — F. 
"4 As stated, L[X] = F, L[Xo] = 0. Using the property of additivity of 
operator L, wc oblain 


L(X + Ху) = L[X] + L(Xo] = F. 


This means that the sum X(/) + Xo(/) is a solution of the inhomogeneous 
system L[X] = F. 
Definition. Vectors Х,(/), X2(), .. 


хук (0) 
Xn (0) 


<- X,(f), where 


Xx (t) = i 
Xnk (0 
аге called linearly dependent i in the interval a < f < b, if there exist cons- 
‘tant numbers өз, Q2, ..., On such that 


к I Ў arXi(t) + eaXx(f) T: ‚+ «„Х„(й) = =0 и | ы (920) 
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for ( € (a, b), and at least onc of e is nonzero. If (19.29) holds only at 
a= 02 =... An = 0, then the vectors X1(4), X, 0), . ...Х.(0) are called 
linearly independent in (a, b). 

It is worth noting that one vector identity (19.20) is бшш to n iden- 


tities 


аб, 
k=l 

> AkX2k (0 = 0, 
ke 


У) Ск Xnk (0) = 0 


k=} 


The determinant 


xul — xiz(0) Xin (0) 

Xa (i) х (4) Xan (t) 
wine | : : 

Xni (0) Xn (0) Xnn (0) 


is called the Wronskian of the set of vectors Х; (/), Х; (1), ..., Xn (Ù. 
Delinition. Consider the linear homogeneous system | 


dX 


dX — A (0X, ! (19.21) 


where A (/) is an n x n matrix with elements ai; (1). The system of л solu- 
tions Х, (0), X2 (1), ..., Xn (t) of the lincar homogeneous system (19.21) 
which are linearly independent in the interval a < t < b is called a fun- 
damental set. | | 

Theorem 19.6. The Wronskian W (t) of a fundamental set in the interval 
a < t « b of solutions of system (19.21), whose coefficients aj; (1) are con- 
tinuous on a < t <b, is nonzero at all points of the interval (a, b). 

Theorem 19.7 (on structure of general solution of a linear homogeneous 
system). The general solution in the domain a « t «b, |x| < +œ, 
k — 1, 2, ..., n, of the system (19.21) with coefficients а; (t) continuous 
on the interval a < t < b isa linear combination of n linearly independent 
in the interval a < 1 < b solutions X, (0), X2 (0), ..., X; (t) of (19.21): 


Хо = 2 ciXi (0), 


iz1 273 


where су, C2, ..., Сл are arbitrary constants. 
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For example, the system 
da _ ах 


di Sap M 


has, as is easily checked, the solutions 


xv) = ( d): Х,() = о) 
—sin f cos ¢ 


These solutions are linearly independent, since the Wronskian is nonzero, 
ie, 


W (t) = 
(0 —sin/ cost 





cos! sint | 


The general solution of the system is 
X (f) = ах, (0) + eX» (0) 

or X1 (4) = cicos t + cosin f, 
хә (i) = —су$їп / + cicos ft, 


where ci, с are arbitrary constants. 
The square matrix 


xa) xal) / ... х (0) 
X21 (t) X22 (0) ore Хэл (t) 
Xnl (2 Xn2 (0) Xnn (2) 


whose columns are linearly independent solutions X, (¢), X2 (1), ..., Xn (0) 
of system (19.21), is known as the fundamental matrix of the system. It 
can easily be verified that the fundamental matrix obeys the matrix 
equation 

da 2 

== = А (20. 

di А (02 (t) 

If Z'(t) is the fundamental matrix of (19.21), then the general solution 

of the system can be represented as 


X (0 = KOG (19.22) 
e 
C2 ^s 
where C = : is а constant column matrix with arbitrary elements. 


Cn 
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Setting in (19.22) / = (o produces 

X (o) =-7()C — hence — C =:2 7 Wo) X (0). 
Ficrefore, 

X (1) = ^ (277 ! (t9)X (to). 


The matrix .7 (2^7 ! (to) = K (t, to) is called the Cauchy matrix. In 
terms of the Cauchy matrix the solution of (19.21) can be represented as 


X(t) = K (t, to)X (to). (19.23). 


Theorem 19.8 (on structure of gerieral solution of a linear inhomogene- 
ous system). The general solution in the domain a < t < b, хі < +оо, 
К = 1, 2, ..., n, of the linear system 


“к u =A()X+F(O (19.24) 


with coefficients aj (1) and right-hand sides fi (t) continuous for a < t < b, 
n 


is the sum of the general solution У) cyX« (t) of the corresponding 
k=l 

homogeneous system and some particular solution X(t) of the in- 

homogencous system (19.24): 


Хун. = Xg.h. + Хь. 


Given the general solution of the lincar homogeneous system (19.21), 
a particular solution of the inhomogencous system can be found by varia- 
tion of constants (Lagrange method). Indeed, let 


X(0-2 5 ceXe (0) 
k=l 
be the general solution of (19.21), .then 


oe =A(OX(),  te(a b) (kK =1,2,..., n). 


Here Xx (f) are linearly independent. 
We will seek the particular solution of the inhomogeneous system 
(19.24) in the form 


n 


X(0-2 У e(t Xx(0, (19.25) 


k=1 


where cy (t), k = 1, 2, ..., n, are ünknown functions of г. Differentiating 
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X (0) with respect to t gives 


dX : A dX i , 
dX. atta Ур «0.00. 
k=1 kel 


Substituting X (4 and dX/dt into (19.24) yields 


Dy (0 (GE лох.) + x ch (OX 0 = F Q). 


k-l kel 


Since dX,/dt — А (t) Xx (0) = 0, then we will determine су (f) from 


D ck (O Xs (0) = F (0, 


ot, if we expand it, 


сї (xui (д) + с (iz (0) +... + с (os () = fi (0 
РЕЛ RE nT Oe TiN OR OA (19.26) 


ci ()Xmi (0 + cz ()xez (0) +... + ca (0х (0) = fa (D. 


System (19.26) is a linear algebraic system in су (f), whose determinant is 
the Wronskian W (t) of the fundamental set of solutions X, (t), X2 (0), ..., 
X4 (t). This determinant is nonzero everywhere in the interval a < í < b, 
since (19.26) has the only solution 


cKO = ex() (k=1,2, ..., n), 
where qx (f) are known continuous functions. Integrating these gives 

cx (t) = | ex (0 t (k 21,2, ..., n). 
Substituting these values of ск (t) into (19.25), we find the particular solu- 
tion of (19.24) 

Ky = 2 X (0 øx (Nadr. 


Here [ex (0)! is assumed to be one of the antiderivatives for yx (0). 


19.4 Systems of Linear Differential Equations - 
with Constant Coefficients o. 


Consider the linear system of differential equations 


n 


ан 5 aix; + fi(t) - (t = 1, 2, Lee Hs 


jel 
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where all aj; (i, j = 1, 2, ..., n) are constants. Such a system can be integrat- 
ed by reduction to one equation of a higher order, which willialso be linear 
and with constant coefficients. Another effective method of integrating sys- 
tems with constant coefficients is the Laplace method. | 

7“ We will consider the Euler method of integrating linear homogeneous 
systems of differential equations with constant coefficients. We will seek 
the solution of the system 


dxi 
—,- = ах + dizX) +... dinXn, 
dt 
dx 
чї = 031X1 + d22X2 +... + danXn, (19.27) 
dx, i 
—;- = AnXi + а20 +... + AnnXn 
dt 
in the form 
ху = оцем, о = asc", e XR = олем, i (19.28) 


where №, сц, @2, ..., o, arc constants. Substituting xx in the form (19.28) 
into (19.27), cancelling out е^, and gathering all the terms on one side of 
the equality, we will arrive at 


(а — X)ai + 1203 +... + аа = 0, 

ауса + (an — Nar +... + Gandy = 0, 

ВЕРЕР PEPENDIT 79: (19.29) 
Anny + ал202 Tog (ann = Nan = 0. 


For system (19.29) of linear homogencous algebraic equations with n 
unknowns ai, a2, ..., сл (0 have a nontrivial solution, it is necessary and 
sufficient that its determinant 


ац = À а12 erase Oin 
a2 à—-^ ... An 

о E = 0. (19.30) 
ат ат in — № 


Equation (19.30) is called the characteristic equation. Its left-hand sidé 
contains a polynomial in А to power n. From this equation we determine 
those values of \ at which (19.22) has nontrivial solutions a); a2, . . ., an. If 
all the roots №, i= 1, 2, ..., n, of the characteristic equation (19.30) are 
different, then substituting them one by one into (19.29); gives the cor- 
responding nontrivial solutions a, a2, ..., аш, i= 1, 2, ..., n, of the 
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system. We thus find л solutions of the original system of differential equa- 
tions (19.27) in the form 

хи = aie, хи = aie, ..., Ха = nie (і = 1, 2, ..., n) (19.31) 


where the second subscript is the number of the solution, and the first 
one is the number of the unknown function. For the linear homogeneous 
system (19.27) we thus form л particular solutions | 


xd xix(t) 
х%1(0) xxt 
X= H , X2(f) = i , .. 
Xnilt) Xn2(t) 
хіп) 
Xan(f) 
X,(t) = E , (19.82) 
Xan(t) 


which, as can readily be verified, form the fundamental set of solutions 
of (19.27). 
In consequence, the general solution of (19.27) has the form 


X (t) 2 Xi (0) + aX (0) +... + Xn (, 


or 
X1 (0) = CX () + Сохо (D +... + Cn Xin (0), 
х (f) = cuni (t) + cx (t) +... + сахл (0), 
Xn (f) = сүхһү (f) + Xn (D) +... + сахал (f), 

where ci, C2, ..., Сл are arbitrary constants. 


We will not consider here the case where a characteristic equation has 
multiple roots. 


Example. Solve the system : 
dxı . .dx; 
— = — ——— = 2x, — 2 
di x) + 2x2, dt 1 х2 


+4 We will look for the solution in the form x, = eje ! Xy one. The 
characteristic equation 


SEND CU. 
2 12А 


has the roots № =: 1 and № = -3. .;. "cios. i ит o 


2. uat Jub очса m 


19.4 Systems with Constant Coefficients 219 


The system (19.29) for o, and ор looks like . 


pe - Ja, + 2a; = 0, 


Dus + (-1 -Na = 0. о) 


“Substituting ^ = 1 into (+) gives 
p + 202; = 0, 
211 — 2021 = 0, 


hence o2; = ay. Thus 
t t 
Mit = ае, X21 = ayre. 


Putting in (+) \ = —3, we find oo; = —aj2, therefore 


- м ү -3 
Ху = 02€ 1 X22 = — о42е . 


The general solution of the systemi is 


xi (fr) = cia ie! t сзелзе 7 ^ 


х2 (t) = crane’ — cane”, 
or 

xi (t) = Cie + Cie ^ 

Xx (i) = Cie! — Ce 7. в 
We now turn to the matrix method of integration of (19.16). We rewrite 
it in the form 


dX 
р = АХ, (19.33) 
where 
xı (£) 
x2 (t) 
X (t) = j 
Xn (0) 


and A = (aij)i;j-; is an л х n matrix with constant real elements aj. 
We recall some concepts of linear algebra. Vector g ; 0 is called an 
eigenvector of matrix A, if 


Ag = dg. 


Number № is called the eigenvalue of A that corresponds to the eigenvector 
g and is a root of the characteristic equation : 


det (A — М) = 0 А ` 


where I is the identity matrix: `: 
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We assume that all the eigenvalues M, M, ..., An of A are different. 
In that case, the cigenvectors gi, go, .--, Ba are linearly independent and 
there exists an л X n matrix T that reduces А to diagonal form, i.c, such 
that 


ii 0 
№ 
А = Т-'АТ = 3 : (19.34) 
0 № 


The columns of T аге the coordinates of the eigenvectors gi, g2, ..., Ba 
of A. 

We introduce the following concepts. Let B (/) bean n X n matrix whose 
elements bi; (f) are functions of ¢ defined on the set Q. Matrix B (f) is said 
to be continuous on Q, if all of its elements b(t) are continuous on Q. Matrix 
B (7) is said to be differentiable on 9, if all the elements bi; (t) of the matrix 
are differentiable on Q. The derivative dB (t)/dt of matrix D (/) is a matrix 
whose elements are the derivatives dbi; (t)/dt of the corresponding clements 
of B (0). 


xi (t) 
Let B (f) be an n x n matrix, and X (0) = | ж (4 be a column 
vector. : 
Xn (0) 


Using the rules of matrix algebra, we can make sure by direct check 
that the Eos formula holds: 


E а (В ()X (0) = 80 X (0 + в() 2X a. (19.35) 


Specifically, if B is a constant matrix, then -7 а (Вх (0)) = В а, since 
is the null matrix. 

Theorem 19.9. Jf the eigenvalues Xi, №, ..., М Of a matrix А are differ- 
ent, then the general solution of the system (19.33) has the form 


X (t) = cie^fg; + сев +... + cue Mg, (19.36) 


where gi, £2, ..., ga are the column ни of A, and ci, ©, vs 
Cn are arbitrary constants.. : T 
-4 We introduce а new unknown column ‘vector: Yo by o d д 


X (t = TY (0), ssa a (19.37) 
where T is a matrix that reduces A to diagonal form. Substituting X (f) 


bie 
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from (19.37) into (19.33) yields 

I ogy 

1 ш * ATY. 


prémultiplying both sides of this byT ^! and considering that T'AT =A, 
we arrive at 


dY 


a 
or 
dy, 
"dt = = №), | 
dy | 
ar = №у, (19.38) 
д derer 
di ^ 


We have thus obtained a system of л independent equations which is easily 
integrable 


` At At 
yim ce, y) = coe, ..., ys = сле“. 


Here ci, с, ..., C, are arbitrary constants. 
Introducing unit n-dimensional column vectors 


1 0 0 
0 1 0 
0 0 0 

е = : ` с: = E , » © = Н 
0 0 0 
0 0 1 

we can represent the solution Y (/) as 
Y (0 = пече + семе +... + cie Mes. | (19.39) 


Ву (19.37), we have X (f) = TY (t). Since the columns of T are eigenvectors 

of A, then Тек = рк, where рк is the Ath cigenvector of А: Therefore, sub- 

stituting (19.39) into (19.37), we will obtain (19.36). P= ef. :: :: 
Thus, if the matrix A of the system (19.33) has different cigenvalues, 


to obtain the general solution of the system it is necessary: ^ 7777€ 
(1) to find the eigenvalues ^i, m 7, А of the matrix as roots s of ше 
algebraic equation det (A — AI) = RO hn Е Е 
(2) to find all the йы ен к gc gay Sh 2000 гас 





(3) to write the general solution of (19.33) using (19: 39" euni. 
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Example. Solve the system 


dx 

di =3x+y, 
dy _ 
mt 


~ Matrix A of the system has the form 


_{3 1 
Жы ( 3! 
(1) We set up the characteristic equation 


3 – л 1 


det(A = XD = | a О 





or 
7-5. + 4 = 0. 


The roots of the equation аге ^, = 4 and à; = 
(2) We now find the eigenvectors 


Ри 821 
AT (5). - (89. 
For \ = 4 the system becomes 


| -gı + #12 = 0, 
2g11 — 2812 = 0, 
1 
1 


hence 211 = #12, Since gi = 
For А = 1 we similarly find g = ( 


1 
-2 
(3) Using (19.36), we obtain the general solution of the system 


x (f) EM 4 1` at 1 
(у) eid e, TAS (2) 


x(t) = ае“ + cre’, 
y() = се“ — 2c 9 


or 


A characteristic equation may have real and complex roots. Since the 
coefficients ay of the system (19.33) are assumed to be real, then the charac- 
teristic equation det (A — M) = 0 will have real coefficients. Therefore, 
along with the complex root А it will have the root À', which is a complex 
conjugate to X It can easily be shown that if g is the eigenvector correspond- 
ing to the eigenvalue }, then №“ will also be the eigenvalue to which cor- 
responds the eigenvector g', which is a complex conjugate to р. 
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When А is complex, the solution X = eg of (19.33) will also be com- 
plex. The real part X, = Re (e"g) and the imaginary part X» = Im (ер) 
of this solution will again be solutions of system (19.33). Corresponding 
to the eigenvalue À' will be a pair Of real solutions X, and — X2, i.e., the 
&ame pair as for \. And so corresponding to the pair \ and A" of complex 
conjugate eigenvalues is a pair of real solutions of (19.33). 

Let M, X, ..., А be real eigenvalues and № +1, №, Akan 
М +з, ... be complex eigenvalues. 

Any real solution of (19.33) will then have the [orm 


Х (0) = eg, + oeg +... + скер 
+ Cea 1Ве (ege +) + ск +21т (gui) +... 
where c; are arbitrary constants. 


Example. Solve the system 
dx 


ae ОЕ 
dy 

7 = 3м - А 
dt 3x y 


< The corresponding matrix is 


M 


(1) The characteristic equation is 


E -3 


3 Peo 





or 
(1-3)! 49-0. 


Its roots are № = 1 + 3/ and № 24 — 3i. 
(2) The eigenvectors of the matrix are 


e e= Q 


(3) The solution of the system. is 


Gg) eem C) eO 


where a, and a2 are arbitrary complex constants. 
We now wish to find the real solutions of the system. Using the Euler 
formula e” = cos o + ising, we get 


auf 1\ _ [(cos3t\ , -f іп; 
s (2) 3 s) + if EI 
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Any real solution will thus be 
x(t) cf C08 34 t sin 3t 
= + 
ey 2 ‘ee xj T ( — cos 3t 


X (0) = cie' cos 3t + coe! sin 31, 
y (t) = сүс' sin 3t — cee’ cos 3t, 


or 


where cı and c are arbitrary real numbers. *- 


Exercises 


Integrate the following systems by elimination: 


М: 2 
chs en 2y, ere 3x — 2y, Js » 
1 dt 2 3. dt 
dy dy d'y 
-l = 2x — Д nd E —. 2x — k AME ЖЫ 
dt ? dt x dt? 


Integrate the following systems by the method of integrable combi- 
nations: 


ax dx | 

=z = х+ у, —3 7 
4, ) % 5149 y 

dy... dy | 

g copa dí x 

Integrate the following systems by the matrix method: 

6 7. 

dy 44 dy . 

di^ t 4X d ^t 

Answers 


Ц 


C; : 
1. х= Cie + Ge" у = Се! - Се“. 2. x = (Cr + = e' + Cite’, y 
Cie! + Сис", 3. x = Ciel! + Coe! + Cy sint + Cycost, y = Cie! + Cre’ — Cysint — 
2 2 
Cacost. 4. х= Ci + Се - ———--— ‚ у= -C + Ce! tz -—-l. 5. x= 
2t i, 
= e 6. x = Cie’ + Ce”, y = —Сүе' + ЗС 7. x = Cye'cost + 


2 г " 
Cre‘ sin t, y = Cie'sin t ~ Caef cost. MN 


УС + С), у = 





Chapter 20 


Stability Theory 


20.1 Preliminaries 


Let us now look at how solutions to the Cauchy problem deperd | 
on the initial data. 
Consider the Cauchy problem 


F X e f(t, x), (20.1) 
jm = No. (20.2) 


If the function /(/, x) is continuous in the collection of jarguments and 
has a bounded derivative д//дх in a domain 0 of f, x that contains a point 
(fo, хо), then there exists a unique solution to the Cauchy |problem (20.1)- 
(20.2). Changing the valucs of ѓо and хо will also change the solution. One 
question important for applications is: just how will this affect the solu- 
tion? This is also a question of principle. 1f some physics problem comes 
down to the Cauchy problem then the initial values are toj be found from 
experiment and we cannot vouch for the precision of thè measurement. 
And if arbitrarily small changes in initial data are able to drastically change 
the solution, then the mathematical model will hardly: be suitable to 
describe the real process. 
The continuous dependence of the solution on the initial conditions 
is established by | 
Theorem 20.1. 7f the right-hand side f (t, x) of the differential equation 
(20.1) is continuous in the collection of variables and has a bounded partial 
derivative д//дх in a domain G of t, x, then the solution 
x() = x(f; fo, xo) that satisfies the initial condition x (to) = xo, where 
(fo, xo) € G, is continuously dependent on the initial data. 
In other words, suppose that through a point (fo, xo) passes the solution 
x (£) of (20.1) defined on the interval a < ! < fj, to € (a, 8). Then, for any 
є > O there exists 6 > О such that for Ifo — tol < ô, 150 — xol < ô the solu- 
tion X (f) of (20.1) that passes through (lo, Xo) exists on le В] and differs 
there from x(/) by less than є: 
Ix() - x) <Е — vtelo, 8]. 
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A similar theorem is valid also for the system of differential equations 


s = Silt, x1, Xn... X) (1, 2, 2... n) 

t 

If the conditions of Theorem 20.1 are met, there exists a solution to the 
Cauchy problem that is unique and continuously dependent on the initial 
conditions. The Cauchy problem is then said to be correctly formulated. 
It is of significance that the interval (c, В] of ! is finite. In many problems, 
however, we are interested in the dependence of the solution on the iuitial 
data in the infinite interval fo < ¢ < + о, The transition from a finite inter- 
val in which we consider the continuous dependence of the solution on 
the initial conditions to an infinite one changes dramatically the nature 
of the problem and examination procedures. The problem comes under the 
heading of stability theory due to A. Lyapunov. 


We will now sketch the idea of the extendibility of solutions. Suppose 
we have a system 


dxi 
dt 


where / is an independent variable (time), xi (£), x2 (0), ..., Xn (0) are the 
desiréd functions; f; (f, x1, X2, ..-, Xa) are functions defined for t € (a, + oo) 
and xj, Xs, ..., Xn from a domain D C R”. If fi(t, xi, Xo, ..., Xn), 
і= 1,2, ..., n, are continuous in their domain in the collection of argu- 
ments and have bounded partial derivatives in x1, x2, . . ., Xa, then for (20.3) 
holds the local theorem of existence: for each set of values (to, х0, х0, ..., 
xD), to € (a, + ос), (х0, x9, ..., х) € D there exists the unique solution x (f), 
х› (t), ..., Xn(Q of (20.3) defined іп an interval (fo — ho, to + ho) C 
(a, +œ) of ¢ and subject to the initial conditions 


х(0) = х0 (i1,2, ..., n) (20.4) 


= fill, х, 0, ..., Xn) (i21, 2, ..., n), (20.3) 


We introduce the following concepts. Let xi(t), x2 (£), ..., Xa (0) be a 
solution of the Cauchy problem (20.3)-(20.4) defined in an interval / — 
(fi, #2). This solution can be extended to a larger time interval. 

The solution y; (f), уг (0), ..., Yn (0) is called the extension of the solu- 
tion xi (f), x2 (0, ..., Xn (£), if it is defined in a larger interval J; D J and 
coincides with x (f), x2 (0), ..., х. (t) when ГЄ]. 

A solution is called infinitely extendible: (infinitely extendible to the 
right or left), if it can be extended to the entire axis — eo < f < +œ (to 
the half-axes fo < t < +оо or – осо < t € fo, respectively). ' 

Later in the chapter we will need to know whether there exists the solu- 
tion x; (0), i= 1, 2, ..., n, for fo & f < +оо (global existence theorem). 
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ponon 


The property is inherent in the linear system 
dxi . : 
"m ai (xj + fi (t) (21,2, ..., л), 


a i=l 


where ai; (f) and fi (4 are continuous functions on [fo, + œ). Each of its 
solutions x; (£), i = 1, 2, ..., n, exists оп [fo, +) (infinitely extendible 
to the right) and is unique. Not all systems have such a property. 

For example, for the scalar equation 


dx 2 S 
di (20.5) 
the function f(t, x) = x? is continuous and has derivatives of all orders 
in x. It can easily be checked that the function x = o/(1 — ot) is a solution 
of the problem 
dx 2 


= =x 


di x(0) = a, а> 0. 


However, this solution only exists in the interval ( — œ, 1/c), which depends 
on the initial conditions, and is noti extendible Io the interval ( — со, 1/a]. 

Equation (20.5) is the equation. of superfast multiplication, when the 
growth of a population is proportional to the number of all pairs possible. 
Its solution shows that within a short span of time the population increases 
beyond limits (whereas the actual growth law is exponential). 

Problem. Show that the solutionito the equation dx/dt = x? + 1 cannot 
be extended in an infinite manner to the right or left. 


20.2 Stability in the Sense of Lyapunov. 
Basic Concepts and Definitions 


Consider the differential equation of the first order 
dx 


dt = (1, x), (20.1) 


where f(t, x) is defined and continuous for f € (a, + oo) and x from a do- 
main D and has a bounded partial derivative д//дх. Let a function x = ø (/) 
be a solution of equation (20.1) that meets the initial condition 
x | 1249 = Q (fo), fo > a. Suppose that x = д(/) is a solution of the same 
equation but satisfying another initial condition x | ¿=r = x (to). It is also 
Supposed that the solutions ф (f) and x (/) are defined for all г > to, ie., 
they are extendible without limit to the right. 
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Definition. A solution x = « (f) of (20.1) is said to be stable in the sense 
of Lyapunov, as. t > + eo, if for any £ > 0 there exists 6 = (c) > 0 such 
that for any solution x = x (f) of the equation from the inequality 


Ix(to) — e(fo)l < ô (20.6) 
follows the inequality 
Ix(t) - e(t! «c. (20.7) 


for all ¢ > fo (we can always assume that ô < £). 

This means that all solutions whose initial values are close to those of 
the solution x = «(/) remain close also at all ¢ 2 fo. 

Geometrically, this means the following. The solution x = e(t) of (20.1) 
is stable if, however narrow an &-band containing the curve x = (f), all 
of the integral curves x = x(¢) of the equation that are sufficiently close 
to it at the initial moment of time / = tọ are all contained in the e-band 
at all ¢ 2 to (Fig. 20.1). 





Vig. 20.1 Vig. 20.2 


If for arbitrarily small ô > 0 at least for one solution x = х(/) of (20.1) 
the inequality (20.7) does not hold, then the solution x = (f) of the equa- 
tion is said to be unstable. We should also regard as unstable a solution 
inextendible to the right as { > + с. 

Definition. A solution x = (t) of (20.1) is said to be asymptotically 
stable if .— : | 

(1) it is stable; А 

(2) there exists à; > 0 such that for any solution x = x(/) of equation 
(20.1) satisfying the condition Ix(fo) — e(to)! < 51, we have 


lim Ix(r) — «(01 = 0. 
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This means that all solutions Hose initial conditions are close to the 
asympototically stable solution x = e(/) not only remain close to it for 
{> fo, but also approach it without bound as / > + со, Consider a simple 
physical model: a ball lies at the bottom of a hemispherical depression (in 

Пе equilibrium position). If we slightly disturb the ball from its equilibri- 
um, it will swing about it. Without friction the equilibrium will be stable, 
with friction the oscillations of the ball will decrease with time, i.e, the 
equilibrium will be asymptotically stable. 

Examples. (1) Examine for stability the trivial solution x = 0 of the 
equation 


dx — | * 

IF 0. i (*) 

-4 The solution x = 0 will clearly тесі the initial condition x | s= = 0. 

A solution of (*) that satisfies the initial condition x| =» = Хо has the 

form x = xo. It is easily seen (Fig. 20.2) that, whatever the e-band around 

the integral curve x = 0, there exists ô > 0, e.g., 6 = є, such that any integral 

curve x = xo for which Ixo — 01 < à wholly lics within the c-band for all 

t > ty. Hence the solution x = 0 is stable. There is no asymptotic stability 

since the straight line x = xo does not tend to the line x = 0 as f > + œ. > 
(2) Examine for stability the trivial solution x = 0 of the equation 


LN (a = const). (8 


<4 The solution of equation (**) with the initial condition Хз = xo has 
the form 

X = Xn? -an(t- LU 
Take any є » 0 and consider the difference of the solutions x(f) and 
e(t) = 

X(N — e(t) = xoc "^ —0 = (Xa — Oye t 7t; Qu 


Since e^ "7*9 < 1 for all £ > to, it follows from (***) that there exists 
ô » 0, eg., ô= e, such that for lxo — 01 < ô = £ we have 


ІК) — e(n! = іо – Ole“ ^9 < e vt 2 


By definition this implies that the solution y(/) = 0 of. (**) is stable. 
Besides, we have 


lim Lx) — e()! = lim lxye7?*79 =0, | 


{э += t= +0 


therefore, the solution y(t) = 0 is asymptotically stable: (Fig. 20.3). > 
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(3) Show that the solution ¢(/) = 0 of the equation 


dx = ax 
dt 


is unstable. 

<¢ For arbitrarily small 1xol the solution x(£) = хое“ ' of the equation 
does not satisfy the condition Ix(t) — 01 = Ixole? 7) < e for sufficient- 
ly large t> fo. Further, for any xo ғ 0 we have Ix(0)li +» > +оо 
(Fig. 20.4). > 










x, 
x 
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Now consider a system of differential equations 


se = Д@, X, Xa A (ф=1,2,...,п), (20.8) 


where fi are defined for a < £ < + о and xi, xs, ..., Xn (Xis X2, ..., Ха 
lying in a domain D) and meet the conditions of the theorem on existence 
and uniqueness of the solution to the Cauchy problem. Suppose that all 
the solutions of (20.8) are extended without limit to the right for / > to > a. 

Definition. A solution e;(£), i = 1, 2, ..., n, of the system (20.8) is said 
to be stable in the sense of Laypunov as t > +œ if for апу € > 0 there 
exists 6 = є) > 0 such that for any solution x;(1), i = 1, 2, ..., n, of the 
system, whose initial values obey 


Ixi(fo) — e(t)! «8 — (21, 2, ..., n) 
the inequalities 
(0) - eX! <e (= 1, 2, ..., n) (20.9) 


are valid for all £ > /o, ie, solutions with close initial values remain close 
for all / > fo: " ie 
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If for arbitrarily small 6 > 0 at least for one x(t), i = 1, 2, ..., n, the 
inequalities (20.9) do not hold, then the solution git) is called unstable. 

Definition. A solution vA), i = 1,2, ..., л, of (20.8) is called asymptot- 
ically stable, if 
(I) the solution is stable; 

(2) there exists 6; 0 such that any solution xi(t), i = 1, 2, ..., п, of 
the system, for which 


Ixi(o) — «i(/)! < ё, (212, ..., n) 
satisfies the condition 
lim Ixi(f) — e(t)! 20 (= 1, 2, ..., n). 


NEL 


Example. Using the definition of stability in the sense of Lyapunov show 
that the solution of the system 


subject to the initial conditions 

х(0) —0, (0) = 0, (**) 
is stable. 
“4 A solution of (*) that meets the initial conditions (**) is A(/) = 0, 


(f) = 0. A solution of the system meeting the conditions x(0) = хо, 
(0) = yo has the form 


X(t) = xo cos t + yo sin f, Ж) = —xosin + yocas t. 


Take an arbitrary £ > 0 and show that there exists 6(€) > 0 such that 
for Ixo — OF < 6 and lys — 01 < 6 we have 


Ix(t) — 01 = Ixocost + yosin tl <e, 
Iv) — 01 = F-xosint + yoéost! < є 


for all / 2 0. This will exactly mean that, by definition, the solution 
X(f) = 0, y(t) = 0 of system (*) is stable in the sense of Lyapunov. Obviuos- 
ly, we have { 


Ixo cos t - yosintl < 1xocos él + lyosintl < 11 + lyol, 
| 2 xosin f + yocostl < Ixosin tl + locos! < Ixol + lyol. 


If we take ó(&) = £&/2, then for 1xol < ô and yo < 5 we will have 
Ixo cas t + yosin £l < є, | —xosinf + yocostl < є 


for all г > 0, ie, the zero solution will really be stable in the sense of 
Lyapunov although this stability will not be asymptotic. > 


2 


ә 
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The fact that a nontrivial solution of a differential equation is stable 
does not suggest that the solution is bounded. Consider, say, the equation 
dx/dt = |. The solution subject to the condition x(0) = 0 is the function 
elt) = t. The solution with the initial conditions x(0) = хо has the form 
x(t) = (+ хо. Geometrically, it is clear (Fig. 20.5) that for any є > 0 there 
exists ô > 0, eg., 6 = є, such that any solution x(t) of the equation for 
which there holds the inequality |xo — 01 <6 meets the condition 
Ix(t) — 41 < € Yi 0. This means that the solution (f) = t is Lyapunov 
stable; this. solution, however, is unbounded as t> +œ. 





Fig. 20.5 Vig. 20.6 


Again the fact that solutions of an equation are bounded does not sug- 
vst (hat they are stable. Consider the equation 


dx = sin’n. (20.10) 
di | 


Its obvious solutions are 

Coke Чёб; ы], 42.2. (20.11) 
Integrating (20.10) gives cot x = cot Xa — / or 

х= соі (сої хо — (), Xo zx Km. (20.12) 


All the solutions (20.11) and (20.12) are bounded in (— «o, + œ). The 
solution ¢(4) = 0 is however unstable as / — + оо, since for any xo € (0, т) 
we have lim x(/) = я (Fig. 20.6). 


тә + 
Boundedness and stability of solutions are thus independent concepts. 
Remark. The solution ф;(/), i = 1, 2, ..., п, of (20.8) can always be 
transformed into the trivial solution y; = 0 of another system by the change 
yi = X(t) — vi(t), i = 1, 2, ..., n. Suppose that for simplicity we have one 
differential equation 
dx 


= Д, x), (*) 


dt 
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and we would like to examine for stability some solution y(i) of the 
equation. 
We set »() = x(0 — e(t) (the quantity x() — e(t) is called a perturba- 
Alon). Then ie = y(t) + (i) and substitution into (*) yields 


i 


a f ү =A 200) + «0. | (**) 


But (0) is a solution of (*), therefore de/dt = f(t, ¢(f)) and from (**) we 
have 


= Л, 0) + AD) — AG oO). 


Denoting the right-hand side by F(t, y) gives 


dy mes kk 
= КФ Ў- on) 


This equation has the solution y = 0, since at y = 0 its either side is identi- 
cally zero in t: | 


| 
To summarize, the question of stability of the solution (г) of (*) comes 
down to the question of stability of the trivial solution y = 0 of the equa- 
tion (***) to which (*) reduces. Therefore, in what follows we will as a 
rule assume that it is the trivial solution that is examined for stability. 
20.3 Stability of Autonomous Systems. 
Simplest Types of Stationary Points 
A normal system of differential equations is said toi be autonomous 
if its right sides /; are not explicity dependent on 4, i.e., if it has the form 
| 


dx; р f 

0o = fi X2, o... X (= 1, 2, ..., n). 

dt Sh I 2 п) ) | 
This means that the law of variation of unknown functions described by 
an autonomous system is not time-dependent, as it is normally the case 
with physical laws. 

Consider an autonomous system 
dx; . n : 
чү = бо ay ess) (ф=1,2,...‚п) (20.13) 


and let a collection of numbers (ai, 0), ..., аһ) be such that 


(а, аз, sordos cendo deen, 
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A system of functions x;(f) = aj, i= 1, 2, ..., n, will then be a solution 
to (20.13). Point (a1, a2, ..., ал) in the phase space (xi, x2, ..., Xn) is 
then called a stationary or rest point (equilibrium) of the system. 

Let us take a system (20.13) for which /:(0, 0, ..., 0) = 0, і = 1,2, ..., 
n, so that x; = 0, ¿= 1, 2, ..., n, is a stationary point of the system. 


We denote by S(R) the ball >) x?« R?. We then suppose that the 
f=1 
system in S(R) meets the conditions of the theorem on the existence and 
uniqueness of the solution of the Cauchy problem. 

Definition. We will say that a stationary point x; = 0, i = 1, 2, ..., 
n, of system (20.13) is stable, if for any € > 0 (0 < € < R) there exists 
5 = £) > 0 such that any path of the system originating at the initial mo- 
ment / = tf at a point Mo € S(6) will then always stay within the confines 
of the ball S(e). 

The stationary point is asymptotically stable, if: 

(1) it is stable; 

(2) there exists 5; > 0 such that each path of the system originating 
at a point Me in S(5,) tends to the origin of coordinates, when the time 
t grows indefinitely (Fig. 20.7). 

We will illustrate the definition. 


vA 
asymptoticall 
Á б À stabi р d 
à >| 
_ Hr —— -p 
2 





Fig. 20.7 Fig. 20.8 


Examples. (1) Consider the system 


dt ' dt 2 
< The paths here are concentric circles x? + y? = Л? with centre at the 
origin, which is the only stationary point of the system. If we take б = e, 
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then any path originating within the circle 5(5) always remains within S(6), 
and hence within S(e) as well, so that the situation is stable. But the paths 
do not approach the origin of coordinates as f > +œ and the stationary 
paint is not asymptotically stable. > 

^ (2) Consider the system 


ax _ ау _ 

а" х, P inim 
«4 Its solution is x = Ae~‘, y = Be^'. Hence y/x = B/A = k = const, 
therefore the paths are rays terminating at the origin (Fig. 20.8). We can 
again select 6 = £. Any point on the path that at the initial moment of 
time lies within S(5) always remains within the circle S(e), and also ap- 
proaches indefinitely the origin as £ > - oo. Consequently, the situation is 
asymptotically stable. > 

(3) Lastly, we take the system 


dx dy 
a Vip 
74 Its solution is x = Ae‘, y = Be'. Here also y/x = k and the paths аге 
the rays emerging from the origin of coordinates, but, unlike Example 2, 
the motion along the rays occurs away from the centre. The stationary point 
is unstable. > 

Simplest types of stationary points. We now examine the paths in the 
neighbourhood of the stationary point x = 0, y = 0 of the system of two 


linear homogeneous equations with constant cocfficients 


dx dy 
— = dax + 002), -4- = dX + ay, 20.14) 
dí Т 12у, di ?1 А (2 
а а | NEC 
where Өн йз #0. We will seek the solution in the form x = ae, 
21 22 


y = Ве. We will find А from the characteristic equation 


ап = А an 


= 0. 20.15 
21 022 -- № ( ) 








Quantities œ, В are found up to a factor from the system 
(ani — Nea + ay = 0, ала + (022 — №В = 0. 


The following cases are possible: 
(a) The roots `i, № of the characteristic equation (20.15) are real and 
different. The general solution of the system (20.14) has the form 


x(t) = Cree" + Caos el, 


xt) = CiBie™ + С›@›е*. (20.16) 
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(1) Let, < 0, № < 0. The stationary point (0, 0) is then asymptotically 
stable, since the equation includes the factors c^, с^, and so all the 
points on any path that at / — fo are located within any ó-ncighbourhood 
of the origin at sufficiently large / go into points lying within an arbitrary 
small e-neighbourhood of the origin, and as f > + œ they tend to the origin 
of coordinates. Such a stationary point is called a stable node. 


At С = 0 from (20.16) we get 
x= Cie, | yz Се“. 


It follows that y = 8|x/«, and the paths are two rays that enter the origin 
of coordinates with the slope kı = fli/a,. 

Similarly, at C, — 0 we also obtain two rays that enter the origin with 
the slope kı = B2/a2. 

Let now Ci # 0 and C; + 0, and, for definiteness, let I); | > 1\21. Then 
by (20.16) 


dy _ Cif eh! + CrB2d20%" „h 


S APTA -— as (740, 
dt Соме" + Cie et Q2 


i.e., all the paths (except for the rays y = fix/oi) in the vicinity of the sta- 
tionary point O(0, 0) have the same direction y = B2x/a2 (Fig. 20.9). 





Fig. 20.9 Fig. 20.10 


(2) If ^; > 0, X; > 0, then the paths are located as in the previous case, 
but the points move along them in the opposite direction. The stationary 
point of this type is called an unstable node (Fig. 20.10). 

By way of example we consider the system 

dx dy _ 


— =X, 


dt Gere 
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For it O(0, 0) is a stationary point. The characteristié equation 


1-A 0 
0 2-\ 





=0 | 

C has the roots № = 1, № = 2, since the node is definitely uristablc. We now 
pass from this system to one equation dy/dx = 2y/x or x dy — 2¥dx = 0. 
[t has the solutions y = 0, x = 0 and y = Cx’, since (ће! system’s paths 
will be rays coincident with the coordinate axes, and the (amily of parabolas 
tangent to the x-axis at the origin of coordinates (Fig. 20.11). 





Fig. 20.11 Fig. 20.12 


(3) Let now dy > 0, X; < 0 (or we could also use л, < 0, a > 0). Then 
the stationary point is unstable. At С, = 0 we obtain the motion 


x= Cio, C, y= Cigie^' 


such that the point will move with / along the ray y = Вх in the direc- 
tion away from the origin (A; > 0) receding from it indefinitely. At Ci = 0 
we have 

x = Сзозем, y= Core. | 
| 
It follows that as t increases the point moves along the ray y = f»x/o» in 
the direction to the origin (à? < 0). If С, =: 0 and С з 0, then as г > +оо 
and as / > — «o the path leaves the vicinity of the stationary point. A sta- 
tionary point of this type is known as a saddle point (Fig. 20.12). 

Examine the nature of the stationary point O(0, 0) of the system 


dx_ . dy = 
aes X, d y. (20.17) 
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The characteristic equation of the system A? — 1 = 0 has the roots 


Мм = 1, № = —1. We now pass оп to one equation 
PZ ог xdy4 ydx -0, (20.18) 
dx X 


integrating which we obtain xy = C. 

Other solutions of (20.18) are y= 0 and x = 0. 

In consequence, the integral curves of this equation (or the paths of 
system (20.17)) are equilateral hyperbolas and rays coincident with the coor- 
dinate semiaxes. 

(b) The roots №, M of the characteristic equation are complex: 
Мм, =p iq, q#0. The general solution of system (20.14) can be 
represented in the form 


x(t) = e"' (Ci cos qt + Csin qt), 


y(t) = e"'(C; cos qt + Сз sin qt), (20.19) 


where C, and C; are arbitrary constants, and Сү, С> are some linear combi- 


nations of these constants. 
y 
$- < = 
Ao 


Fig. 20.13 Fig. 20.14 





(Тело = p + ig, p < 0, q ғ 0. The factor e”, р < 0, will then tend 
to zero as f — +œ, and the second factors in (20.19) are bounded periodic 
functions. The paths will be spirals that asymptotically tend to the origin 
of coordinates when / > + œ. The stationary point x = 0, у = 0 is asymp- 
totically stable. It is called a stable focus (Fig. 20.13). 

(2) If мә = p + iq, p > 0, q # 0, then substituting —? for / brings us 
back to the previous case. The paths are the same as previously, but the 
motion along them with increasing / occurs in the opposite direction. The 
stationary point is unstable and is called an unstable focus. | 
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(3) If then Àj? = iq, 9 # 0, then the solutions to (20.14) are periodic 
functions. The paths are closed curves that contain a stationary point, 
which is then called the centre (Fig. 20.14). A centre is a stable stationary 
point; however, there is no asymptotic stability, since the solutions 


7 


! x(t) Ci cos qt + Cosinqt, y(t) = Cicosqt + С ѕіп gt 
do not tend to zero when {> +оо. 
By way of example we consider the system 


dx dy 
—-= ах — у, === xb а = const). 20.20 
di у di y ( ) ( ) 
‘Fhe characteristic equation of the system (a — №)? + 1 = 0 has the com- 
plex roots №2 = а + i. 
We pass from the system to the equation 


dy х+ау 


dx ax-y 





(20.21) 


and introduce the polar coordinates x = p cose, у = ọsin, then 
o! = х? + y), tang = y/x and 


dy ade _ ау 


йо _ ; | 
Oa К?П, d" 


and hence 


dp. gt 
dy =y 

Using cquation (20.21) we find that 
do 


= аро, һепсе о = Ce”, 
do 
These integral curves are logarithmic spirals centred around the origin of 
coordinates, which is reached in the limit as y - + co or p > — оо depend- 
ing on whether or not a < 0 or a > 0. We thus have a stationary point 
of focus type. In the special case of a = 0 equation (20.21) becomes 


The integral curves of this equation are circles with centre at the origin, 
which at a = 0 is a centre-type stationary point of system (20.20). 

(c) Roots ^i, № of the characteristic equation are muitiple, i.e., № = №. 
This case is quite rare. Even a negligible change in the coelficients of the 
system destroys it. Using, say, the climination method, we find that the 
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general solution of the system (20.14) has the form 
a(t) = (Cy + Cone, 
м) = (С Cine, 
where Cy, Cp are some linear combinations of C, and C». 
(1) ПА = X2 < 0, then the solution contains the factor e^, M < 0, 


and so xt), УО) tend to zero as /—* + œ. The stationary point x = 0, v = 0 
is asymptotically stable. It is called a stable degenerate node (Fig. 20.15). 





lig. 20.15 


li differs from a node of case (al) by the fact that there one path had 
a tangent distinct from all the others. Also possible is а dicritical node 
(see Fig. 20.8). 

(AA = № > O substitution of ~ г for t brings us back to the previ- 
ous Case, but now the point moves along the paths in the opposite direction. 
The stationary point is now called wastable degenerate node. 

For example, for the system 

dx | йу 
а^” di 
the characteristic equation. is A- 02 = 0, И has multiple roots 


№ = № = EF. Dividing the first equation of the system by the second one 
gives 


= хр 


dy y 
- = 1 + E 
dx x’ 


henee 
y = xn lal + C). 
In that case 


lim у(х) = 0, lim y'(x) = lim (1 + C + mixli) = – 0. 
10 yeo x-0 

Therefore, all the integral curves pass through the origin of coordinates 
and for all of them the y-axis is a common tangent there. 
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We have exhausted all the possibilites, since the case; of A, = 0 (or 
v O) is excluded by the condition 


а ay 
п "| #0. 


> “эз 
с“ 
Example, yamine the equation. of small oscillations of a pendulum 
м Hie. presence of friction. 
4 ilic equation in this case has the form 
АЈ 
d^x dx 
"Lx p aM | (*) 
dt dt 
shore v is the angle of small displacement of the pendulumifrom the verti- 
wal, Aas the friction coefTicient. We replace equation (*) by; the equivalent 
sein 


dy аху 
ОХ = А = KN. : ны 
deat Cn 
The characteristic equation for (**) is i 
i 
À | ' 
0 a ANY D+ 0. 
NEC ш 
Eas the roots Aga = -A/2 Ł /к?/4--1.110< К< 2, then these roots 


will be complex. numbers with a negative real part, so ‘that the lower 
сөйл position of the pendulum x = xy = 0 will be ia stable focus. 
Eaquacon (5) has the solution 


EN I 


d) - de sin (wf I ey), 


: 2. к P er * x 4 D 
shee we NE KZ ds the frequency óE oscillations, and the quantities 
la ue determined from the initial conditions. 


Ja 





Vig. 20.16 | 


fhe solution and the phase curve for 0 < А < 2 have а form as shown 
a Jay, 2006. As A > 0, ic, as Ihe friction coefficient decreases, the focus 
turns anto. a centres the. pendulum. will. undergo undamped periodic 
7albanons; 9e | 
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We will now summarize the results concerning the stability of solutions 
of asystem of n linear homogeneous dilferential equations of the first order 
with constant coefficients 

dxi Ф р 
A 25 dijXj, f=1,2, ..., A, dij = const. (20.22) 
j=l 
Let us examine the characteristic equation 


up = А 012 An 
01 m2 – № ал 
=0 
ац Qn2 Ann — À 


of system (20.22). ' 

we can make the following statements: 

(1) IF all the roots of a characteristic equation have a negative real part, 
then all the solutions of (20.22) are asymptotically stable. It appears that 
al! the terms of the general solution then contain the factors e"**« that 
tend to zero as f => + co; 

(2) If at least one root № of the characteristic equation has a positive 
real part, then the solutions of the system are all unstable; 

(3) If the characteristic equation has simple roots with zero real parts 
(i.e purely imaginary or zero roots), and other roots, if any, have negative 
real parts, then the solutions are all stable, although not asymptotically so. 

These results also apply to one linear differential equation with constant 
coefficients. 

It is worth noting that for a linear system all the solutions arc either 
stable or unstable at the same timc. 

Theorem 20.2, Solutions of the system of linear differential equations 

ах : Я 
di by aly + fi — (10, 2, ..., п), (20.23) 

ј= 1 
ате all and at the same time either stable or unstable. 
4 We transform any particular solution ф;(/), i = 1, 2, ..., n, of system 
(20.23) into a trivial one by a change y; = х1) — «i(t). System (20.23) then 
yields à linear homogeneous system in y;(/) 

n 


d h . 
$^ - КЪ ay  (@=1,2,...,п). (20.24) 
j=l 
Consequently, all the particular solutions of system (20.23) in terms of sta- 


pility behave. similarly, namely as a trivial solution of the homogeneous 
system (20.24). 
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Let the trivial solution yj(£) = 0, i = 1, 2, ..., п, of system (20.24) be 
stable. This means that for any є > 0 there exists 6 = &(c) > 0 such that 
for any other solution у), i = 1, 2, «se, A, OF the system it follows from 
the condition lyi(fo)) < ô, i= 1, 2, ..., n, that 
^  IwDl «se  (i2152,...,n) | VE2 fo. 


‹ 


Notice that vi(/) = xi(/) — gi(t), and so we find that from the condition 
Ixi(fo) — ei(to)] < 6 (і = 1, 2, ..., һ), 

it follows that 
Ixi(t) — gi(t)| < E (i= 1, 2, ..., n) Vt > lo, 


for any solution x;(f), i= 1, 2, ..., п of the original system (20.23). By 
definition, this means that the solution xi(t), i = 1, 2, ..., п, of the system 
is stable. > . 
This does not hold good for nonlinear systems. Some of their solutions 
may be stable and the others unstable. 
Consider, for example, the nonlinear equation 
dx 


moi. ud 
di 1-х“. 
It has the obvious solution x(/ = —1 and x(t) = 1. The solution 
x(t) = —1 is unstable, and the solution x(/) = 1 is asymptotically stable. 


Indeed, when / —^ + оо all the solutions 


_(l+ xo)e2"~ — (1 — xo) 


at) (1 + xoje? 7 ® + (1 — xg) 


Xo ~ — 1, 
tend to +1. This means, by definition, that the solution x(/) = 1 is asymp- 
totically stable. 

Remark. 1п the case of n = 3, we can also examine the locations of 
the paths about the stationary point О(0, 0, 0) of (20.22). Here the so-called 
node foci (Fig. 20.17), saddle foci (Fig. 20.18), and so on, are possible. 





Fig. 20.18 
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20.4 Method of Lyapunov's Functions 


The method examines the stability of a stationary poini of a system 
of differential equations using an adequately chosen function v(t, 
Xi, X2, ++, Xn) — the so-called Lyapunov's function — and this operation 
is carried out without preliminarily solving the system. Here lies one signifi- 
cant advantage of the method. 

We will confine our discussion to thc autonomous system 

а = боа Xx suo X) (=l, 2, ..., n), (20.25) 
for which x; = 0, i= 1, 2, ..., п, is a stationary point. 

The idea behind the method is as follows. Suppose that we examine 
for stability a stationary point x; = 0, i = 1, 2, ..., п, of (20.25). If the 
points of all paths would approach the origin as ¢ increases or, at least, 
would not recede from it, then the stationary point under consideration 
would be stable. The test for this condition does not require the knowledge 
of the solutions of the system. If o is the distance of the point of the path 
x; = X(t), i= 1, 2, ..., п, to the origin of coordinates 


о = | Y 200, 
i=l 


n 
de_ Vy' до i \ 0o p 
4- D SOD) iea — 0029 


і= 1 i=l 


then 


is the derivative along the path. The right-hand side of (20.26) is the known 
function of x;, x», ..., Xn, and we can examine it for sign. If it appears 
that do/dt < 0, then the points on all paths do not recede from the origin 
as f increases and the stationary point x; = 0, i = І, 2, ..., n, is stable. 
A slationary point may be stable, however, even when approached by points 
of the paths in a nonmonoltone manner with increasing / (e.g., when the 
paths are ellipses). Therefore, Lyapunov, instead of the function e, consi- 
dered the function u(x, х2, ..., Xn), which is in a way a "generalized dis- 
tance" from the origin of coordinates. А 

Definition. А function v(xi, x2, ..-, X») defined in a neighbourhood 
of the origin of coordinates is said to be definite (positive definite or nega- 
tive definite) if in a domain G 


lal <A (1 = 1, 2, ..., n), 


where / is a sufficiently small positive number, it may take on values of 
one sign only and becomes zero only at x = x2 =... = хз = 0. ` 
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So, in the case when л = 3 the functions 
Uc x +x? oxi and v= х? + 2xivo + 2х? + x} 


will be positive definite. Here the.quantity л > 0 may be taken arbitrarily 
large. 
A function v(xi, X2, ..., Xn) is said to be of constant sign (positive 
or negative), if in a region G it may take on valucs of one sign only, but 
can also become zero at x? 4- x2 + ... + х2 #0. | 

For example, the function 


v(xi, X2, Ху) = xt + 2xpo + xi + xi 


is of constant sign (positive). It is easily seen that we can represent 
v(xi, х, Xa) as (хи, X2, Хз) = (xi + x)! + х3, It follows that it is nonnega- 
tive cverywhere, but vanishes at x? + х? + x2 » 0, panel at хз = 0 and 
any xi, X», such that xı = —x2. , 

Let у(х, X2, ..., Xn) be a differentiable function and let х([), 
(0), ..., х„(0) be some functions of time that obey the system of differen- 
tial equations (20.25). Then the total derivative of v with respect to lime 
wil! be | 


dv _ З до ах _ : àv , | 
at = Эх, "dt = У) 3x ^n Xa, .. j Xn). (20.27) 
і= 1 izl ! 


The quantity dv/dt given by (20.27) is called the total de£ivative of v with 
respect to time derived by virtue of (20.25). | 
A Lyapunov function is a function u(x, X2, ..., Xa) that possesses the 
following properties: 
(1) it is differentiable in a certain neighbourhood Qi of the origin of 
coordinates; 
(2) it is positive (negative) definite in Q and v(0, 0, , 0) = 0; 
(3) its total derivative du/dt derived by virtue of (20.25) is subject to 
dv dv 
di $? (2 á 0) 
everywhere in .0. : > 
Theorem 20.3 (Lyapunov's theorem on stability). у p a system of 
differential equations 


dxi [= К hale 
dt = fix, Xz, жож Xn) (i sas 1, 2; e 93 n), ав 7020,28) 
ЛО, 0, ..., 0) = 0, 


there exists a definite differentiable function v(x, x», .. ^, Xn), whose total 
derivative dv/dt with respect to time derived by virtue of (20.28) is a func- 
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tion of constant sign opposite to v, or it is identically zero, then the station- 
ary point x; =0 (i = 1, 2, ..., n) of (20.28) is stable. 

We will just sketch the idea of the proof. Suppose for definiteness that 
v(xi, X2, ..., Xn) is a positive definite function for which dv/dt < 0. Since 
v(x, X2, ..., Xn) 2 0, and v = O only at x = x2 =... = x, = 0, then the 
origin of coordinates is a point where v(xi, X2, ..., Xn) has a strict mini- 
mum. In the neighbourhood of the origin the surfaces of the level 
v(xi, X2, ..., Xa) = C of the function v can be shown to be closed surfaces 
that enclose the origin. To clarify the picture we will take the case of n = 2. 
Since v > 0 for small x1, x; and v = 0 only for xy = x, = 0, then the sur- 
face z = (ху, x2) looks rather like a paraboloid as shown in Fig. 20.19. 


XA 





Fig. 20.19 Fig. 20.20 


The lines of the level v(x), x3) = C are a family of closed curves around 
the origin of coordinates. If Су < C2, then the lines v = C; wholly lie with- 
in the line v = С. We put є > 0. At sufficiently small C > 0 the line v = C 
wholly belongs to the &-neighbourhood of the origin, although it never 
passes through it. We can thus choose ô > 0 such that the 6-neighbourhood 
of the origin will wholly lie within the line v = C. In that neighbourhood 
v « C (Fig. 20.20). 

Consider the path of (20.28) that at ! = fo originates at a point 
Mo(x1(to), X2(to)) in the 6-neighbourhood of the origin of coordinates. This: 
path will never cross any of the lines v(x, X2) = C from inside with increas- 
ing t. If such a crossing were possible at some point, then at that point 
or in its neighbourhood the function v(xi(t), x;(f)) would of necessity have 
a positive derivative dv/dt, since in passing from some line v = C to 
another line of the family that encompasses the first one, the function in- 
creases. But this is impossible since as stated dv/dt < 0. Therefore, if at 
the initial moment some path was inside the region bounded by the line 
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y = C, then it will for ever remain within this region. It is clear thus that 
for any € > 0 there exists 6 > 0 such that any path of the system that at 
4 = lo originated from an é-neighbourhood of the origin of coordinates will 
Гора! t > la belong to the -neighbourhood of the origin. This exactly 
means that the stationary point x; = 0,7 = 1, 2, , п, of (20.28) is stable. 

Theorem 20.4 (Lyapunov's theorem on asyniptotic stability). If for the 
system 


du/dt = f, Xas X) — Gm 2 a My (20.29) 


there exists a definite differentiable function v(xi, Xa, ..., Xn), Such that 
its total derivative with respect to time derived by virtue of the system, 
is also a definite function of a sign opposite to v, then the stationary point 
х= 0, i= 1, 2, ..., n, of (20.28) is asymptotically stable. 

Examples. (1) Examine for stability the stationary point O(0, 0) of the 
system 


ax _ dy_ _ š 
di Y, di^ x. (*) 
-4 Suppose that u(x, y) = x^ + y?. This function is positive definite. By 


virtue of (*) we find 


dv_ до ах, до dy _ _ 
Wd od ado oe 
It follows from Theorem 20.3 thatithe stationary point О(0, 0) of system 
(*) is stable (centre). There is no asyinptotic stability: the paths of (*) are 
circles, and they do not tend to O(0, 0) as t ^ + œ, P- 
(2) Examine for stability the stationary point O(0, 0) of the system 
ах — 3 dy 


—— = — pae eg жж 


< Jf again we put v(x, y) = x? + y?, we will find 
D = ax( — x) + 2у(—х - y) = -26* + y 
Therefore, dv/dt 15 а negative definite function. By Theorem 20.4 the 
stationary point O(0, 0) of system (**) is asymptotically stable. 
Theorem 20.5 (on instability): Suppose that for the system of differen- 
tial equations 


= йб, ses LUNO 0, ..., Ope т аг. 003% 


there exists a uneton v(xi, Xi, 2x -5 Xn) differentiable about the origin of 
coordinates, such that v(0, 0, ...,0) = 0. If its total derivative dv/dt der- 
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ived by virtue of system (20.30) is a positive definite function and at an 
arbitrarily small distance from the origin there are points where 
u(x, X2, ..., Xn) assumes positive values, then the stationary point xi = 0, 
i= 1, 2, ..., п, of system (20.30) is unstable. 

Example Examine for stability the stationary point O(0, 0) of the 
system 


dx _ 


ах _ dy... 
dt 


5» — d 


у. 


-1 We take the function u(x, y) = x? — у?. The function 


dv до ах, до dy _ 2 2 
di" ax di дуа 20 +) 
will then be positive definite. Since at an arbitrarily small distance from 
the origin there are points for which v > 0 (c.g. v = x? > 0 along the 
straight line y — 0), then the conditions of Theorem 20.5 are met and the 
stationary point O(0, 0) is unstable (saddle). > 

The method of Lyapunov's functions is universal and effective for a 
wide variety of problems in stability theory. 

The method has the disadvantage that there does not exist a sufficiently 
general procedure of constructing Lyapunov's functions. 

In the simplest cases a Lyapunov function can be sought for in the form 


u(x, у) = ах? + by’, u(x, y) = ах“ + by‘, a > 0, b > 0 and so on. 


20.5 Stability in First (Lincar) Approximation 
Let 
F = Дх, X2, eux) (=l, 2, ...,n) (20.31) 
and let x; = 0, i — 1, 2, ..., n, be a stationary point of the system, i.e., 
ЛО, 0, ..., 0) = 0 (i= 1, 2, ..., n). (20.32) 


Suppose that fí(xi, x2, ..., Xn) are differentiable in a neighbourhood of 
the origin of coordinates sufficient number of times. Using the Taylor for- 
mula we expand / in x about the origin: 


ЛО, Xa, ..., Xn) = fi(0, 0, ..., 0) 


n 
9/00, 0, ..., 0) 
+ 2i m M T Ri, X2, v.e, Xn) 
= 1 
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ог, by (20.32), е 
SAN №, ..., X) = 2, ауу Y RAN Xs. i, Ха), 
ў jal 


where ay = д/(0, 0, , 0)/dx; = const, and R; contain terms of no less 
‘than the second order of smallness i in xi, X2, -..,Xn. The system of differen- 
tial equations (20.31) becomes | 


dx; 
di = p? ах; + Rix, х, ..., Xn), 
jet 
be] 2, eh dij = const. ; - (20.33) 


Since the concept of stability of the stationary point O(0, 0, ..., 0) is as- 

sociated with a small neighbourhood of the origin of coordinates in phase 

space, it would be natural to expect that the behaviour of solutions of 

(20.31) will be governed by the main linear terms of the expansion of fi 

in x. Therefore, along with (20.33) we will consider the system à 
n 


dxi ; 
oe Урау 6-452340, (20.34) 
j=l 


referred to as a system of equations in the first (linear) approximation for 
system (20.33). | 

Generally speaking, there is no strict connection between (20.33) and 
(20.34). Consider for example 


dx 2 & 
dit | (20.35) 


Here Дх) = x’; the linearized equation for (20.35) takes the form 


dx n 
a 0. | (20.36) 
The solution x(t) = 0 of (20.36) is stable. At the same time, being a solution 
of the original equation (20.35), it is unstable for it. It'is easily seen that 
each real solution: of (20.35) that meets the initial conditions 
х|‹=о = xo > 0 has the form x = хо/(1 ~ tXo) and it is!nonexistent at 
t = I/x (the solution is not extendible to the right). 


Theorem 20.6. 7f all the roots of the characteristic equation 


ац — А 012 Qin 
a) a2 — À An 
=0 (20.37) 
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have negative real parts, then the stationary point x; = 0, i= 1, 2, ..., 
n, of (20.34) and (20.33) is asymptotically stable. 

If the conditions of the theorem are met, an examination for stability 

in the first approximation is possible. | 

. Theorem 20.7. Lf at least one root of the characteristic equation (20.37) 
has a positive real part, then the stationary point x; = 0 of (20.34) and 
(20.33) is unstable. 

In that case it is also possible to examine it for stability in the first 
approximation. ' 

We will just give an outline of the proof of Theorems 20.6 and 20.7. 
Suppose for simplicity that the roots M, №, ..., М of the characteristic 
equation (20.36) are real and different. There exists then a nondegenerate 
matrix T with constant elements, such that the matrix T ^ 'AT will be di- 
agonal: 


0 0 0 

0 № 0 0 
Тр s ' 

0 0 0 м 


where A = (ару is a matrix of the coefficients of system (20.34). We put 


x у 
| х J2 
X = TY, where X = 4 А Y= : 
Xn Yn 
V A / 
Then s = ау and system (20.34) becomes Т ux = ATY. We obtain 
dt dt 5 dt 
dY/dt = T~'ATY, or due to the choice of matrix T 
dy; Е 
VERD (212, ..., n). 


System (20.33), if subjected to the same transformations, will yield 


dy; - 
22 Му + Rn, Yo, -s Ул). (20.38) 


Now again R; will include the terms of no less than the second order of 
smallness in y; as y; -* 0. 
'' Consider the following possibilities: 

(1) All the roots № are negative. Let 


v= yee yee il. + у5, 
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eS a дды 


then the derivative dv/dt will, by (20.38), have (һе form 


oe 20.7 + №у? +... . + №2) + SQ, n ..., Yn), 


В п 
wliéte S(yi, Y2, ..., Ya) as J, Y? 0 is a small quantity of a higher 


i=l 
order than >} Myk. 
kel 
Thus in a sufficiently small neighbourhood © of a point O(0, 0, ..., 0) 
the function иб), уз, .-., Yn) is positive definite, and the derivative du/dt 
is negative definite, and so the stationary point O(0, 0, ..., 0) is asymptoti- 
cally stable. | 
(2) Some of the roots № (e.g., №, №, ..., №, "n «€ п) are positive, the 
others are negative. Suppose that 


о= уву... YR ур... Yn 
then 
a = 20uyl + Тел Р Муў, — Nn Pere Ана Ay) 


+ SO, Уз, sls Ул). 


It is seen that arbitrarily close to the origin there are points (e.g., such that 
Унжа =... = ул = 0), where v > 0. Since X. 1, ..., № are negative, the 
derivative 40/41 is a positive definite function. By virtue of Theorem 20.5 
the stationary point O(0, 0, ..., 0) is unstable. 

In the critical case where all the realiparts of the roots of the characteris- 
tic equation are nonpositive, and the real part of at least one root is zero, 
the stability of the trivial solution of system (20.33) begins to be influenced 
by the nonlinear terms R;, which makes impossible any examination for 
stability in the first approximation. 

Examples. (1) Examine for stability in the first approximation the sta- 
tionary point x = 0, y = O of the system 


dx dy x à 
a= KED 5y?, a = 2х – yrs. (*) 

-% А first-approximation system has {һе form 
ах _ _ dy a ЕЁ 
У das x + 25, 4 di = 2х ~ y. (**) 


The nonlinear terms meet the adequate conditions: their order is not less 
than two. We set up the characteristic equation for (**) 
=1=k 2 | 


E 2 
= 3 = А 
2 1 \ =0 or à 421—320 
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The roots of the characteristic equations arc А = 1, № = —3. Since), > 0, 
the zero solution x = 0, y = 0 of (*) is unstable. > 
(2) Examine for stability the stationary point O(0, 0) of the.system - 


dx _ ees dy_ _ $3 
d ^? X, di” х- у. (*) 


The stationary point х = 0, у = 0 of system (*) is asymptotically stable, 
since for this system Lyapunov's function v = x? + y? satisfies the condi- 
tions of the Lyapunov theorem on asymptotic stability. Specifically, 


24 = 2x(y — x3) + 2)(-x - уЗ) = —2(@* +y <0. 


At the same time the stationary point x = 0, y = 0 of the system 
dx m 3 dy = 3 ** 
QUU RN. Copy Cy 

is unstable. 

For u(x, y) = x? + y? we by (**) have 
dv _. Qv dx ду dy 5 3 ES зу 4 4 
Ж oe ant ay dr" 20 + x) + 2X x+y’) = 205 + у”), 
ie, dv/dt is a positive definite function. At an arbitrarily small distance 

to the origin O(0, 0) there are points where u(x, y) > 0. 

By Theorem 20.5 we conclude that the stationary point O(0, 0) of system 

(**) is unstable. 

For systems (*) and (**) a first-approximation system will be the same 


dx = dy =. -Xx wah 


The characteristic equation А? + 1 = 0 for (***) has purely imaginary 
roots — critical case (the real parts of the roots of the characteristic equa- 
tion are zero). For the first-approximation system (***) the origin of coor- 
dinates is a stable stationary point (centre). Systems (*) and (**) are 
obtained by small perturbation of the right-hand sides of (***) in a neigh- 
bourhood of the origin of coordinates. But due to these small perturbations 
the stationary point O(0, 0) for system (*) becomes asymptotically stable 
and for system (**) unstable. 

This example shows that in a critical case nonlinear terms may influence 
the stability of a stationary point. > 
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Problem. Examine for stability the stationary. point O(0, 0) of the 
system i 
ауд у > 9) = -x — yes у), 
where the function f(x, y) is expandable into the convergent: power series 
and ЛО, 0) = 0. | 


Exercises 


Using the definition, examine for stability the solutions of the fol- 
lowing: equations: 


1% = dx 2. P" 
1. x c], x(0) = 2. 2 х= 1, x(0) = 
ах — “| — 

3. Ps 2, x(0) = 0. 


Establish the nature of the stationary point O(0, 0) of the system and 
draw the paths in a neighbourhood of that point: 


dx dx 
oY 2 x —2y, = x42) 
4 dt 5. dt 
dy x. dy . 
di. 3x Ay. a 2x + y. 
E = =x + 2y, ох = х + 2y, 
6. 7. 
eri code. dy . 
d 2x — у. dr —5х + у. , 


Ву the Lyapunov function method examine for stability the stationary 
point O(0, 0) of the systems: 


OE aov y xy?, e sum у + х?у?, 
dt І y" уз dt 
8. 9. 
dy — 4, oy 32 Е ау _ ya 
PE 7x — 2y – "Ix^y. dic xy. 
| dy dot 
10.) @ 
dy 3 
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Examine for stability in the first (linear) approximation the Stationary 
point O(0, 0) of the systems: 


а —2x + sin y, d = 2x - усозу, 
11. 12. 

dy zx qw dy _ _ 

"E" 5(e* - 1) – р. d^ 2y ~ xy’. 

Answers 


1. Asymptotically stable. 2. Unstable, 3. Stable. 4. Stable node. 5. Saddle. 6. Stable 
focus. 7. Centre. 8. Asymptocially stable, v = 7x? + y? 9. Stable, v = x? + у? 10. Unstable, 
v = x! — y. 11. Asymptotically stable. 12. Unstable. 


Chapter 21 


Special Topics of Differential Equations" 


CF 


21.1 Asymptotic Behaviour 
of Solutions of Differential Equations as x — co 


Consider the differential equation 
у" + абду = 0. (21.1) 


Let (х) as x ^ + оо have a positive limit that, without any loss of gencral- 
ity, can be assumed to be equal to unity. Then 


q(x) = 1 + о(х), 


where a(x) tends to zero as x > +œ, and equation (21.1) becomes 


y" + y t «(х)у = 0. (21.2) 
When x — +œ we obtain the "limiting" equation 
yc yeu (21.3) 


All of its solutions аге у = А соѕх + Bsinx, they are bounded for 
x€(— со, + со). Therefore, it is quite natural to expect that solutions of 
(21.2) are also bounded as x +œ. 
Theorem 21.1. Zf о (x) is a continuously differentiable function, such 
that 
le] «^, јар ^. (21.4) 
x x 
for all sufficiently large x, where a is:a positive constant, then any solution 
of (21.2) is bounded as x ^ + œ. 
*1 We multiply all the terms of (21.2) by y’ and integrate the result. with 
respect to x from some positive number xo, which will be appropriately 
chosen later, to x: 


x 


42 | a)» dx = 0. 


х 
х= 10 


* 0?) 


х= 10 


oy | 





Xo 


* The material of the chapter is of interest and importance in applications and so some 
acquaintance with it is quite desirable. 
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Integrating by parts the last term on the left-hand side gives 





yx) уе) + 6) - o) + (ey) | = | аду? (dx = 0, 
Һепсе | 
POA < »'*Q) + PQ) А | 
< Се) + lay?) + fle’ 69b? G9dx, (21.5) 


Xo 


where C(x) > 0 is an expression dependent only on ж. 

We then denote by M the largest value of the function |у(х)| on the 
interval [xo, x]. Let it be achieved at a point £ € [xo, x]. Using (21.4) and 
(21.5), we find 


М? < C(x) + М... wa (2-1); w(-2)« CQ»). 


If we choose xo > 2a, we get 
M? < 2C(x)), 


which proves the statement, since the quantity 2C(xo) is independent of 
х. e 
Problem. Show that all the solutions of the equation 


1 1 
Ы + + е-х — ——;-. y= 


are bounded on [0, + œ). 
If we impose on a(x) stronger conditions of decreasing: 
a(x) = O11/7), | x^ +0, (21.6) 


then, since (21.2) is more close to the limiting equation (21.3), solutions 
will be bounded, and also they will asymptomatically tend to trigonometric 
functions which are the solutions of the limiting equation. It can be shown 
that for any solution y(x) of (21.2) holds the asymptotic formula 


у(х) = А sin(x + бо) + O(1/x), 


where Ai, до are some constants. 
So the equation 


2 
yd (1- y 34) yao, 


‚ Wa p 
where a= Kt satisfies (21.6). The solution to this equation is 


21.2 Perturbation Method 257 








related to the Bessel function J.(v) as у(х) = Vx (x), which leads to an 
asymptotic formula for the Bessel function | 


JX) = A sin(x -F ба) + Q (s ) 
Ух дл 


(where ve [2 n diues. 1). 


Examples show that the asymptotic behaviour of the differential equa- 
tion’s solution does not always follow from the behaviour of the limiting 
équations. 

Consider, for example, the two equations i 

Е i 


y"-ty' +y=0, (21.7) 
y t5 y'-yz-0. (21.8) 


The limiting equation as x * 4 «о for these equations is : 
y" x ys. (21.9) 


All the solutions of (2.9) are bounded in [1, + оо], Equation (21.7) has the 
fundamental set of solutions 


y(x) = sinx — xcos x. J»(X) = cos x + xsinx, | 


whence it can be seen that all its nontrivial solutions are not bounded as 
X — +œ. On the other hand, (21.8) has the fundamental set of solutions 


sin X X 


(№) = . 


cos 
р) = 80% 
X 


All these solutions are bounded on [l, +œ) and even tend to zero as 
X 7? + eo. 


21.2 Perturbation Method 


A powerful method in applied mathematics is the: method of the 
small parameter (or the perturbation method). Suppose that the formula- 
tion of a problem involves some small parameter & together with the main 
unknows, and that the problem can be solved either exactly or nearly exactly 
at € = £o. Without loss of generality, it can be assumed that єо = 0. Then 
the solution to the problem for є close to zero can in many cases be obtained 
as an expansion in powers of є. The first term of the expansion will not 
contain = and will be the unperturbed solution at € = 0. Subsequent terms 
will be corrections to the perturbation of the solution. 
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We will illustrate the method by an example. We wish to solve the 
Cauchy problem 


LL daa (0) = 0. 
‘dx 1 + Oxy’ oce (21.10) 


The problem contains no parameters. 
Consider a more gencral problem 


dy _ x Е 
d c pne 00760 (21.11) 


from which (21.10) follows at є = 0.1. Problem (21.11) can easily be solved 
at є = 0, its solution is y = x?/2 (unperturbed solution). 

We still look for a solution of problem (21.11) in the form of a serics 
in powers of є: 


убх, E) = Yo) + E10) + еу (х) + ..., (21.12) 
hence 

убх, ё = yé (X) + exc oo + 02у (х) 4 s 
We substitute y(x, €) and y'(x, €) into (21.11) and multiply by the 
denominator: 

D (x) + Evi (x) 8x (А) 4-...] | 

x 1 + exyoQo + x(x) + n(x) + .]-x20. (21.13) 
From the initial conditio y(0) = 0 we have for (21.12) 

yo(0) + £y1(0) + €7y2(0) + ... = 0. 
Since ғ is arbitrary, we obtain 

00) = 0, (0) =0 y2(0) = 0, (21.14) 


Because (21.13) must be obeyed for all sufficiently small |e|, and the ѕе- 
quence of powers of £ is linearly independent, the coefficient at each power 
of £ vanishes independently. Wc remove the parentheses in (21.13) and 
equate to zero the cocfficients at powers of є: . 


£? | yó = x (unperturbed па 
e |у{ + хуор =:0,. en. bt sig (21.15) 
E | yi + xyoyi + хубу = 0, ; 
etc. 
From the first of (21.15) we, by (21.14), find yo = E Substituting yo and 
yd into the second of (21:15), we obtain y, = —x°/10. From the third equa- 


tion we will'then find y» = 7x*/160, and so on. Equation (21.12) thus 
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тас HEE EE ee э ү 


becomes 
х? x 2 Tx? 
y(x, є) = gS eee +E 760° +... 
Specifically, for (21.10) we will get (є = 0.1) 
2 3 
y = x x + Ix + s 


72 100 16000 


The series on the right converges quickly for |x| « 1. 

Let us look at a more general situation. Consider the Cauchy problem , 
for the equation 

Y= fe, O=, (21.16) 
x 
where € > 0 is a small parameter. 

It can be shown that if (1) a function f(x, y, €) is continuous and has 
continuous and uniformly bounded derivatives of any order in the collec- 
tion of arguments for OS x «a, -œ < y< teo, 0 < є < £s; (2) the 
Cauchy problem (21.16) at ¢ = 0 


йу c os (0) = y? 
"de = Дх, y, 0), (0) = у, (21.17) 


has the only solution у = (x), then in a certain interval 0 € x < xo the 
Cauchy problem (21.16) has the solution y = у(х, є) which can be represent- 
ed as 


со 


у(х, € = Уу eX ye), (21.18) 
k 


=0 


where yx (x) (К = 0, 1,2, ...) are unknown functions. We then for any N > 1 
have the asymptotic formula 


N 
у(х, & = Уу Eye) + wail £), 
k=0 


where zw + 1(x, £) > 0 as £ > 0,0 € x € xo, zw «i(x, €) = O(e%*!) for fixed 
N and e ~ 0. 

To find y (x), k = 0, 1, 2, ..., we procecd as follows. We substitute the 
expression for y in thc form of a formal series 


y = уо(х) + eyi(x) +... (21.19) 
into the equation (21.16): 


i Dory „ dn = B 
de +E dx +... f(x, yo(x) + eyil) + ..., €). (21.20) 
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Expanding the right-hand side of (21.20) also formally in powers of є, we 
obtain 


йу ду -fx ‚ SND 
"dx + £ "dx T m = f(x, y», 0) + -—-—--- ày T г) 
+ AC Јо, 0) e+... 


From the initial condition we, by (21.18), have 


‚0 


yo(0) + eyi(0) + ... = у". 
We then equate the terms at the same powers of є 


-Ho = fx, ун), 0) =>, 


dy _ 9f Yo. 0) „9/0, э, 0) 
dx — ду дє i 


Pestsstossomcesovacooósvevecubovsisoooteecepeovmvoveeeceecesoceseceesesoon 


J c 


We obtain for yo(x) the Cauchy problem (21.17), that, as assumed, has 
the only solution y = y(x), therefore yo = ф(х). And for у(х), we obtain 
the Cauchy problem 

dn . 


_ fee. 0). 


+ „Л; (x), 0) 
ах ду дє 


у(х) , эәл(0) = 0. (21.21) 


Equation (21.21) is a linear differential equation of the first order in р (х), 
which is explicitly integrable, so that the function ji (x) will be constructed. 
For further approximations v(x), x(x), ... we will again obtain linear 
differential equations (v(0) = 0, = 2, 3, ...), which are explicitly integrable 
as well. | 

The above procedure of constructing the solution у(х, є) provided good 
agreement with experiment, but for a long time it had not been theoretically 
justified. It was not before the 1930s that it was proved fur a certain class 
of problems. Under certain conditions series (21.18) for у(х, =) converges, 
i.e., y(x, €) analytically depends on €. In other cases this series appears to 
be convergent asymptotically. 

The topic considered in outline above is known as regular perturbations, 
when the right-hand side /(х, y, €) of (21.16) is a sufficiently smooth func- 
tion in y and.c. At present ever morc important role is played by the theory 
of singular perturbations. 
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Ш 


213 Oscillations of Solutions of Differential Equations 


Both from fundamental and practical points of view it is very im- 
portant. to be able to solve the question of the presence of zeros of the 
solution у(х) of the equation 


poly” + py" + р›(х)у = 0 (21.22) 


in the interval (a, 2), i.e, those valucs of x € (a, 5b) at which the solution 
у(х) becomes zero. Consider the simplest equation of the second order with 
constant. cocfTicients 

“kay = 0, q = const. 
If q <9, then cach solution of this equation can in the entire interval 
— о < x € «o become zero al no morc than onc point. tor q > 0 cach 
solution 


y= Cycosvgx a Coysinvqx = Asin(Vqx 4 8) 


has an infinite number of zeros separated by z/Vq, ic., the’ spacing is the 
smaller the larger q. 

Definition. A solution v(x) of a differential equationiis said to be 
nonoscillating in a given interval, if it has in the interval no more than 
one zero. Otherwise, the solution is called oscillating. 

An equation of the form y^ + gy = O(q = const) has thus nonoscillat- 
ing solutions in any interval, if < 0, and oscillating solutions i in a sulfi- 
ciently large interval, if q > 0. 

We can now ecneralize this result to equations of the second order with 
variable coefficients. Suppose that the coefficients of the equation are real 
and examime only real solutions of such equations. Consider the equation 


y" + qi)» = 0 (21.23) 


to which any equation (21.22) comes down. 
Theorem 21.2. If g(x) < 0 everywhere in the interval (a, b), then all 
the solutions of (21.23) are nonoscillating in the interval (a, b). 


y=y (x) 





Fig. 21.1 


The theorem has a geometrical explanation. Suppose that some solution 
y(x) + 0 of (21.23) has at least two zeros in the interval (a, Б). Let them 
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be xo and xj, Ху < xj, and Jet р(х) have no other zeros in the interval 
(хо, xi) (Fig. 21.1). Being a continuous function, у, (х) will then retain a 
constant sign in the interval (хо, х). To be more specific, we will suppose 
that р (х) > 0 in (xo, xi) (otherwise we would take the solution — yı (x). 

At a point £ € (Xo, xi) the function y, (x) will have a positive maximum. 
Correspondingly, in a certain ncighbourhood of the point £ we will have 
y" (x) < 0. On the other hand, if (х) < 0 in (a, b), then from equation 
(21.23) it follows that y^ 2 0 everywhere in (xo, xi). The resultant con- 
tradiction suggests that our assumption was wrong and all the solutions 
of the equation are nonoscillating. 


Theorem 21.3 (Sturni's separation theorem). Jf xo and x, are two succes- 
sive zeros of the solution у(х) of the differential equation (21.23), then 
any other linearly independent solution у(х) of the equation has just onc 
zero between хо «nd xy. In other words, zeros of two linearly independent 
solutions of (21.23) mutually separate each other. 

-1 Suppose that in the entire interval (xo, xi) the solution у (л) has no 
zeros. The solutions yi (x) and у(х) being linearly independent, у(х) does 
not vanish at хо and xı. We form the Wronskian 


Wx) = yi COO) — y: (х) C9. (21.24) 


Since W(x) is not zero, it retains a constant sign. Suppose for definiteness 
that Hx) > 0. Dividing both sides of (21.24) by у(х) gives 
Оду (х) — fene) "moo 


PS) yo) 


d (у) ү (0) 
DIM БЕЛА 
dx \ yx) J2(x) 
By the assumption that n(x) #0 on [xo, xi] we have on the right-hand 
side a continuous function of x. Integrating the last identity with respect 
to x from хо to xı, we vill have 


iQ) 


у(х) 


Or 


x 
NEM s 


х= Ху у(х) 
X 





The left-hand side is zero by the condition that у(х) = у(х) = 0, and 
the right-hand side contains an integral of a positive function, i.e, it is 
a positive quantity. The contradiction proves that between two successive 
zeros of y (x) there exists at lcast one zero у (х). If there were two zeros 
2503) = 404) = 0, xo < ху < < xi, then, interchanging у (х) and 
ya(x), we would prove that there exists a zero of the function y, (x) between 
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ху and x4, and hence between xp апа. ху. But this is at variance with the 
condition that р(х) has no zeros helween Ao and vi: № 

For example, for the equation y^ 4 у =: 0 the functions jy = sin x, 
уз = cosx are two lincarly independent solutions. Their zeros mutually 
separate each other. The equation also has the complex-valued solution 
y= cosx + fsinx, which has no zeros in any interval of the real axis. 

Problem. Show that if in the interval (a, b) one solution of the equation 
y”  q(x)y = 0 has more than two zeros, then all the solutions are oscil- 


lating. 
е 21.4 (comparison theorem). Suppose we have two equations | 
.»" t any = 0 (21.25) 
and 
z" + quG9)z = 0. (21.26) 


If qax) 2 qi) in the interval (a, b), then between each two zeros of апу 
solution y(x) of (21.25) there is at least one zero of each solution z(x) of 
(21.26). 

The comparison theorem is normally applied when either (21.25) or 
(21.26) is an equation with constant coefficients. Consider the equation 


y" + а(х)у = 0, (21.27) 


where g(x) > 0 on the interval [a, b] and the function q(x) is continuous 
on it, and lct A7 = max q(x), m = min, g(x). Suppose now that M > m. 
- а& хф 


auxsb 
so that g(x) # const on [a, b]. If then we take (21.25) to be v" + my = 0 
and (21.26) to be (21.27), we will find that the distance between two succes- 
sive zeros of the solution of (21.27) is smaller than ж/н. W then we take 
the original equation (21.27) to be (21.25), and take (21.26) to be 
y" + My = 0, we will conclude that the distance between two successive 
zeros of the solution of (21.27) is not smaller than zx/VM . 

This theorem estimates from above and below the separation between 
zeros of oscillating solutions of differential equations. It can also be shown 
that if lim g(x) = q > 0, then any solution of (21.27) is infinitely oscillat- 

x= 


ing, the separation betwen zeros tending to s/Vq. 
For example, for the Bessel equation 


xy" 4 xv! be (x? — »^) y = 0, x > 0, 


putting y = x ^ ?z gives 


2 — 
z^ + ( - an )s = 0. 
x 
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At sufficiently large x the expression 1 — (и2 — 1/4)/x? can be made ar- 
bitrarily close to unity. Therefore, for sufficiently large values of x the spav- 
ing between consequtive zeros of the solutions of the Bessel equation is 
arbitrarily close to т. 


Problem. Show that as x increases the successive zeros of any solution 
of Airy's equation 


y" + ху = 0, х> 0, 


come indefinitely close. (Airy’s equation occurs in various applications, 
e.g., in quantum mechanics, and it is not integrable using elementary 
methods.) 


Exercises . 
1. Show that in [0, + о) all the solutions of the equation 


l 
"+ {1+—-----, Js 
2 ( I+ y 


are bounded. 
2. Derive the asymptotic formula with the remainder O(c?) for the solution 
у(х, €) of the Cauchy problem for the Riccati equation 


ds = 2ху te eg yO) = 0. 


3. Consider the Cauchy problem y’ + y = ey”, w(0) = 1: 

(a) find three expansion terms for the solution when the small quantity 
ЕР 0; 

(0) show that the exact solution has the form 


= 


{+ (ет *—1)' 
(c) expand this exact solution for small £ > 0 and compare the results 


with those of (a). 


4. Find tliree or four expansion terms for the solution in powers of small 
parameter є: 


(а) у’ = 4ex + y), y( = 1; (b) y’ = е" + ey, у(0) = –є. 


£6 - 25 + 
X 


Answers 


3 eet di се [ht eG? — 0] + Ol). 4. (а) у = 


xI- 


1 
Ole"): (0) y 2.x — e(x + D. > (e -x-2x- ) + О(є)). 


Chapter 22 


Multiple Integrals. Double Integral : 


r 


А P af: 
22. Problem Leading to the Concept d 


of Double Integral 


- Wecome to the notion of double integral when handling thé specific 
geometry problem of computing the volume of a cylindrical body. 
^ cylindrical body is a body bounded by the xy-plane, some surface 
z= f(x, y) aud a cylindrical surface whose generatrices are parallel to the 
axis (Fig. 22.1). A domain D is called the base of the cylindrical body. 
This is the orthogonal projection on the xy-plane of the surface that 
bounds the cvlindrical body. 
‘To determine the volume we will follow the two principles: 
(D if we break a body into parts, its volume will be equal to the sum 
of the volumes of the constituent. parts (additivity). 
(2) the volume of a right cylinder bounded by the plane z = const 
parallel to the xv-plane is equal to the area of the base multiplied by the 
height of the body. | 
In what follows we will assume that the domain D is squarable (i.e., 
having an area) and bounded (i.e.. lying within a circle whose centre is the 
origin of coordinates). | 





Dy 





Fig. 22.1 Fig. 222 
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Let z = f(x, y) be the equation of a surface that bounds the cylindrical 
body, and let f(x, y) be a continuous function of a point P(x, y) in D. 
To begin with, we assume that the surface wholly lies above the xy-plane, 
ie, that f(x, y) > 0 everywhere in D. 

We denote the volume of the cylindrical body by V. 

We now break the base D of the cylindrical body into л nonintersecting 
squarable domains of arbitrary shape (we call them partial domains or 
regions). 

We will assign some numbers to the partial regions and denote them 
by Di, D», ..., Da, and their respective areas by AS,, Д5), ..., AS,. We 
will introduce the notion of the diameter of Dy: 


diam Dy = sup o(P, О), 
POEM 


where o(P, Q) is the distance between the points P and Q. We further 
denote by d the largest of the diameters of Dy (k = 1, 2, ..., n). Through 
the boundary of each partial region we will draw a cylindrical surface with 
generatrices parallel to the z-axis. As a result, the cylindrical body will be 
broken into л partial cylindrical bodies. 

We replace the Ath partial body by a right cylinder with the same base 
and height equal to the z-coordinate of some point on the surface to be 
replaced (Fig. 22.2). 

The volume of such a cylinder will be 


AV; = A(Pk)A Sk, 


where the point Pr(xc, ук) € De, and ASy is the area of Dx. 
Alter we have subjected each partial cylindrical body to this procedure, 
we end up with an m-stepped body of volume 


Va = X fOOASC. (22.1) 
k=l 
It is intuitively clear that И, represents the volume И we seek for the more 
accurately the smaller are the sizes of Dx. 

By definition, we assume V to be the limit to which the volume of 
the n-stepped body (22.1) tends when л > со and when the largest of the 
diameters d or Dg tends to zero. It is only natural that the limit should 
not depend on the way in which D has been broken up into partial domains 
Dy and points Pk in Dy, have been selected. 

Let us take the general case. The sum (22.1) is called the integral sum 
for /(x, у) in D for a given division of D into n partial domains and 
a given selection of the points Pk(xx, ук) within Dk. We make n tend to 
infinity so that d — 0. The sum (22.1) will then change. 


22.1 The Concept of Double Integral 267 


Definition. If there exists a limit of integral sums o = $, (Pe )AS« 
kel 
as d — 0, such that it depends neither on the choice of division of D into 
partial domains, пог on the selection of points Px within Dy, then it is 
galled the double integral of f(P), or f(x, y), over D, and is denoted by 
"(Las or | Лх, y)dx dy. Thus, 
D D 


n 
jf S(P)ds = lim У,Д(Р„)А%у. (22.2) 
D 4-0 kzi 
Function f(x, y) is then said to be integrable over the domain D. Hence- ' 
forth d is the largest of the diameters of partial domain Dy, /(Р) is the 
integrand, /(P)ds is the integration element, ds is the differential (or ele- 
ment) of area, D is the domain of integration, P(x, y) is the variable point 
of integration. 

Returning to the definition of the: volume of a cylindrical body, we con- 
clude that the volume of the cylindrical body bounded by the ху-ріапе, 
the surface z = f(x; y) (f(x. y) 2 0) and the cylindrical surface whose 
generatrix is parallel to the z-axis is determined by the double integral of 
f(x. v) over the domain D, which is the base of the body: 


V=||f(P)ds ог V = je y)dx dv. 
И D 
Here dx dy is a surface clement in ‘Cartesian coordinates. 
So much for the geometrical meaning of the double integral of a non- 


negative function. " 
If /(P) <0 in D, then V = —|1/(P)ds. 
D] 


If in D the function /(Р) assumes both positive and negative values, 
then the integral \\ f(P)ds is the algebraic sum of the volumes of those 
D 


parts of the body that lie above the xy-plane (they are taken with the plus 
sign) and those parts that lie under the xy-plane (they are taken with the 
minus sign). 

Sums of the form (22.1) are set up for a function of two independent 
variables and a limiting transition is'then carried out in a wide variety of 
problems, for example, when calculating the mass of a plane figure. 

It is worth noting that the condition for f(x, v) to be bounded in D 
is not sufficient for the function to. be integrable. For example, take the 
function f(x, y) defined in a square D: (0x x «1l, 0< y< 1] in the 
following manner: f(x, у) = 1, if x and y are rational, and f(x, у) = 0 
otherwise. This function is bounded but not integrable in the above sense. 

We now turn to the sufficient coridition for integrability. 
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Theorem 22.1. Any function f(x, v) that is continuous in a bounded 
closed domain D is integrable over that domain. 

The requirement that the integrand be continuous is too constringent. 
Therefore, for applications we have the following important theorem that 
guarantees the existence of the double integral for a certian class of discon- 
tinuous functions. 

Theorem 22.2. If a function f(x, v) is bounded in a bounded closed 
domain D and continuous everywhere in D, save for a set of points of zero 
surface area”, then it is integrable over D. 


22.2 Main Properties оѓ Double Integral 


Double integrals have a number of properties similar to those of 
the definite integrals for a function of one independent variable. 
(1) Linearity. If the functions /(P) and (Р) are integrable over a do- 
main D, and о and # are any real numbers, then the function 
«f(P) + Ве(Р) is also integrable over D, and 


ү] [af(P) + Be(P)lds = « [1/0795 + В |! e( P)ds. (22.3) 
D D D ` 


(2) If the functions /(Р) апа e(P) are integrable over a domain D and 
everywhere in D /(P) < (P), then 


([/(08s < [| e(P)ds, (22.4) 
D D 


ie., inequalities can be integrated ferm hy term. Specifically, integrating 
the inequalities 


- [API < /(Р) < |/(Р)|, 


we will get 


- ffucas < || sP yds < ||/(Р)|а, 


p D D 


or similarly, 
|] ЇР) as] < LMP rds. 
D D 


(3) Area of a plane region. The area of a planc domain D is equal 
to the double integral over that domain of the constant function identically 
equal to unity. 


? We will say that a set of points in a plane, in particular a curve, has a zero'ared, if 
it can be contained by a polygonal figure of an infinitely small area. 
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‘Indeed, the integral sum of. /(Р) = 1 in D has the form 


X 1 ‚ AS 


Ко=1 


саћа for any division of D into Dx it is equal to the area 5. But then the 
limit of that sum, i.c., the double integral, will be equal toithe area 5 of 
the domain D: 
S = || as. (22.5) 
D 

(4) Estimation of integral. Suppose that a function f(P) is continuous 
in a bounded closed domain D. Let M and m be respectively the largest 

and smallest values of /(P) in D, and S be the area of О. Then 


mS < jf f(P)ds < MS. (22.6) 
D 


(5) Additivity. If a function /(P) is integrable over a domain D and 
the domain D is divided into two domains D, and 1, such’ that they have 
no common internal points, then f/(P) is integrable over cach of Di and 
D», so that 

| f f(P)ds = | | f(P)ds + J f(P)ds. (22.7) 
D: i 


D M 


(6) Theorem 22.3 (mean value theorem). // a function f(P) is continu- 
ous in a closed bounded domain D, then there exists at least one point 
Pm in D such that 


[| Ads = f(Pm)S, | | (22.8) 
D 


where 5 is the area of D. ; 
4 Since /(Р) is continuous in the closed bounded domain D, it assumes 
in D a maximum value M and a minimum value zi. By property (4) we have 


mS < i f(P)ds < MS, 
D 


hence 


Н || f(P)ds < M. 


"D 


ms 


i 
1 


The number [еа is thus contained between the maximum and 


minimum values of /(P) in D. The function /(P) being continuous in D 
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assumes at some point” Pm € D a value equal to the nuinber + 





| уд; 


D 


fs -$ || renes. (22.9) 
D 


Whence we have 


f [amas = f(Pm)S. * 


D 


The value f(Pin) defined by (22.9) is known as the mean value of ДР) in D. 

The mean value theorem has a geometrical meaning. 

If in a domain D a function /(Р) > 0 is defined, then (22.8) implies 
that there exists a right cylinder with a base D (of area S) and height 
Н = (Pm) whose volume is equal to the volume of the cylindrical body 
(Fig. 22.3). 





Fig. 22.3 Fig. 22.4 


22.3 Double Integral Reduced 
to Iterated Integral 


One effective procedure to take a double integral is to reduce it to 
an iterated one. 
The case of a rectangle. Let a domain D be a closed rectangle II with 
sides parallel to the coordinate axes 


П=[а<х<Ь, с<у<а). 


9 By definition a domain is a connected set. 
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Suppose now that a function /(x, y) is continuous in II. The double 
integral 


|| fee дахау : 

at П 
can be treated as the (algebraic) volume of the cylindrical body with the 
base II, bounded by the surface z = f(x, y). 

Consider the cylindrical body. We will draw the plane y = yo, 
c € Jo € d, perpendicular to the y-axis (Fig. 22.4). This plane will cut the 
body through so that the cross-section wil! be the curvilinear trapezoid . 
ABB,A, bounded above by the plane line L: z = f(x, yo), у = Xo. 

The area of thé trapezoid is given by the integral 


b 
| Ло, 9o)dx, (22.10) 


where the integration is carried out with respect to x and yy is the second 
argument of the integrand, which in this casc is trcated as a constant 
(c < yo € d). The value of (22.10) depends on the choice of the value of 
yo. We write 


b 
SQ) = f f(x, y)dx. (22.11) 
a 
Expression (22.11) gives thc area of thé cross-section of the cylindrical body 
as a function of y. Therefore, the volume of the body can be computed by 
d 
V= | SCy)dy, 


с 
Оп the other hand, this volume is expressed by the double integral of 
f(x, y) over the rectangle II. Hence 


d 


||, уахау = | Soa». 
n c 


Substituting (22.11) gives 


d ,b 
||/(х, дахау = | ( | SO, yax) dy. 
п с а : 

This relation is generally written as 


| а b 
|| Дх, у)ахау = | dy | Ло, у)ах. (22.12) 


п c a 
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The volume of a cylindrical: body can also be worked out from the areas 
of flat cross-sections by planes x = xs. This yields 
b d 


|], у)ахау= | dx { fix, у)ау. (22.13) 
n a 


c 


Each of the expressions on the right sides of (22.12) and (22.13) contains 
two successive operations of:conventional integration of /(x, y). The rela- 
tions are known as iterated (or repeated) integrals of f(x, y) over the do- 
main П. | 

Comparing (22.12) and (22.13), we notice that if f(x, v) is continuous 
in the closed rectangle II, then it is always possible to pass to iterated in- 
tegrals and 

b d d b 


| ах | Дх, у)ау = | dy | Лох, у)ах, (22.14) 


i.e., values of iterated integrals of the function /(x, v), which is continuous 
in TI, are independent of the order of integration. 

Example. Find the double integral of z = x^ + v> over the domain 
П = {[0<х<1, 0x«y«l]. к 





n 


M 
— =—- 
ы. a 
+ 
ual X 
М 
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Fig. 22.6 


The case of an arbitrary region. Suppose now that the domain of in- 
tegration is an arbitrary bounded squarable closed domain D in the xy- 
plane. We further assume that D meets the following condition: any 
straight line x = const (a < x « b) parallel to the y-axis meets the bound- 
ary of D at no more than two points or over a segment (Fig. 22.6a). 

We put some domain D inside the rectangle П = (a x € b, 
c < y S а). The segment [a, b] is an orthogonal projection of D on the 
x-axis, and the segment [c, d] is an orthogonal projection of D on the 
y-axis. Points A and C divide the boundary of D into ithe curves ABC 
and AEC (Fig. 22.6). Each of the curves meets an arbitrary straight line 
parallel to the y-axis at no more than one point. Therefore, their equations 
can be written in a form solvable for y: 


(ABC): у = (x), 
(a € x «€ Б). | (22.15) 
(АЕС): y= ф›(х), 


We now cut the body with the plane х = const (а < x:< b). The resul- 
tant cross-section will be the curvilinear trapezoid PQMN (Fig. 22.7). 


1 


1- (oy) 





Fig. 22.7 
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whose area is given by a conventional integral of f(x, y) viewed as a func- 
tion of one variable y. Here y varies from the ordinate ф(х) of the point 
P to the ordinate e;(x) of the point Q. Point P is thc point of "entrance" 
of the straight line x = const (in the xy-plane) into D; and О is the point 
of “exit” from D. Since the equation of the curve ABC is y = ф(х), and 
of the curve AEC it is y = фә (х), then these ordinates will for a given x 
be ei(x) and (х), respectively. Consequently, the integral 


"Дх, yay = 500) (22.16) 


qur 


gives us an expression for the area of a plane cross-section of a cylindrical 
body as a function of the position of the secant plane x = const. The 
volume of the body will be equal to the integral of that expression with 
respect to x in the range of. x (a X x < b). 3 


Thus 
b (х) 
ffe. y)dx dy = [ac] f(x, y)dy. (22.17) 
p а ох) za 


In particular, the surface area S of D will be 


b 
- || ахау = j ax (ау. (22.18) 
D а vilx) 





Fig. 22.8 


We now suppose that each straight line y = const (c < y < d) meets the 
boundary of the domain D at no more than two points P and Q, whose 
abscissas are yi(y) and #0), respectively; or over a segment MN 
(Fig. 22.8). 
Similar arguments lead to the: formula, bita : 
d 


es Tu 
ло, 3)dxdy = | dy | лада, 2:3 Q2.19) 
D: xk -E уу с | 
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which also reduces the computation of a double integral to an iterated in- 






/ Example. Take the double integral of f(x, у) = 2x — y + 3 over a do- 
main D bounded by the lines y = x and y = x? (Fig. 22.9). 

A First method. Examine D. The straight line y = x and the parabola 
у= x? meet at points O(0, 0) and M(I, 1). And so, x varies from 0 to 





Fig. 22.9 Fig.2210 4.7 


1, and e,(x) = x? and у(х) = x. Any straight line x = const (0 < x < 1) 
meets the boundary of the region at no more than two points. Therefore, 
we can here apply (22.17) 


x 


1 
[ох у + 3)ах ау = | dx j Qx- у + 3)dy 
D 0 x 


|e- 49 


2 4 \ 
(> £ A + Зх – 2? + A -32 ) dx 


ГА 


li 
ot o- ә 


— — 3 ——— 23 
(2-3 zê- 2C + Te z 


Second method (Fig. 22.10). Using (22.19) gives 





1. м NA 
|] Сх – у + 3)dxdy = j à» | (2x — y + 3)dx.- 
D .0 У 
1 А х=ў (€ 3° 
= | (х2 — xy + 3х) | ду. = [өйү Dy + ›%2)ау` = 23 ; 
д ux foi КЕГИ 6. i П 
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J 


i 
\ ¥xample. Calculate the volume of a body bounded by the surface 
z 51 — 4x? — y? and the xy-plane. 
4 The elliptic paraboloid z = 1 — 4x? — y? is intersected by the xy-plane 
along the line 


-0 А 
L: E 2 ў, 


or 


E Q3 
+% =! 


01727 T eS 


This is an ellipse with semi-axes a = 1/2 and b = 1 (Fig. 22.11). 
The body being symmetrical about the coordinate axes, we get 
„> урал x 
- а - 4x7 – у?)ахӣу = 4 | dx f (1 — 4x? – у?)ау 
ò 0 
a 


“4 [c - уу - ^ 


уема dx 


: = | f (1 – 42)”?dx 
y= 





2x=sint, 24ах = соѕ га! 





1 — 402 = 1 — sin?t = cos?t a 
= | х= 0, t = 0 Ex (cos? t)? cos t dt 
= 1/2, h = т/2 0 
х/2 х/2. А Ў, 
-i| kie 1 + 2cos2t + cos 20 t 
y 3 3 | 4 
Tas Ayers К 2 Од. 
P 1 1 + cos 4f 
"a -j | xc 
a 





IE NE sin4t¢\ |; то тт 
-—-—lt =— + —— =-.» 
is LESE" ‘Te 671274 
. Remark. If a domain D is such that some straight lines (vertical or 
horizontal) meet its boundary at more.than two points, then to determine 
a double integral over D we should divide it appropriately into parts, reduce 
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each integral over these parts to an iterated integral and add up the results 
obtained. 
Example. ‘lake the double integral {fe “HY dx dy over a domain D con- 


Aained between two squares with a common centre at the origin of coor- 
“dinates and sides parallel to the coordinate axes, if for the internal square 
the side is 2, and for the external 4. | 





Fig. 22.11 Fig. 22.12 


<4 The function f(x, у) = e**” is continuous both in the large (Q) and 
the small (P) squares (Fig. 22.12). According to Theorem 22.1 there exist 
integrals of с" *" over the squares, and so the integral will be 


[je +? dx dy - [fe ахау - Ve" dx dy, 
D 0 Р 





where 
2 2 
{le ахау = | ( f eray) dx = | e' dy |e'à» 
Q 22 N22 -2 zx 
=e i e = (e -ey, 
-2 -2 Uere 
[үе ахау = | етах | еду = (е-е). c 
Р -1 =g 
Hence 


је ахау € (e? —e~*)? = fe = MAR 
D E : B 

inse yg ei uae! 
Т 2 соѕҺ 4 — 2cosh2. >” 
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22.4 Change of Variables in Double Integral 


Curvilinear coordinates. Suppose that in a domain D' in the 
uy.plane we are given a pair of functions 


x= e(u, v), 
P = ф(и, 0), (22.20) 


which we will consider continuous and having continuous partial 
derivatives. 

By (22.20), corresponding to each point М“ (и, v) іп D' is one definite 
point M(x, y) in the xy-plane, and so corresponding to the points of D 
is some set D of points (x, y) in the xy-plane (see Fig. 22.13a, 5). 





Fig. 22.13 


We say then that the functions (22.20) map D' into a set D. Suppose 
that corresponding to various points (u, v) are various points (x, y). This 
is equivalent to saying that equations (22.20) are uniquely solvable for u, v: 


| = g(x, у), 


y = h(x, y). (22.21) 


In this case, the mapping is said to be a one-to-one mapping of domains 
D and D. Under such a mapping any continuous curve L' in D? will 
be mapped into a continuous curve L in D. 

If the functions g(x, y) and A(x, y) are continuous, then any continu- 
ous MPs LCD will by (22.11) be mapped into the continuous line 
L cD. E Е 

Since from a given pair of values (uo, vo) of variables и, v in D” we 
can uniquely determine not only the position of the point M" (uo, vo) in 
the domain D” itself, but also the position of the corresponding point 
M (xo, Jo) in D (% = € (o, ш), Yo = V (uo, vo)), this will enable us to con- 
sider the numbers и and v as some new coordinates of M in the xy-plane. 
They are called the curvilinear coordinates of the point M. 
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The set of points in D such that one of their coordinates maintains 

a constant valuc is called the coordinate line. -Putting in (22.20) v = v, 
we will obtain the parametric equations of the coordinate line: 


g* Хе ф(и, 0), y= Ņ(u, vo). (22.22) 


Неге the variable и appears as a parameter. 

By assigning to v various possible constant values we will obtain a fami- 
ly of coordinate lines (v = const) in the xy-plane. In a similar manner, we 
obtain another family of coordinate} lines (u = const). 

If there is a one-to-one correspondence between domains D' and Р. 
the coordinate lines of a family never intersect, and through any one point 
of D passes only one line of each family. 

The network of curvilinear coordinate lines in the xy-plane is а 
representation of a rectangular network in the wu-plane (see Fig. 22.13a, b). 





(a) Fig. 22.14 (6) 


Area clement in curvilinear coordinates. Jacobian and its geometrical 
meaning. In a domain D in the uv-plane we draw a small rectangle 
Pi P3 P, P4 with sides parallel to the w- and v-coordinate axes and having 
lengths Au and Av, respectively (Fig. 22.142). Its area is 


AS’ = Au Av. (22.23) 


For definiteness, we ássume that Au > 0 and Av > 0. 

The rectangle Pi P; Р; Р; is mapped into the curvilinear quadrangle 
P,P,P,P, in D (Fig. 224b). If the vertices P; (i = 1, 2, 3, 4) have 
the coordinates Pi(u, v), Pi(u + Au, v) Pi(u- Au, v+ Av), 
Р (и, v + Av), then by (22.20) the éorresponding vertices Р; will have the 
coordinates del 

Pi(e(u, v); (и, v)), Pi(p(u + Au, v), {(и + Au, v)) 
Р,(ф(и + Ан, v + Av), y(u + Au, v t Av)), 
Pi(e(u, v + Av), y(u, v + Av)). 
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Using the Taylor formula for a function of two variables and keeping 
only first-order terms in Au and Au, we will determine approximately for 
P,P,P,P4, the coordinates of the vertices 


Pilg, V) (accurate value), 
P; (+ + 20 дц, y + —— oy Yaw), 
У (22.24) 
P, (ean + PN y t —— ov Au + 90. v). 
Pa (e+ 4 ay, à 9р. Au 


where ø, V and all their derivatives are computed at the point (u, v). 
Coordinates (22.24) indicate that, up to higher-order terms, the quad- 
rangle P, P; Р» Р, is a parallelogram. This follows from the fact that 
_ pp. 9e ;, УА, 
PP = PP = Ju Aui + 3u АНЬ 
The vector PP, can be represented as 


uz De appa OF 
PP, =? Avi + 35 Avj. 


We will then be able to represent approximately the area AS of the quadran- 
gle P, PPP, through the length of the vector product (PÂ, PA EA, ie., 


dey Ey. 
AS = |[Р,Ё›, АРІ = ie ЕЧ Au Av. 
д} д} 
The determinant 
dp(u, v) _ду(и, v) 
ди ди 
dp(u, v) д(и, v) 
`д} до 


is called the functional determinant of the functions y(u, v), y(u, v), 


or the Jacobian. 
Thus, 


= [J| Au Av. 


(22.25) 


The expression on the right of (22.25) is called an area element in cur- 
vilinear coordinates. Since Au Av = AS", we obtain from (2225) 


AS 


J 
as 


(22.26) 
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Equality (22.26) is approximate. In the limit, however, when the dia- 
meters of the elements AS” and AS tend to zero, it becomes exact, i.e., 


AS: : 


cr ps aid. -0 AS 


(22.27) 
^ 

It is seen from (22.26) and (22.27) that the absolute value of the Jacobian 
is a sort of local coefficient of ‘extension’ of the domain 2° (at a given 
point (и, v)) when mapped into D using the transformation formulas 
(22.20): x = (u, v), y = ұ(и, v) 

Change of variables in the double integral. Suppose that two continuous - 
functions x = y(u, v), y = ү(и, v) effect a one-to-one mapping of a do- 
main D into D' and have continuous partial derivatives of the first order. 
Suppose then that in D in the xy-plane a continuous function z= 
f(x, y) is defined. 

Corresponding to each value of the function z = f(x, y) in D is an 
equal value of the function z ^ F(u, v) in D’ , where F(u, v) = f[o(u, v), 
y(u, v)]. 

Consider integral sums for z = f(x, y) in D and D`. Making use of 
the fact that integral sums are set up in an arbitrary manner, we will form 
them so that they contain equal values of the function in! D and D'. We 
will get 


Bx, y)AS = X; F(u, v)|J| AS', (22.28) 
D D" 


where AS = |J|AS" and J(u, v) is the Jacobian of (u, ш) and (и, v). 
Passing іп (22.28) to the limit as the largest diameter а" of the partial do- 
mains Dx tends to zero, we will have i 


ПИ у)а5 = J| Fe. v)| J(u, v)| 45° 
D 


or 


ffe. у)ахау = || Леби, и), VQ, иу] (и, 0) dude, 
D D* E 


(22.29) 
where 
ax dx 
_ | du du 
J(u, v) = ay ay T 
| Ou до 


Formula (22.29) is known as the Ostrogradsky form to transform 
coordinates in a double integral. 
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Notice that as d^ — 0 the largest of d of the partial domains in D will 
also tend to zero, because (22.20) is continuous. 

The condition J = 0 is the condition that the mapping through the 
functions x = e(u, v), y = y(u, v) be a locally one-to-one mapping. 

Variables in a double integral are changed according to the following 
rules: 

Theorem 22.4. To transform a double integral specified in rectangular 
coordinates into a double integral in curvilinear coordinates we will have 
to replace in the integrand f(x, y) the variables x and y Бу (u, v) and 
y(u, v) respectively, and the area element dx dy by its expression in cur- 
vilinear coordinates: dx dy = |J |du dv. 

Example. Find the area of a figure bounded by the hyperbolas xy = a’, 
xy = Б, wherex > 0, y > 0,0 < a < Б, and by the straight lines y = ox, 
y = Bx, where 0 < o < 8 (Fig. 22.15a). 





Fig. 22.15 


-4 Determining the area of this figure is reduced to taking the double in- 
tegral | dx dy over D. To find this integral directly is fairly difficult. There- 
D 


fore, we will introduce new, curvilinear coordinates u and v by 


ху= и and Ł =v. (22.30) 


It is clear then from the conditions of the problem that a? < u < b?, 


а<0< 8. It follows that in the uv-plane we obtained the rectangle 
(Fig. 22.155) 


р‘ = {а <и, acu). 


This is a simpler figure than the original опе іп D. 
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"We now express x and y using (22.30) through и and v: 


u Е 5 
х= | у= Мир. 
Треп 
К Ox дх T vu 
J= ðu ðv | _ ee zr ciant 
= - = 20 


ду ду " 
Ou QU 


From (22.29) we obtain at f(x, y) = 


= {ахау = Лаа = i du Í ЕД 
D D* a à 2v 


2 2 
~ d nb. > 


et 
1 à 2 


= и ~Inv 
a 2 








Double integral in polar coordinates. Taking a double integral is fre- 
quently simplified by a change of rectangular coordinates x and y to polar 
coordinates о and e using the formulas 


x= 0 COS Ф, y=esing, where 9 20, 0<е<2т. 


(22.31) 
Then 
gx DUE coso —psine 
у=|%е ер = 
= = 70 
ду ду sine о cos e 
до де i 


Considering that |J| = @, we will derive the area element in polar coor- 
dinates 


- dS = Q dge dọ' есу (22.32) 


and the formula to pass over from ап integral’ in rectangular coordinates 
to an integral in polar coordinates 


[Ja сау = | Ле созу, esineledede.. — оз) 


- The area element in polar coordinates can be obtained from the follow- 
ing geometrical arguments (Fig. 22: 16). We have 


AS = area of ODC — area of OAB 


] 1 | 
5(0 + доде - 5 04е = о До m tz 1 дарде, 
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Discarding the infinitesimal quantity of a higher order, we will obtain 
AS = og Ag Ay 

and we take the area element in polar coordinates to be 
dS = odo dọ. 


Consequently, to transform a double integral in rectangular coordinates 
into a double integral in polar coordinates we must in the integrand replace 
x and y by г cose and о sin e, respectively, and replace the area element 
in rectangular coordinates dxdy by an element in polar coordinates 
e do dọ. 

We now proceed to take the double integral in polar coordinates. As 
in the case of rectangular coordinates, we here also reduce the integral to 
the interated one. 


^o, 


р + dp »consl 


б 
c 
+ 
a 






0 ~ consi 





Fig. 22.16 Fig. 22.17 


Consider first the case where the pole O lies beyond the given domain 
D. Let D be such that any ray originating from the pole (the coordinate 
line y = const) intersects its boundary at no more than two points or along 
a segment. Note the extreme values фу and з of the polar angle o, i.e., 
the polar angle y varies from ei to «2: pı € ф € v». Here pı and кз are 
the limits of external integration. 

The ray e = фі passes through a point A of the contour of the domain 
D, and the ray р = v? through a point В (Fig. 22.17). 

Points A and B divide the contour into two parts: ABC and AFB. 
Let their polar equations be o = (фр) and р = v2(4), respectively, where 
(ө) and у (ж) are single-valued continuous functions of ¢ satisfying the 
condition vi(e) € v2(y) for all y € (фі, v2). 
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The functions ›(ф) and vi(o) are the limits of internal integration. 
Going over to iterated integrals gives 


- yz no) 
{| Fle, pe dede = | de | Е(о, v)ede. (22.34) 
7 D e vie) 
Specifically, the area 5 of D at F(o, e) = 1 will be 
e vy) ] А 2 
$- f de | о do -1| vio - vi(e))de. 
pı nlo) 


Фі 


Now suppose that the pole O lies within D. And suppose also that 
for the pole D is a "stellar" domain (Fig. 22.18), ie, any ray е = const 





Fig. 22.18 


culs across the boundary of the domain only at one point or along a seg- 


ment. Let о = >(ф) be the equation of the boundary in polar coordinates. 
Then, 


i Flo, e)o do de = | de T Fle, e)edo. (22.35) 
D 


Example. Take the integral 


= —————  dxdy, 
|| М1 TT 


where D: (x7 + y? < 1, x > 0, у > 0) is the quarter of the unit circle in 
the first quadrant. ' p 
+ Pass to polar coordinates 


X = Qcosy, ye o sin p. 
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Then the region of integration will be the rectangle 


D': fox e<l, 0593] vt 
noc А 
and the integral can be transformed to yield 
x/2 1 
t= || odode _ | ae | o do 
МІ + о? ? МІ + р? | 


"(V2 - I) 
= 5-0, 


о=0 


= 531 + о? 


Remark. If the Jacobian is distinct from zero іп D, then іп a certain 
neighbourhood of each point in the domain we will have a one-to-one 
mapping. 

It may , however, happen that the mapping of the entire domain is not 
one-to-one. Take, for example, the mapping given by the functions 
x = e"cos v, y = e"sin v, – о < н, о < +œ. The Jacobian of these func- 
tions is 





x дх e"cosu  —e'snv| _ 
da ди du = E 
„ду NE 


Ju 37 e"sinu  e'cosv 

and hence is nonzero everywhere. Nevertheless, for u = 0, v = 0 and for 
и= 0, v=2r we obtain х= 1, y = 0, since the mapping is not 
one-to-one. 

On the other hand, if at some point the Jacobian becomes zero, we 
may have a one-to-one mapping in the neighbourhood of this point. For 
example, for a mapping given by the functions x = i? , y = v), -œ < и, 
v< +œ, the Jacobian J = 9u?v? is zero at и = 0, or at v = 0, but the 
mapping is one-to-one. 

The inverse mapping is given by thc functions u = Ух, р = V, 
— eco < х, y< +œ, so that the point M (x = 0, WS d is id into 
M? (u=0, v= 0), and vice Versa. 


22.5 Surface Area. Surface Integral 


Calculation of surface area. Consider a surface т that is uniquely 
projectable onto a domain D in the xy-plane. This means that this surface 
is described by the equation z = f(x, y), where P(x; y) € D. 

We will suppose that the surface is smooth, ie, that in D the function 
f(x, y) is continuous and has continuous partial derivatives f/(x; y) and 


Jy (x, y). 
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‘We will at first establish what we are going to call the area of a surface. 
We divide D into squarable subdomains Dı, Di, ..., D, that do not contain 
common internal points, and will denote their areas by AS,, AS2, ..., А5„, 
respectively. Let d be the largest of tlie diameters of the partial domains 
Ф; (К = 1, 2, ..., n). In each Dy we select arbitrarily a point Pk (Ёк, тк). 
The point Pk in x will have as its counterpart a point M; (£x, nx, £x), where 
te = ГЁ, т) (Fig. 22.19). We construct a plane tangent to т at My. Its 
equation is 


z= {к = Ј (Eo nx)(x — Ex) + Sy Gk, то) — зк). (22.36) 





Fig. 22.19 


We now construct on the boundary of Dx, as on a directrix, a cylindrical 
surface with a generatrix parallel to the z-axis. This surface will cut out 
a patch m with area Док from the tangent surface through Mx. The patch 
тк is projected on the xy-plane into Dy. Consider a sum 


P (22.37) 


Definition. If sum (22.37) has a definite limit S as d > 0, ie, 


n. Y Aok = an А x (22.38) 
EJ T 3 | 
then 5 is said to- bs the Suck area of x. Here d is | the largest of the 
diameters of D, (k = 1, 2, ..., n). : 

Thus, we, as it were, replace the: given surface by a scaly one, calculate 
the area of the scaly surface and pass to.the limit as the diameter of scales 
tends to zero (as d — 0 the diameters tend to zero as well). : 


288 22 Multiple Integrals 

We would now like to derive a formula to compute the surface area. 
It is well known that the area of the projection of a plane figure on some 
plane is equal to the product of the area of the figure being projected by 
the cosine of the acute angle between the projection plane and the plane 
in which the figure lies. We denote by ук the angle between the tangent 
plane to the surface т at M, and the xy-plane (Fig. 22.20). Then 


ASk = бок |cos үк |, 
hence 


Дак = CEDE x (22.39) 
[cos +x | 





Fig. 22.20 


But the angle yx is at the same time the angle between the z-axis and the 
normal to the tangent plane to (22.36). We denote by 


ni = (Sr (Ee, nk), Jy (Ex, nk), = 1) 
the normal to the plane tangent to the surface. at My, and by m = 
(0, 0, 1] the unit vector of the z-axis. We then obtain 


m |(ni, n2)| се 1 і 


COS үк = ——_ = eee See ИН 
Imm! — Ji Ur, my Ug тю). 


Thus 


лє = 2) VEE UE es + Uf Gc PASE. 10240) 
=1 =l, . 
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As stated, /; (x, y) and /; (x, у) are continuous in D, and so is the function 
NI Ure у + О, »Y 


which is also integrable over D. Therefore, as d > 0 the sum (22.40) has 
“the finite limit 


lim X; doe = |Í V1 + E XI + Ur Gc. X ds. 
D 


4—0 k-1 


It follows from relation (22.38) defining the area 5 of т, that 


s- |l 1+ (2) + (ДЕ) dx dy, (22.41) 


D, 


where D is the projection of т on the xy-plane. 
The expression 


do= ha (82) + (22) ахау (22.42) 
Ox ду 


is called a surface element. 
If we project т on the xz-plane, we obtain 


Е m ay 2 ay. 2 | 
s-|| GH A(Z) mm |) aa 
Р 


where D. is the projection of some regions of т on thé xz-plane, and 
projecting m on the yz-plane we will have 


ғ (22.44) 


ам ш 





where D,, is the projection of the region on the yz-plane. 
Example. Find, the surface area of the sphere of radius R given: by 
+ y? + z? = R? with the centre at the origin of coordinates. — ^ 
~“ The equation of the upper hemisphere is = МК? – x-»y. 
Therefore, | «е 
ut A x 9z _ _ Ба ci 


дх Rx = у? i ду VR? 52 — у? : 
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Hence 


The domain of integration is D: (x? + y? < В? |. And so the area will be 





> R х = ecos¢g 
5=2||———#———&- у= озїпф 
2x R 
do de о dg 
= 2r | | —edede = ar | ap | е 
В? – о? 5 VR? — о? 
D* 0 0 
= AsR(-NR! - о?) =4rR?. > 


e-0 





Note the following useful formulas: 
(1) The surface element of the cylindrical surface of radius R is 


do = R dọ dz. (22.45) 
(2) The surface element of the spherical surface of radius R is 
do = R?sin 0 dé dy. (22.46) 


Using formula (22.46) for the surface element of a spherical surface, we 
derive the surface area of the sphere 


2x 0/2 
S= 2 (| R'sin 0 dd de = 2R? f dy | sin 0 d8 
т 0 0 
т/2 
= 2R? 2a(— cos 0) = 4nR?. 
4 8z0 





Integral over a surface (surface integral of the first kind). Consider a 
continuous function f/(M) defined on a smooth surface т. Divide s into 
parts Ti, 72, ..., та With areas Aoi, Ao2, ..., Асл, respectively; in each of 
the partial surfaces we take an arbitrary point Mi, M2, ..., M, and form 
thc sum 


= Y ЛМ» )Аок, (22.47) 
к= 1 


which we will call the integra! sum for f(M) over т. 
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Definition. If the largest of the diameters of тк tends to zero and the 
integral sum (22.47) has a finite limit which is independent of the ways 
т is divided into parts or points My are chosen, then this limit is called 
the integral of AM) over the surface area т (surface integral of the first 
kind) and denoted as || /M)do ог || Ло, у, z)do, where do is the surface 

т 


element. * 


The general properties of double integrals are valid for surface integrals. 
In particular, if зг is broken into nonoverlapping parts тї, 72, ..., Ta, then 


>, (|/(М)аво. (22.48) 


k=! *: 


| | f(M)dae = 

у т 
Theorem 22.5. [f т is a smooth surface given by the equation z = 
y(x, y) and y(x, y) has continuous partial derivatives in a certain domain 
Dı, and if f(x, y, т) is a continuous function defined in a, then for any 


closed bounded domain D C D, there holds the identity 


Ле. у, zda = || fx, у, ебх, »» V1 + (ec? + (6)? ахау. 


т D 
(22.49) 
The surface integral on the left exists if there exists the double integral on 
the right of (22.49). 


The integral (( u(P)do, where (Р) > 0 in x, can be treated as the 


т s 
mass m of the shell represented by the surface m, over which the mass 
is distributed with the surface density д = (P). 


Example. Find the mass of the parabolic shell 
z = 50 +y’), O<z<], 


whose density varies according to the law д = z (Fig. 22.21). 





Fig. 22.21 
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- We have 


= || a(P)do = || z(x, Y) VI + (ш)? + (y). ахау 


т 


E £y») x? + y! ахау 


D 


Аб NI o ede= x {Vive e! do 


Y 


Мт + о? =t, Qu LT. dos t dt 


2-1 
= о =“, fy = 1, 
о = V2, fy = УЗ 
Ji E 
dt 
= r (Ма) £28 = r|- Pde 


5 Pp У 
(4 -5)], = 21 (6V3 +1), > 


22.6 Triple Integrals 


Suppose that we are given a material body occupying a three- 
dimensional region Q filled with matter. Suppose also that at each point 
we know the density 


к= р(Р) = р(х, у, 2). 


It is required to find the mass т of the body. 

We will break Q into nonoverlaping cubable (i.e., having a volume) parts 
Qi, 0, ..., 0, having volumes ЛИ, АЁ», ..., AV,, respectively. In each of 
Q we select an arbitrary point Pk. We assume approximately that through- 
out 0, the density is constant and equal to (Px). The mass Атк of this 
part of the body will then be given by the approximate relation 


Атк = p(PX)A Ик. 
The mass of the entire body will be 
m= >) (Po ANVk. (22.50) 
k=l 


We denote by d the largest of the diameters of 2, (k = 1, 2, ..., n). 
If (22.50) has a finite limit as d > 0, which is independent of the way 2 
has been divided into partial regions or Pk € 9; have been selected, then 
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this limit is taken to be the mass of the body 


n 
m= lim У jy(PX)AVA«. (22.51) 
r d-0 k=l і 
gu On the other hand, this limit is known as the triple integral of the func- 
tion 4(P) over the domain Q and is denoted by 


Hg g(P)du = lim Y. (Pe) AV. | 


а 4-0 kzı 
Непсе 
т = M i (P)dv = t n(x, у, z)dx dy dz. (22.52) 
n E 


п 


Неге dx dy dz is an element of volume dV in rectilinear coordinates. 

We will now give the formal definition of the triple integral. Consider 
a closed cubable domain Q in which a bounded function /(Р), P « 0, is 
defined. We divide Q into a nonoverlapping cubable parts Ni, Rz, ..., Qa, 
and denote their volumes by AVi, AV, ..., Abn, respectively. In cach Or 
we arbitrarily choose a point Px(xc, Ye, zx) and form the integral sum 


а 22 J(Pk)AVk. 
TY 


Let d be the largest of the diameters of Ок (К = 1, 2, .. n). 

Definition. If when d > 0 the integral sums с have a od that is depen- 
dent neither on the way in which Q is broken down into 2, nor on the 
choice of points Px € Qe, then the limit is called the dis integral of 
f(x, у, z) over Q and is denoted by 


|([Дх, у, adv ог (fj/tP)av. 
n 


The function f(x, y, z) is then called integrable in Q. By definition, we 
thus have 


Ло. у ade = lim 2) f(x Je, ce) AN. (22.53) 
0 d-* =! 


Theorem 22.6. [fa function f(x, у, z) is continuous in a closed cubable 
domain Q, then it is integrable in that domain. 


Properties of triple integrals. Triple integrals are similar in their be- 
haviour to double integrals. Therefore, we can easily list them. 
Let the functions /(Р) and e(P) be integrable in a cubable domain 0. 
1 
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(1) Linearity: 
{|| (af(P) + Be(P)du = a ||] S(P)du + В ($E e(P)dv, 
1 п ft 


where а and 8 are arbitrary real constants. 
(2) If ҚР) € e(P) everywhere in Q, then 


(| /(Р)ао < i e(P)dv. 
au n 


(3) If ДР) = 1 in Q, then 
|| dv = V, 
DN 


where V is the volume of Q. 
(4) If a function f/(P) is continuous іп a closed cubable domain 2 and 
M and in are its largest and smallest values, respectively, in Q, then 


mV < MEC « MV, 
ü 


where V is the volume of Q. z 

(5) Additivity. If a region Q is broken into cubable domains 0, and 
N: without common internal points and /(P) is integrable in 0, then /(Р) 
is integrable in each of 9, and 92, and 


(Ode = f APde + WE /(Р)аь. 
а M fà; 


(6) Theorem 22.7 (mean value theorem). 7f a function f(P) is continu- 
ous in a closed cubable domain Q, then there exists a point Pm € € such 
that 


Uf O)dv = f(P4)V, 
u 


where V is the volume of 0. 


22.7 Taking Triple Integral in Rectangular Coordinates 


As with double integrals, the problem comes down to taking iterated 
integrals. 
Suppose that f(x, y, z) is a continuous function in a domain Q. Then 
there exist all the integrals described below. 
We will first take the case where Q is a rectangular parallelepiped 


Q:(a&«x«b, cxy&d, I«z«m), 
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whose projection on the yz-plane is a rectangle R 
R:(e&y d, {<< т). 


We will then have 
at b 
о. у, av = (ах (ох, у, adds. (22.54) 
й a W 
Substituting the iterated integral for the double integral gives 

d 


b m 
70. y, дао = | dx į dy | Дх, y, z)dz. (22.55) 
0 a с I 


When Q is a rectangular parallelepiped, we could thus reduce the taking 
of the triple integral to taking three: conventional integrals in а row. 
Formula (22.55) can be rewritten. to give 


Ло y, adv = ({ (f /(х, у, 2az)dx dy, (22.56) 
n D 1 


where D: {a < x S b,c S y < d] isa rectangle in the xy-plane. This rect- 
angle is an orthogonal projection of the parallelepiped on the xy-plane. 

Let us now consider a domain 0 such that a surface 5 that bounds 
Q is intersected at no more than two points by any straight line parallel 
to the z-axis (Fig. 22.22). Suppose that the surface Sı that tounds Q from 
below is described by the equation z = ф(х, у), and the surface S, that 
bounds О from above is described by the equation = = ez(x, y). 

We project Sı and 5; on the xv-plane into a domain D bounded by 
a curve L. The body 2 is bounded Буга cylindrical surface with a generatrix 
parallel to the z-axis and with the curve L, which here acts iike a directrix. 





Fig. 2222 Fig. 22.23 
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In analogy with (22.56) we will then obtain 


r(x) 
70, у, adv= ff | | f» д] ахау. (22.57) 
n 


D “oi(xy) 


If the domain D in the xy-plane is a curvilinear trapezoid bounded 
by the curves y = W(x) and у = y2(x) (a € x < b), then the double in- 
tegral in (22.57) can be reduced to an iterated integral, and so we will arrive 
at 


: В vax vix) 
Ло. у, 2dv = [dx | dy | fx, y, да. (22.58) 
п 


4 vx vix) 


This relation is a generalization of formula (22.55). 
Example. Calculate the volume of the tetrahedron, hounded by the 
planes x 0, y» = 0, 2 = 0 апа x + 2у + 2 – 6 ~ 0. X 
-4 The projection of the tetrahedron on the xy-plane is the triangle formed 
by the straight lines x = 0, y = 0 and x + 2y = 6, so that x varies from 
0 to 6, and at a fixed x (0 < x « 6) y varies from 0 to 3 — x/2 (Fig. 22.23). 
If x and y are fixed, the point can move along the vertical from the plane 
z = Ototheplanex + 2y + 2 6 = 0, ie, z varies from 0 to 6 — x — 2y. 
From (22.58) we obtain at f(x, y, z) = 1 


3-3  6-x-2y 6 3-5 
dx f dy f dz = [dx | (6 — x - 2y)dy 
0 0 0 


0 


y- 


(6 — x)» — »!] dx 


oa 0 Otn A 


yz3-3 1 t 6 2d 
" =z J — x) x 





К 
236. > 
o f 


N 





6 
_ T уу— _1(6- Хх) |’ 
a x)'d(6 – x) = 5 ; 5 


Ni — 





F =ni 


22.8 Taking Triple Integral 

in Cylindrical and Spherical Coordinates 

In a triple integral variables are changed in much the same manner 
as in a double integral. Suppose wẹ have a function f(x, y, z) that is con- 
tinuous in a closed cubable domain Q, and the functions 

х= x(£, n, т), y-y(t«w,7) z= (Е, n, r) (22.59) 


are continuous together with their partial derivatives of the first order in 
a closed cubable domain 0”. 
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Suppose further that the function (22.59) establishes a one-to-one cor- 
respondence between all the рени (i, qv, т) of Q' and; all the points 
(х,у, z) of Q. 

Then a change of variables їп а ‘triple integral is governed by the follow- 

ing formula: 


MESZ у, z)dx dy dz 
Q 


= f, 1, 7), eae z(E, п, ТЛА dn ат, (22.60) 


! 


where J is the Jacobian of the set of functions (22.59): 


Ox Ox ax 


“OE ду Or 
Joc] D B P 
at д1 дт 
дт Az az 


дЕ dh dr 


In actual practice, in taking triple integrals rectangular coordinates are 
often changed to cylindrical and spherical ones. 


2 


P(x,y,z] 


Fig. 22.24 


Triple integrals in cylindrical coordinates. In cylindricalicoordinates the 
position of a point Р in space is determined by three numbers o, e, 2, 
where g and e are the polar coordinates of the projection P’ of P onto 
the xy-plane and z is the applicate of the point P. The inumbers o, е, 
z are termed the cylindrical coordinates of P (Fig. 22.24). 

Clearly, 


О<ро< +o, 
0c о < 2т, l 
-m<Z7< treo. 
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In cylindrical coordinates the coordinate surfaces o = const, y = const, 
and z = const are respectively circular cylinders with axes coincident with 
the z-axis; half-planes adjacent to the z-axis, and planes parallel to the 
xy-plane. 

The relation of rectangular coordinates and cylindrical coordinates is 
apparent from the figure 


X = QCOS е, 
y=osing, (22.61) 
1 = 1. 


For the set (22.61) that maps the domain Q into 9° we have 
Ox Ox дх 


ГИТЕ = cosy –-оѕіпәе 0 
2 |97 ду ду | _ |. 2 
Jz 90 др 3; sin e ecose 0j = р. 
д2 92 д2 
— = = 0 
до бе X a og 


Since o > 0, then |J| = o and for triple integrals the formula (22.60) 
for the transition from rectangular coordinates to cylindrical ones becomes 


о, у, z)dxdydz = [|| fle cos e, o sin e, z)e do de dz. 
n n* 
(22.62) 


The expression dv = р dg dv dz is called a volume element in cylindri- 
cal coordinates. It can be deduced from geometrical cosiderations. We 
break Q into elementary volumes by the coordinate surfaces o — const, 
y = const, z = const. The elementary volumes will be curvilinear prisms 
(Fig. 22.25). We see that 


AV = (о + d d 725 Ay Az 
= o Ag AvAz + = 7 (Ао)? Ag Az. 


We discard the infinitesimal quantity of a higher order to get 
AV = оАо Ay Az. 

We take a volume element in cylindrical coordinates to be 
dv = о do dọ dz. 


Example. Find the volume oF the body bounded by the surfaces 
=x 4 y! and z - 2 — х? - у? (Fig. 2226). 
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We pass over to cylindrical coordinates x = gcosy, у= e Sin y, 
= 2. The surfaces will then be described by the equations z = o? and 
= 2 — 9’. Obviously, they intersect | along the line 
ae 1:49 = 1 (cylinder), 

2 = 1 (plane), 


4 
z 
Z 


whose projection on the xy-plane will! be 


о = 1, z = 0. 





Fig. 22.25 Fig. 22.26 


Thus, Ox 9 <1, 0 < yp <2z, o! <z<2- о? and we will find the 
volume from (22.62), where we will set f= 1. 


ч 1 d 1 
[dej ede | dz = 2x | (2 - 20’)e de 
0 0 1 0 


Q 

2 4 
CBS. os ce. 
“|5 | 


Triple integral in spherical coordinates. In spherical coordinates the po- 
sition of P(x, y, z) in space is determined by three numbers r, o, 8, where 
r is the distance from the origin of coordinates to the point P; е is the 
angle between the x-axis and the piojection of the radius vector OP of 


V= fff dx dy dz = M о do dẹ dz 


1 


It 
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If y = const, then m = yS, where 5 is the area of D, and formulas 
(22.67) become 


|| хахау || ydxay 
xm ——— Ye = 2. (22.68) 


Example. Find the centre of mass of a uniform plane figure bounded 
by y = cos x, 0 < x < w/2, and the x- and y-axes. 


-4 The figure being uniform, we will seek the centre of mass using the for- 
mulas (22.68). 


To begin with, we will find the area S of the figure 
1/2 


т 
S= f cos хах = sin x |? = 
0 





1, 


0 


and then the static moments M, and M, 








x/2 cosy /2 у? сөзу p 
M,=|(ydedy= [dx | ydy= | 25| _ dx 5 | cos’xdx 
D 0 о 0 0 
т/2 Ros i 
ud 2 зіп 2х \ |5 x 
x | (1 + cos 2x) dx = (x + sn) паз; 
0 
w/2 cosx т/2 


М, = || хахау = | хах | dy = | xcosxdx 
D 0 0 


= (x sin x + cos x) i = 5 - l. 





Now from (22.68) we get 


‚ Moments of inertia of a plane figure relative to coordinate axes. Follow- 
ing the same arguments, we readily establish that elementary moments of 
inertia relative to the x- and y-axes will respectively Бе 


dl, = y! dm = y! y(x, y) ds = y! y(x, y) ахау, 
а}, = xi dm =x y(x, y) ds = x y(x, y) ахау. 


Integrating over the plane figure D, we will arrive at the formulas for the 
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moments themselves 


( {far y, y) dx dy, (22.69) 
D d i 
c= [fxr у(х, у) ахау, | (22.70) 
р 


where, as before, y(x, у) is the surface density distribution of mass. 


Calculation of the mass of a body. When discussing the problem yield- 
ing a triple integral we have shown that if we know the density distribution 


p (x, у, 2) at each point of a body 0, then the mass of the body will be ° 
given by ` d 


m= T u(x, y, z) dxdy dz. p (22.71) 
fü 

We suppose that the function p(x, y, z) is continuous in Q. 

Example. Calculate the mass_ of a body bounded by the hemispheres 
z = Va! — x! — у? and z = Vb? — x! — y! (a < b) and the xy-plane if 
the density at each point is proportional to thc distance of the point from 
the origin of coordinates. 
4 As stated, the density н at the point (x, y, 2) is given by p(x, y, z) = 
kN xh + y! + 2? , where К is the coefficient of proportionality. Then 


m= MESA y! +2? dxdydz. 
a 


Changing to spherical coordinates gives 


agr<b, O<p<2n, 0<0<3 
and 
2+ a/2 b 
m=k | do | sin 9 d0 | гаг 
0 Q0 a 


b 
- Sot - а) > 


ғ 4 
= k 2x(-cos n| TAX 
o 4 





Static moments of a body relative (o coordinate planes. Centre of mass. 
Recall that we determined static moments and the centre of mass of a plane 
figure using double integrals; see (22.65-67). 

Static moments of a body Q relative to coordinate planes and the centre 
of mass of Q are sought for using triple integrals. For example, the elemen- 
tary static moment relative to the xy-plane will be 


dKy = zdm = zp(x, y, x) dv = zu(x, у, 2) dxdy dz, 
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where a(x, y, z) is the density. The static moment is thus given by 
Ky = |! z n(x, y, z) dxdy dz. (22.72) 
n = 


Likewise, we write the static moments relative to the xz- and yz-planes 
Ka = | уво, у, z) dx dy dz, 
ü 


Ky, = ||| хщ(х, у, 2) dx dy dz. 
a 
After having found the mass and the static moments of the body 
Q, we can readily determine the coordinates of the centre of mass of the 
body 


[11 хрх, y, 2) dx dy dz 


n 
Xe = —— C, 
m 


уко, у, z) dx dy dz 
[t] 


It 


Jc Г. ; (22.73) 


fff zur, у, 2 dxdy dz а 
0 


Zz = m 

If the body is uniform, then the density н = const in the domain Q, 

and so (22.73) become simpler, since in the numerator we can take 

р = const outside the sign of integral and cancel ош p in the numerator 
and denominator (because m = pV). We finally have 


ff x dx dy az [117 dx dy dz 
à a 
= UAE sat Je = БЕБИ 20000808. 
ахау dz 
pa... (22.14) 


where V is the volume of 9. 

Example. Find the coordinates of the centre of mass of a union 
hemisphere of radius R. 
*4 We suppose that the centre of the sphere lies at the. origin of аке 
and that the hemisphere lies below the xy-plane. By symmetry we then have 
X: = 0 and y, = 0. 

The volume of the hemisphere i is 


y =a, 
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We now find the static moment relative to the xy-plane 
wd R 


Ky = ||| z dx dy dz = [d e| sin Deos tab | Pa 
f a. 0 0 
| ѕіп20 |; г |^, 
= T Teo e кке BGR. 








Hence 


The .centre of mass is thus C(0, 0, 3/8). > 


22.10 Improper Multiple Integrals 
over Unbounded Domains 


We now turn to the integration of a function of several variables 
over an unbounded domain D. We then choose a sequence of bounded 
domains of integration Di, D», D»; .., Which exhaust D in a monotone 
manner, ie, D, C Dus, ¥n and Dj > D as n> œ. For example, if the 
domain of integration D coincides with the entire xy-plane, then we may 
take the sequence (D,] to be the collection of circles x? + y? < aż, 
аа < da 41, п = 1, 2, ..., with Centre at the origin of coordinates. 

Definition. The improper integral of a function f(x, y) over an un- 
bounded domain D is the limit of the sequence of integrals 


lim (ff, у) dx dy (22.75) 
np. { 


independent of the choice of the sequence Dy. 
Thus, by definition 


|[/о, у) ахау = lim [рле y) dx dy. (22.76) 
D AO p, n 


If the limit (22.75) exists and isifinite, then the improper integral over 
an unbounded domain is said to be convergent, otherwise it is divergent. 
Example. Examine for convergence the integral 


dx d | 
|| ear ee , (22.77) 


where the integration domain is D! [—= €«x« +оо, —c « y « +оо). 
"4 Since the domain D coincides with the entire xy-plane, then we choose 
as a sequence of domains D, the circles x^ + y? < n? of radius n (n = 1, 
2, au) i 
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Going over to polar coordinates gives 


+w +o 
| хау 2 | | __4хйу __ 
; (x? + y + 1)? (2 + y? + 1)? 
2x n 
; а | 1 о=л 
= lim 4e | 040  -2mx lim (x5) 
3 $ (о? + D п с 2(0? + 1) e290 





=2х lim (1—-———1—,-| = 
п= ъа \2 2(1 + n^) 
Therefore, integral (22.77) converges. > 
An integral over an unbounded domain D must obey the following com- 


parison test: if O< f(x, у) < а(х, y)v(x, у)є Р and the integral 
n g(x, y) dx dy converges, then so does the integral |} Лх, у) ax dy. Con- 
D D 


versely, if the former integral diverges, then so does the latter опе. 
Integrals that are convergent over the entire plane cdn be taken using 
repeated integration 
+a +o +œ + < 
[|x у) ахау = | dx | Јо, у) ау = | dy | f(x, у) х. 
D — оо — со -0) -0 


(22.78) n 


To с Оҳу 


+a 
^ Since Г = f e^" dx = f e ^" dy, then according to (22.78) 





Example. Take the integra 
& 


+œ 


E + ос КЄ + < ET = +o +0 хос 
P= {е dx | e dy | fe dx dy. 


If then in the double integral we pass over to polar coordinates, we ob- 
tain the domain G: (0 € y <27, 0 € о < +œ). Accordingly, 





А 2x +a ec eo 
= =e = - = 
ae кее o do ( 5 Jl T, 


hence m 
+0 
T= [ede = Ут. AJ 


In much the same manner we find improper integrals of a function of 
three, four and more variables over unbounded domains. 
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a ins 


Exercises 


Take the following double integrals: 


3 5 4 і 
: {dy {х?уах. 2. {а dy. 
ujoja а ау 
b 1/2 1 
3. f odo | а. 4. [dx [G2 + yay. 
6/2 9 0 0 


Change the order of integration. Preliminarily draw the domain of in- 
tegration: 


TUE 
"niu ү 


fe | fix, ах. AT a aS ote dy (T) а (7 л. э. 
| х/3 A T 


- 


к 2-у 3 2 
8. ) ау | fx, уф. у | "E | P ids. 
^6  y4-1 T ra n 0 A узы oe 


=j 0 0 


W | dy | f(x, да+ je | Дх, y)dx. x fc 
Com -7 SU XN 
5 sin’ !y . t cos "ly 

12.) dv | JG. да+ | ау | fo dx. 
° ш Vy ù 


raw the region of epe and take the following repeated integrals: 
1 3. 

dx | Vx ty dy. 4 | dy | xy dx. 

0 


-i 





Calculate the area bounded by the lines: 
15.5? = dax, v= 0, x+ у = За. 16. y = x, x! — 2ax = ay. 17. x = 4, 
y = X, Xy = 4. 18.х— y -2],y-2-ly-inx.19.» = sin x, y = cos% 


x20.20.x = -6, x= wiv da 


Calculate the area of one loop of the curves: 


; 2 ‚ y?\? 2x 
21. о = a sin 2y. 22. +=,) = ; 
@=asin 29 (5 p7 m 





Hint: Change the variables x = ар cose, y = basing. . 
Take the following integrals by passing over to polar coordinates. 


23. || (х2 + у?)ахау if D is bounded by the circle х? + у? = 2ax, а> 0. 
р 
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2 2 
24. | I ty) dx dy if D is the annulus between circles of radii г = 1 
x+y? 


and R =e with centre at the origin of coordinates. 
2а Уза уі а уар 

25. | | dy dx. 26. | dx | М2 + у? ау. 
0° 0 0 


а 


27. || >4хау, where D is a semicircle of diameter d with centre at 
D 


C(d/2, 0) lying above the x-axis. 
Find the mass of a plate D bounded by the following curves and having 
the following surface density distribution y = y(x, y): 


28.D: (х= 1, y=0, y! = x (ур 0)], ү 23x- 6y*. 


29.D:(à-y! 29, x! +y 25, x 0, у=0 (x«0, »«0), 
22) —-x 
YS Yay 
30. D: (x 22, y=0, у? =3 O 29], y = 2x + 3y} 
Find the centre of mass of the figures: 
31. Parabola's half-segment y? = ax, x = a, y = 0 (y > 0). 
2 
32. Half-ellipse x t ^ = | cut by the x-axis. 
a 


33. Patch bounded by the lines x + y = 2a, x! = ay (а> 0). 


Compute the areas of: 


34. The part of the plane x + y + z = 2a which lies in the first octant and 
is bounded by the cylinder x? + у? = a’. 
35. The part of the conic surface x? + y? = z? which is cut away by the 
cylinder x? + у? = 2ax. 
36. The surface of the paraboloid x! + y? = 2az that lies within the 
cylinder x? + y? = 3a’. | 

Take the following surface integrals: 
37. ff xyz da where т is the part of the plane x + y + z = i lying in the 
first octant. 
38. jf x da, where т is the part of the sphere x? + у? + z? = А? lying in the 


т 


first octant. 


39. M do, where т is the cylinder х? 4 y? =R bounded by the planes 


z = О and z = Н, and r is the distance from the surface T to the origin. 
of coordinates. 


Exercises р эп 
m 





Compute the moments of inertia| of the following figures: 


40. Triangle bounded by the lines 2y + x = 0, x = a, у = a relative to the 

x-axis. MEETS. 

41, Triangle with vertices at points A(0, 2a), B(a, 0), C(a, a) relative to 

the y-axis. 

42. Ellipse x?/a? + y?/b? = | relative) to the y-axis. 

43. Definition. The monent of inertialof a plane figure relative to the origin 

of coordinates is the quantity fy = ff (х2 + y?)dxdy. Find h for the figure 
D. 


bounded by the parabola y? = 4ax, the straight line y = 2a and the y-axis - 
(a > 0). 


Computc the triple integrals: 


A4. ILLU where Q is bounded by the coordinate planes 
à&xtytzcl) | | i 


and the plane х + y+z= 1. , 


45. i z dx dy dz, where Q is bounded by the cone x? + y? = R?z?/H? and 
| i 
the plane z = H. 


46. ||| (2x + 3y – z) dx dy dz, where 0 is a trigonal prism bounded by the 
п 
planes x = 0, y = 0, 2 = 0, Z=a, к+ у= 6 (а> 0, Б> 0). 


Take the following integrals passing to cylindrical or spherical coor- 
dinates: 


1 view a 2 Мі а - 
47. | dx | ау f dz. 48. | dx: | dy | Уух? + у? dz. 

0 Ла 0 о о 0 

(0 Vier Vi-e-¥ 


50. (ш... where fl is the sphere x2 + y? + 22 <1. 
а Vx + у + (z- 2)? 
Using triple integralion compute the volumes of the bodies bounded 
by the following surfaces: Ed 
51.2 + y! = 2?, д + у = -— 6. 
52.az= 2 +y, 2=xrty? (ар 0). 
53.(х2 + y! + 22)? = axyz (а> 0). 
Hint: Pass over to spherical coordinates. 
Compute the mass of the bodies: 
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54. Bounded by the surfaces х? + у? = z?, z = H, if the density д at cach 
point of the body is equal to the z-coordinate of the point. 

55. Bounded by the surfaces x+z=a, у= 0 (ур 0), у? = ax 
2x + z = 2a, if the density at each point is equal to the y-coordinate of 
the point. 


Find the static moments of the following uniform (д = 1) bodies: 


56. Rectangular parallelepiped with sides a, b, c relative to its faces. 
57. A body bounded by the ellipsoid x^/a? + y?/b? + z*/c? = | and the 
xy-plane relative to the xy-plane. 


Find the centres of mass of uniform (р = 1) bodies: 


58. Bounded by the planes x 20, y 20, z=0, х= 2, у= 4, 
x+y+z=8. 

59. Bounded by the cylinder y? = 2z and the planes x = 0, y = 0, z = 0, 
2x + 3y = 12. 

60. Bounded by the paraboloid х? + y? =2az and the sphere 
x? + у* + 2? = За? (z > 0). 


Answers 
4 а [кс 
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Chapter 23 


Line Integrals 


23.1 Line Integrals of the First Kind 


A curve AB given by the parametric equations 


bz $) «rem 


is called snooth, if thc functions e(t) and V (£) have continuous derivatives 
e'() and V'(r) on the interval [/o, A]. 

A continuous curve composed of a finite number of smooth pieces is 
said to be piecewise smooth. 

Let AB be a plane curve, smooth or piecewise smooth, and let /(M) 
be a function defined on AB or a domain D that contains AB. Consider 





Я DONE NE 
Fie. 23.1 m i 


some dissection of the curve AB by the points А = Ao, At „Aa, „4 = В 
(Fig. 23.1). On each arc А Ах +: we take an arbitrary point My and set 


up the sum М ЕТ 
n-i 
o= Xj (MO, (23.1) 
k=0 


where Al is the length of the arc АкАк+ 1! 
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The sum (23.1) is known as the integral sum for f(M) along the arc 
of the curve. Let Al be the largest of the lengths of those partial arcs, i.e., 


А = max Ak. 
O<gksa-l 


Definition. If (23.1) has a finite limit when A/ > 0, which is dependent 
neither on the way in which AB is broken into parts nor points М are 
chosen, then this limit is called the line integral of the first kind of f(M) 
along the curve AB (the integral along the arc of the curve) and is denoted 
by 


| Ма ог | ле, да 
АВ АВ 


(the point (х, у) є AB). Thus, by definition, 


п- і 
| f(M)dl = lim У АМК) Ak. (23.2) 
AB 4!-0 k=0 
The function f(M) is then called integrable along the curve AB, and AB 
is called the contour of integration, A the initial point and B the final point 
of integration. 
Example. Along a smooth curve L a mass т is distributed with a linear 
density f(M). Find m. 
“4 We break up L into n arbitrary parts My My + ү (К = 0, 1, ..., л — 1) and 
estimate the mass of each part М.М; + assuming that in each of them 
the density is constant and is equal to the density at some point within 
them, e.g., at the leftmost point /(My,). Then, 


п- 1 


У ЛМ) Als, 
к= 0 


where Ak is the length of the Ath part, will be an approximate value of 

the mass mm. Clearly, the error will be the smaller the more detailed the 

dissection of L. In the limit as A/ —^ 0 (Al = max AK) we will obtain 
k 


the exact value of the mass of L, i.e., 
n-i 


m= lim >» (Mk) Alk.. 
41-0 k= 0 


But the limit on the right is a line а of the first kind. Hence, 
m= [/00d. > 
AB 


Now we prove the existence of the line integral of the first kind. For 
curve AB we will regard as a parameter the length / of the.arc reckoned 
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from the initial point A (Fig. 232). The curve AB will then be given by 


х = x(/) 
E = y() Ox!xL, (23.3) 


here L is the length of AB. 
Equations (23.3) are called the natural equations of AB. The function 
defined on the curve AB will then become a function of /: f(x(/), y (/)). 


8 


Fig: 23.2 = 


We denote by / (k = 0, 1, ..., n — 1) the value of / corresponding to the 
point Mx, and rewrite the integral um (23.1) as 


2j LX (к), у (Ч)) Ak. (23.4) 
k=0 
This is the integral sum that corresponds to the definite integral 


L 
| лоо, yal. 
0 


Since the integral sums (23.1) and (23.4) are equal, so are the integrals cor- 
responding to them. Thus, 


L 
[sandal = | SM, y) dl. (23.5) 
AB 0 


Theorem 23.1. If a function f(M) is continuous along a smooth curve 
AB then the line integral | J (M) dl exists (since under these conditions 
2 AB 
exists the definite integral on the right-hand side of (23.5)). 


Propertics of line integrals of the first kind. (1) It follows from the in- 
tegral sum (23. » that i 


(00d (ооа. 
AB 


i.e., the value of a line inteaial at the first kind is independent of the direc- 
бой of integration. 
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(2) Linearity. If for either of the functions /(M) and g(M) there exists 
a line integral over a curve AB and if œ and £ are arbitrary constants, then 
for the function af(M) + 8g (M) there exists a line integral along AB, such 
that 


| IAN + Bg(M)d! = a | /(M)dl + 8 | g(M) dl. 
AB AB 


AB 


(3) Additivity. If AB is made up of two pieces AC and CB and for 
f(M) there exists a line integral along AB, then there exist the integrals 
| 7%) d! and | 700 dl, such that 
AC cB 


| £@ dl = | SM) dl + | fM dl. 
AB Ac св 


(4) If /(M) > 0 on the curve AB, then 
{ /(M) dl > 0 
AB 


(5) If (M) is integrable along AB, then the function |f(M)| is also in- 
tegrable along AB, and 


| frana < | iran ar 
AB AB 


(6) Mean value formula. If a function /(M) is continuous along a curve 
AB, then on this curve there is a point Mm such that 


|700) dl = f(Mm) L. 
AB 


where L is the length of AB 


Computation of the line integral of the first kind. Let a curve AB be 
given by the dits parametric equations: А 
Peu. p dee з 
"te S 
ра ¥(0 d T" MET 
Corresponding to the point A is s the value f = fo, айа. to the point B the 


value t = fj. We will assume that the functions v (f) and y (t) are continuous 
on [fo, fi] together with their derivatives o'(f) and V'(t), and 


[e(l + I9 (I > 0, 


та ше diffe rential of the arc оГ the curve will be 


a ee - 


= le^ (OP. + w OP dt 
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and 


~ AB to 

ГА 

Specifically, if AB is given by the explicit equation у = g(x), a $ x S b, 
where g(x) is continuously differentiable on [a, б] and corresponding to 
the point A is the value x = a, and to the point B is the value x = b, then 
if we assume x to be the parameter, we will arrive at 


b 
| Лх, y)dl = | Ле, ED) V1 + [е7 OI" dx. 
AB a 


Line integrals of the first kind in space. The definition of the line in- 
tegral of the first kind formulated above for a plane curve can literally be 
applied to the case of a function /(M) defined along a space curve AB. 

If the curve is given by the parametric equations 


x = e(t) 
y-(0 ütt&t&th. 
z = о(1) 


then the line integral of the first kind along this curve is reduced to a 
definite integral by 


| Лх, у, 2) dl 


AB 


fi — am ee ..-——.—— —— 
= | AP V0, eI V Le COP + ОР + Р dr. 


& Takc the line integral je + y) dl, where L is the contour of 


a triangle with vertices at the points бо, 0), A(1, 0), and B(0, 1) (Fig. 23.3). 
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- By the additivity property we have 


[e * а = | @ + yd + | œ +») dl + 
AB 


| œ+ y)dl. 
L OA : © 


BO 
We take each integral separately. Since on OA we haveO<x<l, y=0 
and di = dx, then 





x 1 
OA E) M 
On AB we have x + y = 1, or y = 1 — x. We thus obtain у’ = —1 and 


di = УІ + (y dx = V2dx, 0 & x « l, then 
га, 1 
си | (x+ y)di = [24x = v2. 





AB 0 
Lastly, 
1 2 1 1 
| &+ydl= { (x+ y)dl = {уау = #—| =. 
210 2 
BO OB 0 = 
Consequently, 


{к+»й=у+уз+=1+ V2. 
)! 2 2 


Remark. Computing the integrals | (x + y) dl and f (x + y) dl we 
AB BO 
made use of property (1), according to which 


f (œ+ y)dl = | (xt y)d! and f (x + у)а! = f (x + y)dl. 
BA 


AB BO OB 


23.2 Line Integrals of the Second Kind 


Let AB be a smooth or piecewise smooth oriented curve in the 
xy-plane and let F(M) = P(M)i + Q(M)j be a vector function defined 
іп a certain domain D that: contains the curve AB. ` 

We will break up AB into parts by points А = Ao, Aj, ..., An = B, 
whose coordinates we will denote by (xo, Yo), (X1, Yi), ..., (ха, Yn), respective- 
ly. We will take on each elementary arc АкАк+, an arbitrary point 
Mx(£x, тк) and form the sum 


n-1 2 225 Р 
o= 5j [P (Ek, m) Axx + Q(Ex, тк) Аук], (23.6) 
` k=0 
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CF 





Fig. 23.4 


where Ахк = Xk+1 — Xk, We = Vari — Yk (k 20,1,2, .., n — |). Let Al 
be the largest of the arcs Ax Ax 41 (Fig. 23.4). 

Definition. If the sum (23.6) has à finite limit as AZ — 0, which is depen- 
dent neither on the way in which AB has been divided nor on how points 
(Ex, тк) have been selected on elementary arcs, then this limit is called the 
line integral of the second kind of the vector function F(M) along the curve 
AB. We will denote it by 


f Р(х, y) dx + Q(x, y) d 


AB 
And so, by definition, 
| P(x, у) dx + Q(x, y) dy 


AB 


a-l 
= lim 5) [P(E, пк) Дхк + Olr, тк) Лук]. (23.7) 
Мә0 k=0 
Theorem 23.2. /f in a certain dómain D that contains a curve AB the 
functions P (x, y) and Q(x, у) аге continuous, then there exists the line 
integral of the second kind | P(x, y) dx + Q(x, y) dy. 
AB 


Let a vector r(M) = xi + yj beithe radius vector ofa ‘point. M(x, y). 
Then dr = idx + jdy, and the integrand P(x, y) dx + Q(x, y) dy in (23.7) 
can be represented as the scalar product of F(M) and dr. Therefore, the 
integral of the second kind of F(M) = P(M)i + Q(M)j along AB can for 
short be written as | (F, dr). 

AB 

Computation of the line integral of the second kind.’ Suppose that a 

curve AB is given by the parametric equations 


(eere 


у= 


320 23 Line Integrals 


where the functions e(t) and V (f) are continuous together with the deriva- 
tives v(t), V'(t) on an interval [fo, 44], and as £ varies from % to 4 the 
point M(x, y) moves along AB from A to B. 

If in a certain domain D' that contains the curve AB the functions 
P(x, y) and Q(x, y) are continuous, then the line integral of the second 
kind . 


| Р(х, y)dx + Q(x, y)dy 
AB 


reduces to the following definite integral: 
п 
| Р(х, у) dx + Q(x, у) dy = | [P(e(, Ve (2) 


AB fo 
+ Qll), V()) v'(0) at. (23.8) 


To sum up, to take a line integral of the second kind means to take 
a conventional definite integral. . 
Example. Take the integral 1 xdy — y dx (1) along the straight segment 


connecting the points А (0, 0) "and Bl, 1); (2) along the parabola у= x 
connecting the same points (Fig. 23.5). 


8(1,1) 





Fig. 23.5 


4 (I) The equation of АВ is у = x (x is Ihe parameter, 0 < x « 1), hence 
dy = dx. Thus, 


1 Е 127] 
| хау - ydx = СЕСЕ 
AB А 
.. (2) The equation of ABis y.= Sar 0x х& 1, hence dy = 2x dx. There- 
TA xdy = 2x! dx and M TP NC eae 


БЧ dr tutt 


so $^ 
| хау - ydx = lessen halls 
о 0 à 


AB 
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Thus in the general case the value of a line integral of the second kind 
depends on the shape of integration path. 


Properties of line integrals of the second kind. (1) Linearity. If there 
exist line integrals 
| (Fi, dr) and | (F2, dr), 
AB AB 
then for any real a and b there exists the integral 


| («Fi + BFz, dr), 


AB 

such that 
f («Е + BF2, dr) = а | (Fi, dr) + B f (Е, dr). 
AB AB AB 


(2) Additivity. If a curve AB is made up of parts AC and CB and there 
exists the line integral | (Е, dr), then there exist the integrals | (F, dr) 
АВ АС 
апа [C dr), such that 
CB 


| (F, аг) = | (F, dr) + | (F, dr). 
AB AC CB 


(3) Unlike the line integral of the first kind, the integral of the second 
kind depends on the direction (from A to B or from B to A) in which 
curve AB is passed, and it changes its sign when the direction is changed, 
i.e., 

| Pdx + Qdy = - | Pdx * Qdy. 
А AD i 


* if we change the direction of the passage of AB, | we thereby will change 
Ax and a in the integral sum 


Se PAX. + QAY 
k=0 


for (— Axx) and (— Дук), respectively. This will change the sign of the sum, 
and hence of its limit. > 

This property corresponds to the physical interpretation: of the line in- 
tegral of the second kind as the work done by a field of forces F along 
some path: changing the direction of motion along a curve changes the 
sign of the work done by the field along the curve. 


Relationship between the line integrals of the first andisecond kinds. 
Consider the line integral of the second kind 


frre ar 
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where AB is an oriented curve (A is the initial point and В is the finite 
point) given by the following vector-parametric equation 


r = r(/), 
where / is the length of the curve reckoned in the direction of orientation 
of AB (Fig. 23.6). Then 


d _ 27 
CHE Y or dr = tdl, 


where r is the unit vector of the tangent to AB at a point M. Therefore, 
| (F, dr) = | (F, т а) = | (F, 7) dl, 
AB AB AB 


where on the right we have a line integral along an arc of the curve, i.e., 
a line integral of the first kind. 





Fig. 23.6 


When the orientation of the curve AB changes, the unit vector of the 
tangent т is replaced by the opposite unit vector (— т), which in turn 
changes the sign of the integral. 


23.3 Green's Formula 
We introduce Green's formula relating the line integral 


| P(x, y) dx + Q(x, y) dy d. om 


L M 
ema ds Eu SPI, 


along the boundary L ofa domain D toa double integral over r the same 
domain. - >. NOE qt Dori 
Theorem 23. 3, [fina dosd domain D hounded by a piecewise sau 
contour L the functions P (x ,. y) and Q(x, y) are continuous and have con- 
‘OP 


tinuous partial derivatives 20 апі TIS ‘then we: have the following rela- 
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tions (Green's formula) 


b Pdx + Qdy = || (22 = A) dx dy. (23.9) 
qu f D. 


c L 
Here ф stands for integration along the boundary £ of the domain D, 


L 
which is passed so that D lies on ithe left (Fig. 23.7). 

Remark. If L consists of a finite number of piecewise smooth curves. 
Li, then the domain is called multiply connected, and Li; are called connect- 
ed components of the boundary. Figure 23.8 shows a triply connected 
region. 





Fig. 23.7 Fig. 23.8 


We will say that a domain D jis simply connected if it includes no 
"holes", i.e., it is a region such that any closed curve drawn in it can be 
contracted into a point P € D, while remaining in D. 

We will prove this for a simply connected region. By the linearity 
property it is sufficient to prove that - 


$ P(x, y) dx = = 1-65-44, (23.10) 
1. р 

§ Q(x, y)dy = 11-52 ахау. (23.11) 
L D 


Let us prove the first of these. Suppose at first that L is cut across by 
each straight line parallel to the y-axis at no more than two points 
(Fig. 23.9). This divides L into two parts (upper and lower), each of which 
is projected in a one-to-one manner on an interval [a, 5] on the x-axis. 


21* 
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р 605 


be approximately /(Mx) Alk, and the area of the surface ABDC will be 
п- 1 


5 = У? f (Mx) Ak. 
k=0 


The approximate equality will be the more exact the smaller will be the 
partial arcs My Mx + 1 into which the curve AB is divided. Let A/ be the 
largest of the lengths Ak of Mk My + 1. In the limit as A/ > 0 we then obtain 
the exact value of the area 


S= lim 22 М0) Ak. 


By definition, the limit on the right-hand side is the line integral of 
the first kind of /(M) along the curve AB. We thus arrive at 


= [/(M) dl. (23.17) 
AB. 


‘Example. Calculate the part of the cylindrical surface x? + y? = R? 
(x > 0, y 2 0) сш from above by the surface xy = 2Rz. 
-4 We reduce the problem to taking the line integral of the first kind of 
the function z = xy/2R along the arc of the circle lying i in the first quad- 
rant. We will have 

= 1 2 
$ = | SR dl. 
Ав 
The parametric equations of AB are 


x= В cos Г, у= Кіп г, 0<г<з. 
Тһеп 
dl = (4) «(2 e) = УК? sit + К? cos? t dt = R dt 
dt dt 
and A 
s= | R cost- Rsint Rat = Ri Sot |; RU x 
: 2R 5. 2.2 |. 4^ 





Area of a plane figure. When we discussed the special form of Green's 
formula, we established that the area > ofa Pane figure D bounded by 
a line L is given by ^ A Cni Cade 


РЧ Le ДЕ (2318) 
25 | УМ B 
The right-hand side is a line integral of the second kind. 
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Work done by a force. Suppose that in a plane domain: D containing 
a fine AD we specify a force 


F(M) = P(M)i + Q(M)j,- | _ (23.19) 


here P(M) and Q(M), and hence F(M), are ате to be continuous 

functions of the point M. We would like to find the work done by the 
force F, if under the action of it the material point M of a unit mass moved 
from point A to point B along the curve AB. : 





EE wees ves, wee 0а. 
[^] Xo XQ X I. Ipp In GI 


Fig. 23.12 


We break up AB in an arbitrary way into n parts by points A = Mo, 
Mi, sa Me, Мел. Ma = В (Fig. 23.12). We then replace each arc 


ММ ıı by the chord МЕМ: and suppose for simplicity that on 


Mı Mi „| (and hence on MEM «1 ) the force F, has a constant value, e.g., 
the value at Mj: 


Ек = F (Ma). (23.20) 


We thus obtain the approximate expression for the work dane by the force 
оп MM, +1 


Wy = Fx] - |Alk | - cos (Fx, А), o. | 321) 
where |F«| is the length of the vector Fx, and: , са : d 5 

Ak = МкМк+т = Ахкі + Дук}. еар (23.22) 
From (23.19) we will obtain using (23.20) "E gett: 

= P(My)i + Q(Mx)j 

or 

Ек = Р(х,у) + Ore, 2). | . ОЗ. 23) 
The right-hand side of (23.21) is a stalai product.of Fx ‘and Al Ale” andi so 


КУ Єт, zx Thar pete. 
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we will have, by (23.22) and (23.23), 
We = (Fe, Ak) = Р(хк, ук)Ахк + Q(xx, ук)Аук. 


Summing up over all the values of k (k = 0, 1, 2, ..., л — 1), we will get 
the quantity 


W = У) Р(хк, ук)Ахе + О(хк, ук) Дук, 
к= 0 
which expresses approximately the work done by F(M) along the entire 
path from A to B. The limit of this sum as Ax, > 0 and Дух > 0 is as- 
sumed to be the exact value of the work. On the other hand, however, the 
limit of the sum is a line integral of the second kind of the vector function 
F(M) along AB. The work done by the force is thus given by 
W = f P(x, y)dx + Q(x, y) dy. (23.24) 
AB 


(0,1) 





70 (1,0) = с y 
Fig. 23.13 Fig. 23.14 


Example. Given a force Е = x?j, find the work done by it in moving 
a unit mass along the parabola y? = 1 — x [rom the point A(1, 0) to the 
point B(0, 1) (Fig. 23.13). | 
-4 We use formula (23.24), where we put Р(х, у) = 0, Q(x, у) = Ta The 
curve AB in this case is the parabola y? = 1 — x, so that x = 1 -y and 

1 1 
W= | edy= (а -›уау= [U -23 + у')йу = ort 
AB : 

We can easily generalize the results to the case of the space curve 

(Fig. 23.14). In a space domain 0 that contains a space сигуе АВ we specify 


Exercises : 


a force 

F(M) = P(M)i + Q(M)j + R(M)k, 
where P(M), Q(M), and R(M) are continuous functions in Q, then the 
werk done by F(M) to move a material point M of a unit mass from the 
point 4 to the point B along AB will be 


W= | P(x, у, 2) dx + Q(x,y,z) dy + R(x, у, z) dz. 
AB 


Exercises 


Take the following integrals of the first kind: 

` 2 2 
1. jy dl, where L is a quarter of the ellipsé £ + aa = | lying in the 
a 
L 





= 


first quadrant. 
2. {| — y)dl, where L is the circle x? + y? = 2ax. 
L 


3. 1-2. where L is the segment connecting the points (0, – 2) and 


L x 


(4, 0). 
4. | xal, where L is the segment connecting the points (0, 0) and (1, 2). 


L 
5. | yal, where L is the arc of the parabola y? = 2x from the point (0, 0) 


L 
to the point (1, V2). 


: \ ЕЕЕ ы а, where L is the first turn of the helical line x = a cos t, 
py: by +z 
y-asint, z= bt. 
7. Find the length of the arc of the conical spiral x = ae'cos t, 
у = ae‘sint, z = ae! from the point A(0, 0,0) to the point B(a, 0, a). 
Hint: Corresponding to A is fj = -- о, and to В 15 5 = 0. 
8. Find the lateral area of the circular cylindrical surface lying above the 
first turn of the spiral x = acos t, y = a sin t, z = bt and above the plane 
z= 0. 
9. Find the coordinates of the centre of mass of the uniform semiarc of 
the cycloid x = a(t — sin t), y= a(l — cos t), (0 € t € т). 
Take the following line integrals'of the second kind: 
10. |» dx + x dy, where L is the arc of the curve y = x? from the point 
L 


И 


(0, 0) to the point (2, 8). 
11. jor dx + x^ dy, where L is the upper half of the ellipse x = a cost, 
L 


y = bsint passed counterclockwise. 
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This definition of the directional derivative is invariant, i.e., it is in no way 
associated with the choice of a coordinate system. 

We find the expression for the directional derivative in a rectangular 
system of coordinates. Let a function f (M) = f(x, y, 2) be differentiable 
at the point Mo (хо, Jo, 20). Consider the value of f(M) at a point 
M (хо + Ax, yo + Ay, Zo + Az). The total increment of the function can 
then be written as 

Au = f (Xo + Ax, yo + Ay, Zo + Az) — f (Xo, уо, Zo) 


ди ди ди 
ET ^К © ду az 








м, Mt —— 





m А© + єс Al, 


where e->0 as Al = V(Ax)? + (Ay)? + (Az)? —^0, and the symbols 














x м $ "T a м, mean that the partial derivatives are taken at 
the point Mo. 
Then 
ди _ ди ШИ Ах = 
“a |м = ах |м aly CAL 
ди . E Ay , ди . tim A 
i Mo Aus "AF + x 794 |м: З o ål’ Gen 





y 
Here the quantities Ax/Al, Ay/Al, and Az/A! are the direction cosines of 


MoM = Axi + Ayj + Azk. Since MoM ttl, the vectors have the same 
direction cosines 


Ax _ Ay Az _ 
AP COS a, -АГ = COS 8, АГ “ cos y, 
where 
P = ir^ icosa + j cos В + kcos y. 


EL 
Since M > Mo while it remains on a straight line parallel to І, (ће angles 
a, B and y are constant, and therefore, 


vt 








Ax tim АУ = AE es 
aim, AP cosa, . alo Al cos fj, Au. al = COS vy. 
From (24.7) and (24.8) we arrive аб’ ``“ .. 1: i т, y 
ðu ðu |.. ðu v 
Slain = gy lin 0082" + у а | м, COSY- (24.9) 
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Remark. The partial derivatives ди/дх, ди/ду and du/dz are the deriva- 
tives of spect to the directions of the x-, y- and z "mes, respectively. 
d атт 0) Find the derivatiye of u = xe" + ye* — z? at the point 


мо. 2)-difected to a point Mi (4, 1, 3). 
547 We have 

















Qu. z ҮК) SAXU} A (+4 ^ 
ax |м = (€ + Xe) l, KV, Ww Uh, 
i he cosh 

Ou ч = (xe? + е”) м = 3 + е?, AL © 

ду |Mo о ACS vey ast Bats 
A 

mat lg ше» {ег соза 








The vector MoM = (1, 1,1] has the magnitude [MoM | = V3. Its direction 
cosines are cos а = 1/V3, cos В = 1/V3, cos y = 1/V3. By (24.9) we will 
have UU АШ 


J 
Qu = de 


1 
г p ele tO) рр 


The fact that Tiju 


in the given direction. 
For a plane field u = f(x, y) the derivative i in the direction l at the point 
Ма (xo , yo) is computed by 





> 0 means that the scalar fieldi at My grows 


ди 
al 


Mo ax |м 





ди ди| ^. 
, cosa + s sin a, (24.10) 





where œ is the angle between ! and the x-axis. > 

(2) Calculate the derivative of the scalar field и = tan ^! ху at the point 
Mo (1, 1) lying on the parabola y = x? in the direction along the curve (in 
the direction of increasing the abscissa). ` 
"4 The direction 1 of the parabola у = x? at №, (1, 1) i is tlie direction of 
the tangent to the parabola at that point (Fig. 24.3). 

Suppose that the tangent to the parabola at Mo forms with the x-axis 


au angle o. Then tana = y 00]. =- = 2, whence the direction cosines of 
the tangents will be 


1 lana .: 2 


1 : 
cosa = = —_, sing = а = -. 
—— A14 tane Y5' 4... « SN I + tan’, v5 
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At the point Мо (1, 1) du/dx and du/dy have the values 














JU. eke ыз |, 21. 
ax |Me 1 + xy? |M 2^ 
ОШ, ше м. I 
ду Ma 1+х y M 9 
From (24.10) we will then get 
uj . 
дх | Mo 








Fig. 24.3 


Remark. Formula (24.9) to compute the derivative in the direction of 
l at a given point Mo remains valid even when the point M tends to Mo 
along the curve for which l is the tangent at Mo. 

Example. Find the derivative of the scalar field u = In (xy + yz + zx) 
at the point Mo (0, 1, 1) in the direction of the circle 


x=cost, y=siné, z=1, 0<15< 21. 
" The vector equation of the circle has the form 
г(ї) = costi + sintj + Ik. 
We find the vector 7 tangent to it at d point M 


.. dr 
= x 7 sinti i cost 
Te UM 


Corresponding t to: ie Op 1; эь the: value: of: the: parameter t= 7/2: We 
will thus. have - бизи е : UA 


т|м, = СЕТЕ s 
Dt ar augu; 4d : ud 


It follows that at Mo COS æ m za toS B = 0; and - cosy = б. 


24.2 Gradient of a Scalar Field 339 





At Mo (0, 1, 1) the partial derivatives of the scalar field are 











dul. 2o JG .| -ə 
| ax |М% ху+ yz + zx |% 77 
EE IEEE р „ш 
ду Mo Xy + yz + zx Mo. 5 
ди| м_ у+х__ E 
az [Mo ху + yz + zx |^ 
And so the derivative will be 
ди ди ; 
ОШ 60р -2(- 041.07 -2. в 
97 |м 37 | Ma 2(—-1)+1.0+ 0 








24.2. Gradient of a Scalar Field 


Consider a scalar field definéd by the scalar function 


u = f(x у, 2), 


where f is supposed to be differentiable. 
Definition. The gradient of a scalar field u at a given point M is the 
vector denoted by grad и and given һу 


_ ди. ди ди\ 
grad и ex T—— "dy jt az 
lt is quite obvious that the vector is dependent both on fand on the position 
of M. 
Let I? be a unit vector in the direction of l, i.e., 


k. (24.11) 


0 = = cosai + cosBj + cos yk. (24.12) 


Equation (24.9) can then be rewritten as 


-Z = (grad u, 1°), (24.13) 


ie., the derivative of u in the direction of 1 is equal to the scalar product 
of the gradient of u (M) and I. 


Basic properties of the gradient are covered by the following theorems: 
Theorem 24.1. The gradient of а'ѕсаіаг field is perpendicular to level 
surfaces (or level curves if the field! is plane). 
"4 Through an arbitrary point М ме агам the level surface и = const and 
choose on this surface a smooth curve L passing through M (Fig. 24.4). 
Let l be the vector tangent to L at. M. 
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According to the second remark in Sec. 24.1 we will have 
ди _ (Мі) — u(M) 


di Eur ты 
(М, — М along L) 
since on the level surface и (M) = t (Mi) for any point Mi € L. 
On the other hand, du/d/ = (grad и, 1°). Therefore, (grad u, I? ) = 0, 
which suggests that grad и and 1° are orthogonal vectors, i.e., 


grad и 1 10. (24.14) 


In summary, the vector grad и is orthogonal to any tangent to the level 
surface at the point M, and hence it is orthogonal to the surface itself 
at M. >» 





Fig. 24.4 Fig. 24.5 


Theorem 24.2 The gradient points in the direction of increase of the 
field function. 
-4 From Theorem 24.1 we know already that the gradient points along the 
normal to the level surface. But the normal to the level surface can be 
oriented in either of the two directions, i.e., of increase or decrease of the 
(unction u (M). 

We denote by u the normal to the level surface oriented in the direction 
of the growth of w(M) and find the derivative of u along this normal 


(Fig. 24.5). 
ди _ з. р . u(Mi) - u(M) _ 
on i cm. Al E 9 

(Mi >M along n) 


TE as aat u(Mi) > К we have и(М,)— u(M) > 0, aud 

therefore 
ди 
n 


ie, the projection of grad u on n is nonnegative. 


= (grad u, n) > 





a pr, grad g 
Fig. 24.6 


This suggests that grad и points іп the same directionias the normal 
n we have chosen, i.e., in the direction of growth of u (M) (Fig. 24.6). >, 

Tlieorem 24.3. The length of a gradient is equal to the largest directional 
derivative at a given point of the field, ie., 


$ Du du ‘au \? 
max -.- = | grad u| = (x) t (>) + (3) . (24.15) 


Here max (du/d/ is taken іп all the directions possible at a given point 
M of the field. 
4 We have 


A. = (grad u, I) = | grad u | - 1 - cosy, 





where w is the angle between I and grad u. Since the maximum value of 
cos e is 1, then the largest value of du/dx is exactly |gradu|. » 

Example. At the point Ma (1, 1, 1) it is required to find the direction 
of the greatest variation of the scalar field 


и = Xy + ye + 15, 


and also the value of that greatest variation at the point. 
~ The direction of the greatest variation of a scalar field is indicated by 
grad u (Af). We thus have 


grad a (M) = (y + z)i t+ (x + z)j * + х) К, 


so that grad u (Mo) = 2i + 2j + 2k. E 

This vector determines the direction of the.largest growth of the field 
at Mo (1, 1, 1). The magnitude of the largest variation of (ће field at the 
point is 


max oe = | grad u (Mo) | -225. > 


Invariant definition for the gradient. Quantities that are independent 
of the choice of coordinate system and are characteristic of'some properties 
of the object under consideration are called invariants of (ће objects. For 
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example, the length of a curve is an invariant, the angle between the tangent 
of a curve and the x-axis is not an invariant. 

On the basis of the three properties of the gradients proved above we 
can give the following invariant definition of the gradient of a scalar field. 

The gradient of a scalar field is a vector pointing along the normal to 
the level surface in the direction of growth of the field function. The magni- 
tude of the gradient is equal to the largest directional derivative (at the 
given point). 

Consequently, the magnitude and direction of the gradient characterizes 
the rate of growth of the field. The invariant form of the gradient is 


grad и = | grad u | n°, 


where n° points in the direction of growth of the field. But 
| grad u | = du/dn. Therefore, 


grad u = a pe, (24.16) 


Example. Find the gradient of the distance 


= f(x — xo)! + (у -yY + 2-0), > (24.17) 


where M (x, y, z) is the field point in question, Mo (Xo , Yo , Zo ) is some fixed 
point of the field. 

~4 Clearly, level surfaces of the scalar field (24.17) are spheres with centre 
at Mo (хо, Yo, Zo). Let us determine the gradient: 


| or, дг, дг 
gadr = і + зу! + ge 


Меса *0- n) *G- ay 


where r° is the unit vector of the direction MoM . Thus, 





gradr = i". » (24.18) 
Properties of gradients. 
(1) grad Cu (M) =" C grad u (M) ' " ui TUS (24.19) 
where C is a numerical constant. 
(2) grad (u + v) = gradu + grad v. (24. 20) 


Formulas (24.19) and (24.20) follow directly tóm the definition of the 
gradient and the properties of derivatives. They av that the gradient is 
a vector defined in differentiable scalar fields... 


Күй а ieee Е а дор) 


24.2 Gradient of a Scalar Field 343 


4 From the rule of differentiation of a product 


; _ 9(uv) , , Q(uv) ,-, (uv) 
grad (uv) = c i + y^ | + VAMOS k 
rt | 
" ди ду\. ди ðv ди, ду 
= (oh + uot i+ (ot ud 2)" (x eem. 
_, (ди, ‚ди. ди ду. ду 
= v(i + See) +u (Zi р+к) 
= vgradu + ugrady. » 
u v grad u — u grad v 2 
(4) grad pe ae e y #0. | (24.22) 
(5) grad F(u) = F’ (u) gradu. (24.23) 
- By the definition of the gradient we have 
(uy = BED. 5 4 BEL р. OFC 
grad F (u) = --—,+-- + Зу jt à k. 


To all the terms on the right we can apply the rule of differentiation of 
a composite function. We obtain 


grad F (i) = Е' (и) Sj + Fi wy i + Е' (и) Dk 


= F' (и) grad и. > 
Specifically 


grad F (r) = F' (r) r°. (24.24) 


Formula (24.24) follows from (24.23) and the formula grad r = r°, 
Examples. (1). Find the derivative in the direction of the radius vector 
г of the function и = sinr, where r:= [r]; 


AS eae И x 


"4 From (24.13) we have wn qim бош ата 
ди. = (grad sin л, го). (04.25) 


But by (24.24) 
grad sin г = r° cs | 
Substituting this expression into the right- hand dide of Q4. 25) w we e will have: 
ди : omi 
En = "RI а 
àr (то СОѕ ДГ у "Cos r. 
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(2) Consider the plane scalar field 
u-2rnctrn, (24.26) 
where г and г; are the distances of a point P (x, y) on a plane to two fixed 
points F; and F2 on the plane. Prove that a beam of light emitted from 
one focus of the ellipse will get to the other focus. 
-4 The level curves of (24.26) are 
mt+rm=2a ар 0. (24.27) 
These are the equations of ellipses with foci at points F1 апа F;. 
According to (24.18) we have 


grad (ri + r2) =r? +r}, 


i.e., the gradient is equal to the diagonal PO of the rhombus constructed 
on the unit vectors r? and г? of radius vectors drawn from Fı and F to 





Fig. 24.7 


P (x, y) (Fig. 24.7). By Theorem 24.1 the gradient PQ is perpendicular to 
the ellipse (24.27) at P (x, y). Accordingly, the normal to the ellipse at some 
point on it halves the angle between the radius vectors drawn to this point. 
The incidence angle equals the reflection angle, and so the beam of light 
from one focus of the ellipse comes to the other one. > 


24.3 Vector Field. Vector Lines 
and Their Differential Equations 


Defiuition. If at each point M (x, y, z) of space or part of space 
the vector quantity 


a-a(M)-P(xy3it*Q(xxa3j + Re yzk (24.28) 


is defined, it is said that the vector field а is specifed. 
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To specify a vector field is equivalent to specifying three functions of 
three variables 


Р(х,у 2), Обо», R), 2). 


б amples of vector fields are a field of force F, a field of velocities v in 
the flow of some liquid, and so on. 

Geometrically, a vector field can be represented by vector lines. The 
vector line of a vector field a is a curve such that a tangent to it at any 
point M has the same direction as the vector field a at that point (Fig. 24.8). 

In a field of force vector lines are called lines of force, in a field of 
velocities of the motion of liquid the lines are called lines of flow. 


a(MY 


Fig. 24.8 


Differential equations of vector lines. Let a vector field be defined by 
the vector 


а= Р(х у z)i+ Q(x» z)j + R(x, Dk, 


where P (x, y, 2), Q (x, у, х), R (x, у. 2) are continuous functions of the varia- 
bles x, y, z with bounded partial derivatives of the first order. 

It is well known that we may define the vector т of the tangent to the 
curve to be the vector dr (t)/dt, where 


r() 2 A(0i - y (0j * z(Ok 


is the radius vector of the running point on the curve, | and t is some 
parameter for the curve under consideration. 
It follows from the definition of vector lines that the vectors 


a= Р(хуу»дї+ O%HDI+ RYO 
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and 


а _ dx, dy dz 
E Ее аг 


d а dt K 


must be collinear at each point on the vector line. The collinearity condition 
‘for vectors is the proportionality of their coordinates, therefore, on the vec- 
tor line the following relations must be obeyed: 


ах tO -= dis. (24.29) 


P(x»z2 Обу) R&D 
Thus, we have obtained a system of differential equations in symmetrical 
form to determine vector lines. 
Suppose that we have found two independent integrals of the system 
(24.29) 


gyz) = C, 
m(x у 2) = С›. (24.30) 


The system of two equations (24.30) determines the vector lines as the inter- 
section of two surfaces. By arbitrarily changing the parameters C, and С», 
we will obtain a family of vector lines as a family with two parameters 
(degrees of freedom). 

Example. Find the vector lines of the vector field a = xi + yj + 2zk 
-4 We write the differential equations of the vector lines 


or 
QA. LEE LL Me 


x y’ x 2z 
Integrating this system, we arrive at 
y=Crx, 
z2C€ х?, 


where Cı, C» are arbitrary constants. 

The intersection of the planes y = Cix with the parabolic cylinders 
z = С, х? gives a two-parameter family of the vector lines of the field 
(Fig. 24.9). »- 

. Definition. A vector field is called plane if all the vectors а are parallel 
to the same plane and if in each plane parallel to the given one the vector 
field is the same. This can be interpreted as follows: 

If we take the given plane (or any one parallel to it) to be the ху-ріайе, 
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Fig. 24.9 


then the vectors of the field will not contain the z-components and the 
coordinates of the vectors will not be dependent on z 


a= Р(х, y)i + Q(x y)j. (24.31) 


The differential equations of the vector lines of a plane field will have the 
form 


. dx dy _ E, 
P(x, y) Q (x, у) 0 
or 
dy || Q(x% у) 
dx Р(х у) ' (24.32) 
z = const. 


It follows that the vector lines of the plane field are plane curves that 
lie in planes parallel to the xy-plane. 

Examples. (1) Find the vector lines of the magnetic field of an infinite 
straight wire. 
-4 Suppose that the wire points along the z-axis and carries a current /, 
ie, the vector of the current is 


І = Ik. din 
The vector of the strength H of the magnetic field will then be 


n= hes: (24.33) 
.0. 


where r = xi + yj + zk is the radius vector of the point M under considera- 
tion, and e is the distance from the:wire axis to M. Expanding the vector 
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product (24.33) gives 
H= - ar i+ rs 1. 
The differential equations of the vector lines are 
dx dy dz 


-2ly/o  2x/g OO 
Hence z = const, —dx/y = dy/x, or хах + y dy = 0. Finally, 


ey = С}, 
1 = C2, 


i.e, the vector lines are circles with centres on the z-axis (Fig. 24.10). » 





х 


Fig. 24.10 


(2) Find the vector lines of the gravitational field formed by an attract- 
ing material point of mass m located at the origin of coordinates. 
-4 [n this case the force F is determined as 


" yn _ _ ymxi 79 ymyj 
= EISE Weyeey y 4 0) 
ymzk , 
аву в у 
The vector lines are described by the differential equations 
dx = — O ONE dz 
qnx Е түту Үт. 
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Multiplying each fraction here by — + y? + z7)>” gives 


We"have here equated each of the fractions to dt/t. 
"^ We can now readily obtain the equations of the vector lines in paramet- 
ric form 


х= Cif у= С, z= Cit. 


These are rays originating at the origin of coordinates (at the origin the 
vector field is not defined!). 

To isolate one line out of a family of all vector lines, we should specify 
a point Мо (хо, Jo, Zo ) through which this vector line must pass and deter- 
mine Ci, C2, Сз from the coordinates of the point. 

Let Mo. have the coordinates хо = 3, yo = 5, zo = 7. The equation of 
the vector line passing through Mo (3, 5, 7) can be written as 


x=34, у= St, == 1. 


The point Mo is obtained at ‹ = 1. > 


24.4 Vector Flux Through a Surface 
and Its Properties 


Consider at first the special case of the field of velocities v of liquid 
flow. In the field we isolate a surface X. The flow of liquid through X 
is the amount of liquid flowing through © in a unit time. 

We easily determine this flow if the velocity is constant (v = const) and 
the surface E is a plane. The liquid flow will then be equal ќо the volume 
ol the cylindrical body with parallel bases and the generatrix of length | у |, . 
since in a unit time each particle shifts by v (Гір. 24.11). | 

The flow will then be | 


п -— Sh, f ++. | | et 
where S is the area of the base, Л = pr, v = (v, n?) is the height of the 


cylinder, n is the normal to the base. And so at a constant v the flow of 
liquid ipd a plane E will be арх 


= (v, n?) - S. " я (24.34) 
If v varies continuously, апа the surface У is smooth, then we can break 


У into parts Ey (k = 1,2, ...,) so small that we may approximately believe 
that each Ly is a plane surface and v on it is constant. ; 
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Since the flow of liquid through Y is equal to the sum of flows through 
all Бк, we will derive the following approximate formula for the flow 


T=  (wn')e- Aok, (24.35) 
k=1 ae 


where n is the number of parts Lx into which the surface X is divided, 
Р, is a point in the Ath part, Ag, is the area of Ex, (v, n? )p, is the scalar 
product, where v and n° are taken at Px € Ly (Fig. 24.12). 





Fig. 24.11 Fig. 24.12 


The flow through X will then be the limit of (24.35) as the largest of 

the diameters of X, tends to zero 
П = Jim у) v,a?) Ack = | | (v, n?) do, (24.36) 
20 k=l 
E 

where d is the largest of the diameters of X, (kK = 1,2, ..., n). 

The integral (24.36) defining the flow of liquid is the integral of the 
scalar function (v, n?) over the surface E. 

In analogy with the notion of the flow through a surface introduced 
above we will use the concept of the flux of any vector a through oc. 

Definition. The flux of vector a through a surface Y is the integral over 
Y of the projection of a on the normal. to the. surface 


П = {fe n°) do, * (24.31) 
E J abs 
or [is do, or (| (а, do), where da = nds, Clearly, integral (24.37) 


E E 
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exists if the vector 
= Pi+ Qj + Rk 


is continuous, i.e., its coordinates P (x; y, z), Q (x, y, 2), R (x, y, z) are con- 
tinttous, and the surface E is smooth, ie, it has a continuously varying 
tangent surface. 

Example. Let a field be produced by a point source (electric field) or 
a point mass (gravitational field) placed at the origin of coordinates. The 
strength of the field at any point P will be 

E = -4 r?, 

where q is the charge (mass), r — OB 15 the radius vector of P. We desire 
to find the flux of E through Sr, a sphere of radius R with centre at the 
origin. 
-4 Since the direction of the normal to the sphere coincides with the direc- 
tion of the radius vector г, we have m^ = r°, and so 


(E, n^) = (E, г) = -£—. 
Р 


On the sphere Sg we have г = Л, so that (E, п") = q/R* = const. There- 
fore, the flux of the vector through Sx is i 


= q 2. Lp 
II = [je n?) ас = Rr ђе = ir tek = drg. > 
R л 


Properties of the flux of a vector across a surface. 
(1) Linearity 


|| (Ла + ub, n") ас = À (| (a, п?) da + p \| (b, n°) do, 
Je С (24.38) 


where ^ and џ are constants. 

(2) Additivity. If a surface E is divided into E, and E»? by a piecewise 
smooth curve, then the flux through E will be equal to the sum of the 
fluxes through E, and X; 


| | (a, n°) ас = || (a, n°)ido + || (а, п?) do. (24.39) 
E Li E 


-2 


This property enables us to generalize the concept of the flux to piecewise 
smooth surfaces. 


352 24 Vector Analysis 





(3) Dependence of the flux on surface orientation (і.е., on the orienta- 
tion of the normal to a surface). So far we have not discussed the choice 
of the normal n to the surface ©. Let us now look at this question. 

Take, say, a cylindrical surface. If at a point M on the surface we choose 
a normal n and then move continuously over the surface along any path 
without venturing beyond the boundary of the surface, then we will always 
return to M with the previous orientation of n. 

To obtain the opposite of n we will have to go over onto the other side 
of the surface. Surfaces of this kind are known as fwo-sided or orientable, 
Among them are the plane, the sphere, the ellipsoid. the surface of a cube, 
ans so forth. 





Fig. 24.13 Fig. 24.14 


There also exist one-sided, or nonorientable, surfaces, on which it is 
impossible to select a certain orientation of the normal. An example of 
such surfaces is the Möbius strip (Fig. 24.13). If at some point in the Möbius 
sirip we take a normal n, there exists a path (eg. the central line of the 
strip) such that if we move a point continuously along it we will arrive. 
at the same point on the surface but with the opposite orientation of the 
normal. 

We introduce the concept of the flux for two-sided surfaces only. We 
will assume that if at one point of such a surface we have already chosen 
the direction of the normal, then at another point we take the normal that 
results if we continuously move the initial point to that point (without 
crossing the boundary of the surface). 

In particular, on a closed surface we take at all points either the external 
or the internal normal (an internal normal points inside the body bounded 
by the closed surface). : 
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——— 


We denote by X * the side of. £ on which we take n, and by E ^ the 


side of E on which we take —n. We then obtain (n° = -n9) 
| [e ni)de = - | (е, n^. ) do. (24.40) 
ot ЕС E* 


Consequently, when the orientation of the surface is changed (i.e., the direc- 
tion of n° to E is changed) the flux of the vector is reversed. 
Example. Calculate the flux of the radius vector г = xi + yj + zk 
through the surface of a right circular cylinder of height H, base radius 
R and the z-axis as its axis. 
-4 The surface E consists of three parts: side surface E, , upper base X; 
and lower base E, of the cylinder. 
According to the additivity property 


II =M + ID; + П, 


where II; , П, П, are the fluxes of the field through X, , £2, and X5, 
respectively. 

On the side surface of the cylinder the external normalin? is parallel 
to the xy-plane, and therefore (see Fig. 24.14) 


(г, п) = prar = А. 


Hence, 


П, = [je по) до = R | fo = R2xRH = 2rR°H. 


КП L 


On the upper base E; the normal n is parallel to the z-axis, and therefore 
we can put п? = К. Then 


(r, n?) = (r, k) = pryr = H, 


so that 


Th = [fe n})do = Н IG = тА?Н. 
uo E: 
On the lower base £; the vector r is perpendicular to the normal n = —k. 
Therefore, ! 
(ru) = (r, —k) = 0 
and 
П, = iG n9) do = 0. 
Es 
23—15 
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The flux will thus be 


П = (ре п) йо = ЗтЕ?Н. >» 
L 


Here ф stands for a double integral along a closed surface. 
in 


24.5 Flux of a Vector Through an Open Surface 


We will discuss several methods of calculating the flux of a vector 
through open surfaces: 
Projection on a coordinate plane. À surface S is uniquely projectable 
on a domain Dy in the xy-plane. We can then specify S by the equation 
z = f(x. у), and since the surface element do of this surface is 


_ ахау _ NE af \? af N? 


to determine the flux TI through a side of S means to take a double integral 


by 
П = [le n^) do = | n. dx dy. (24.42) 
г | cos y | 


| z = /(х,у) 





Here the unit vector n° of the normal to the chosen side of the surface 
is found by 


n= a Bd- fe». дх ду 


= ee eens ees акышы ee 


lgrad(z— /C y | Е 
i 007-00 
дх ду 


(24.43) 
We here take the plus sign, if the angle y between the z-axis and n is acute; 
if the angle y is obtuse, then we take the minus sign. 
The symbol 


(a, n?) 
[cos | 











= f(x у) 


means that we should substitute f(x, y) for z in the integrand. 
Example. Find the flux of the vector a = у?) +. zk through the part of 
the paraboloid surface z = x? + y? cut by the plane z = 2. The normal 
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is the external one in relation to the region bounded by the paraboloid 
(Fig. 24.15). 
-4 This surface (paraboloid of. revolution) is uniquely projectable on the 
xy;plane to yield the circle Dy with centre at the origin of coordinates and 
fadius R = V2. We find the unit vector n° of the normal to S: 

uis ue grad (z - x? — y?) -2i -2yjtk 


= unm, 
| grad (z — х? — y*)|> Vax? + 4y! + 1 





Fig. 24.15 


As assumed, n° forms an obtuse angle y with the z-axis, therefore we 
should choose the minus sign. Thus, 


n? = 2xi + 2yi — k 


a RETE r (24.44) 
Further, 
ER a нин 
Max? + ду + 1. 


Since COS y is the coefficient at. the unit vector k in (24.44), 
NIS NM 
Мах? + 4y! + 1 


cosy = — 


hence 


Ll e N 4x? + Ay? + 1. 


[cosy] — 


23* 
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Therefore, 
0 3. 
(а, п ) = ta + ауі +1 
| озү, „ ло, у V4x? + 4у + 1 z=x +y? 


= 2y? E х? =. y. 
From (24.42) the flux will be 


П = [le n?) do = ђе» - x? — у?) dx dy. 


S 


ту 


We now introduce the polar coordinates х = ocos e, у = рзіп «v, where 
0<0<У2, 0 < p < 2m; we will have 





Zr Ji 
4 
П = fa [ос sino — о? )do = —2- 2- = —2r. > 
0 0 0 


If a surface S is uniquely projectable on a region Dy, of the yz-plane, 
then it can be given by the equation x = (у, 2). In that case, we have 


=- aya _ dp Y! | (ay V? 
do = [соза | = 1+ (42) + Fz dy dz, (24.45) 


П = || (а, n°) 
| cos a | 
D, 


yt 





dy dz, (24.46) 


x= (у, 2) 





where 


үе Чен 
o_ 4 gad[x - e(yz) _ E dy дї 


"Tard [xe IT ^ Е » 
T (37) Р (32) 
dy dz- 


(24.47) 
In the last formula we take the plus sign if the angle œ between the x-axis 
and n° is acute; and the minus sign if the angle is obtuse. `` | 
Lastly, if S is uniquely projectable on the domain D,, in the xz-plane, 
then it can be defined by the equation y = y (x, z), and then 


_ ахай . dy V? dy \? 4: 
dee p ы С) i (32) Mo ae 


dx dz, =: (24.49) 
у=ў(х® 








Ue | (a, n°) 
: [cos | 
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| 
where 


_ дү "T avy 
0- gady- у(х) _ , x ^ ^ д& 
[gad [у - ф(х, XH - 


rt | ay\? , (av)? 
| i EN CIC) 


(24.50) 





We here use the plus sign if the angle 8 between the y-axis and n" is acute, 
and the minus sign if the angle В is obtuse. 
Remark. If we want to find the flux of the vector 


а= Р(х, у Zit Q(x у z)j + RG»zk 


through a surface S defined, say, by the equation 
2 = f(x у) 


by projecting on the xy-plane, it is not necessary to determine the unit vec- 
tor n° of the normal. Instead, we can take the vector  ; 


u= артай Л = «(-X: 58 ga 0). 


Formula (24.42) will then become 


| (е, n?) do = je n) 


5 


П 


dx dy 
z= /(х, у) 





Il 


(ло - ob x se m 


Dy 
+ R ps у, f Gc у) dx dy. (24.51) 


Similar formulas are derived for fluxes through surfaces given by the 
equation x = e(yz) or y = v (x 2). | 

Example.. Find the flux or the Yet a= = xd through the external side 
of the paraboloid z = 1 — x? — y? bounded by the plane z = 0 (z > 0) 
(Fig. 24.16). 
-4 We have 


n= xgmd[z— l c x? + у] = +(2хі + 2yj + k). 
We take the plus sign, since the angle y is acute. Then . 


(а, m). 7 260 7x 7^) 
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The flux will be бең 
П = ПЕС - x! - y*)dxdy. 
Dy 


Passing to the polar coordinates x = o cosy, y = osing, O& o « 1, 
0 € o € 2v, we get 


2a l 


П = [1e ede fea - o? )do 


ә 


(1 + cos 2o) dy = X > 








Fig. 24.16 Fig. 24.17 


Projecting on three coordinate planes. Let a surface S be uniquely 
projectable on all the three coordinate planes. We denote by Dy , Dx; апі 
Dy; the projections of 'S of the Xy), xc, and yz-planes, respectively. |... 

The equation F (x, у, х) = 0 of S is then uniquely solvable for each argu- 
ment, i.e., 


jer М a 
efr za 


x =x, 4), У Ty z), Bom у). E 4.52) 
The flux of the vector. 


а = Р(х, у, 2)і + 0%» 3i + R(x ik. 
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through the surface S whose normal unit vector- is 
n? = icosa + јсоѕ В + kcosy 


can be written as 
БУ. 


$ 
+ Q(x, x z)cosB + R(x, у, 2) do. (24.53) 


П = [le n?) do = | [ires сога 
5 


It is well known that 


docosa = жау dz, 
docosp = +dx dz, (24.54) 
docosy = +dx dy. 


The sign in each of formulas (24.54) is taken to correspond to the sign 
of cos а, cos fj, cosy on S. Substituting (24.52) and (24.54) into (24.53) 
yields 


I= + [leo ә,» аас + | [gue „аса 
р, 


= 


+ le [x у, z ao, »)] к (24.55) 


emen 


Example. Calculate the flux of the vector field a = vi + zj + vk 
through the triangle bounded by the planes Xtytz- T; > 0), x = 0, 
у =0, z = 0 (the angle y is acute) (Fig. 24.17). 

- We have : 
"I _grad(x+y+z—-/) | itj+k 
|gad(x*»*z-D[ 43 ' 


so that cosa = cos = cos y = 1/3 > 0. 
This implies that we take all the'integrals in (24.55) with the plus sign. 
Assuming in (24.55) P = y, Q =z and R = x, we obtain 


П = | | dy dz + M * | ded (24.56) 


yt zt гу 


The domain D,, is the triangle BOC in the yz-plane, the side BC being 
given by y+ z=O< .y<l.. 
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We take the first integral on the right-hand side of (24.56) 





1 1-у { 
h- [roa = | xa | dz = [a-ra 
Dy. 0 0 0 
ly? y! ! p 
= (4- - x) 776^ 
0 
Likewise, 
h= 


| 
pm 
Cos 
N 
R 
a 
1 
ај 
e 
It 
St 
C—À 
* 
= 
© 
n 


And so the flux will be 


3 
H-hththel.- 


Using curvilinear coordinates on a surface. If a surface S is part of 
a circular cylinder or sphere, it is convenient to seek the flux by introducing 
curvilinear coordinates of the surface without projecting on the coordinate 
planes. | 

(a) Let S be part of a circular cylinder 


x+y? = В? (24.57) 


bounded by the surfaces = = Л (х, у) and = = /5 (х, у), where 
лу < f; (x, y). Putting x = А cosy, y = Rsin e, z = z, we will have 


fi(Reosy,Rsing) < z < f; (К соѕ e, Rsing), 0 < e « 2m. 





Гір. 24.18 
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The surface element will be (Fig. 24.18) 
do = R de dz. 


The flux of vector a through the external side of S is given by 


2я (Я сосе, Кіп e) 
П = А \dọ | (a, n?) az, (24.58) 


0 Л (А cos v, R sin y) 
where 


no = Brad (x? + yy? R? _ 2хі + 28) _ d yj (24.59) 
Tomdi? tye RAI CR TELEy s 
| grad (х? + »^ — А?) | Vax? + ay? R 


Example. Find the flux of the vector a = yi + xj — e"* k through the 
external side of the cylindrical surface x? + y? = 4 bounded: by the planes 
z=Oandx+y+z=4. 

4 We have R = 2, Л (х, y) = 0, h(x, у) = 4 - x - y. Since 
o. Xi t yj _ х., у. 
n p 5. + 5-1, 
the scalar product (а, n°) on the cylinder will be (assuming х = 2cos e, 
y = 2sin e, z = 2) 


(a, п?) = xy = 4cos p sing. 


From (24.58) we have 


an d - lcos e – 2sin o 0 
П=2 | de | (a, n°) dz 
0 
2т 4-2 cos œ - 2 sin e 
= 8 | cosy sin e dy | dz 


о () 
Qn 

8 f (4 cos ysin e — 2 cos? ysin e — 2sin? y coš ф) de = 0. > 
0 


(b) Let S be part of the sphere 
r+ y+ 2? = В? (24.60) 


bounded by conic surfaces whose equations in spherical coordinates have 
the form 


0 = 6; (Ф) and 0 = 0 (p) 
and half-planes e = e, and e = p. 
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For points of the sphere we have 
х = Ё соѕ sinf, y=Rsing sind, z= Rcos6, 
where o, < ø € e, bi < 8 < 0;. The surface element (Fig. 24.19) will then 
be 
da = R? sin 8 00 de. 
The flux of the vector field a through the external part S of the sphere is 


vt I (v! 


II = R? (а | sin 0 (а, n°) d9, (24.61) 
еі 4 (v) 
where 
n? = grad (x? + y? + 22 – R?) LÀ * yj * zk . (24.62) 
| grad (x? + y? + 2° — А?) R 





Fig. 24.19 Fig. 24.20 


Example. Find the flux Or the vector: a= ха + уг] + 27k through the 
external part of the sphere x? + y? + z? = 9 cut off by the plane z = 2 
(z > 2) (Fig. 24.20). | 
~ We have R=3, 0<0< 21; jor quid). = Gd + ppt 
+ zk)/3, do = 9 5іп 6 dide. We put x = asme ROSY ye done sing, 
2 = 3cosQ. 

The scalar product (a, n?) will then be expressed as follows: 


` ` 24 2, 3 2 2 2 : 
(а, пб) = #&+/4+4_ = EY 4 4) 9 cos 8: 
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By (24.61), 


П=9 | dy | 9cosó sind 40 = 18-39 27 6]  ? = дт. 
we 0 0 | 
Here we have used the formula 


sin? (cos~' a) = 1 — cos? (cos ~'a) = 1—a*. > 


24.6 Flux of a Vector Through a Closed Surface. 
Ostrogradsky-Gauss Formula 


Theorem 24.4. If in a certain space domain G C. R? the coordinates 
of the vector 


a = P(x у z)i + О( у z)j + К( у 2) К 


; > > DAT ôP д 
are continuous and have continuous partial derivatives ——, D 


ax 
P then the flux of а through any closed piecewise smooth surface S 


TE P д 
lying in a domain С is equal to the triple integral of + X. + 


2R, over the domain V bounded by the surface S 


4 
П = ф (a, n°) do = ul (2 + 390, A) dv. (24.63) 
ax oy д4 
ГА 


This is the Ostrogradsky (or Gauss) formula. Here n? is the unit vector 


of the external normal to the surface, and d denotes the flux through 


$ 
the closed surface S. 
"4 (1) Consider at first the case of а having only one component 
a = R(x у z)k, 


and assume that the smooth surface S is intersected at no more than two 
points by each straight line parallel to the z-axis. This divides S into two 
parts 5, апа S2-that are uniquely prójectable onto some domain D of the 
xy-plane.(Fig. 24.21). 

The external normal to 5; forms an acute angle y with the z-axis, and 
the external normal to 5, forms an obtuse angle. with the z-axis. Therefore, 
cos y = (n°, к) > 0 оп 5; and cosy.<0 оп Sı, so that on 5; we have 
cos y = |cos-y|, and on Sı cosy = —|cos y |. 
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Fig. 24.21 


The flux being additive, we have 


П = dp (а, n?) do-= ф (Rk, n°).do = ф R cos y do 
3 3 sv 

1 R cos ydo + | R cos y do 

5 


2 51 


[| R (х, у, 2) | cos y |de — | R (x, y, 2) | cos y |йо. (24.64) 


5 Si 
Let de be a surface element of S. Then 
| cos y |do = ds, 


where ds is a surface element of the domain D. 

We reduce integrals over the surface to double integrals over the domain 
D (in the xy-plane) onto which the surfaces S2 and 5; are projected. Sup- 
pose that Sz is described by {һе equation z = 22 (x, у), and S; by the equa- 
tion 2 = zi (x, у). Then. 


saa- а РОТИ 7 
“= | Renae sia = || Ro wha E D. 
08 BS atus sue orm nil P eyjar iE s ALIA 


Е R(x% у zı (х 2))] ds. ge aa . Q4. 65) 
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Since the increment of a continuously differentialbe function can be 
represented as an integral of its derivative 


“7 


de Gab ef G (2) dz, 


we will have 


z (5 у) ; 
R(x, у, z2 (х, у)) – R (% y, zi © y) = | 286029 de, 


п (5 y) 
From this and (24.65), we obtain 


£y) 
ф xata = E | 28559 de 


D uy) 


“= dr. (24.66) 





Fig. 24.22 Tig. 24.23 


If the surface 5 contains some part of a cylindrical surface with a gener- 
atrix parallel to the z-axis (Fig. 24.22), then on that part of the surface 
(Rk, n°) = 0 and integral || (Rk, n?) do over it is zero. Therefore, formula 
(24.66) remains valid for surfaces that include such cylindrical parts. 

(2) Formula (24.66), can be generalized to such S that are intersected 
by a vertical straight line at more than two points (Fig. 24.23). 

We divide the domain V into parts whose surfaces are intersected by 
vertical straight lines at more than two points. 
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Let S, be the section surface, Sy and Sz be those parts of S into which 
the surface is divided by the section 5;, апа let.V, and Vz be. the cor- 
responding parts of V bounded by. 5,05; and 58. 

Then for И we will have 


{р (Rk, n°) do = ME: Ld dv, 


SUUS, Vi 
and for V; 
0 = OR s 
ф (Rk n°) do = Hl à, 4" 
SU SS Vi 


Here the symbol 5;'means that the normal to 5; is directed upwards (forms 
an acute angle with the z-axis), and 5; méans that it is directed downwards 
(forms an obtuse angle with the z-axis). 

Combining these relations and making use of the additivity property 
of the flux and triple integrals, we obtain 


n (Rk, n°) do = NEZ т 
y 


since the integrals over $, cancel out. 
(3) Lastly, consider the vector: 


а = Р(х, y, z)i + Q(x, y, z)j + R(x, у, Dk. 


For each component Pi, Qj and Rk we can write a formula similar to (24.66) 
(because all the components are equivalent): 


qp (Pi, n°) do = MEZ 


Combining these relations and using ге en property of the flux and 
triple integrals, we will arrive at the Ostrogradsky formula iy wi 


18. er, 


БЕ jm 
ф (Рі + Qj + Rk, n?) do (е2. Е 38) av >. 
V 


[Т] 
oO 
~ 


24.6 Ostrogradsky-Gauss Formula 


In closing, we should note that the Ostrogradsky formula also holds when 
the domain V is multiply: connected. 
Examples. (1) Find the flux of ithe vector a = 2xi — (z — I)k through 
he closed surface S: (x? + у? = 4, z = 0, = 1) (1) by definition, (2) by 
^ the Ostrogradsky formula. 





Fig. 24.24 


-4 (1) By definition the flux of a is (Fig. 24.24) 
II = II, + П, + Ih, 


where 


П, = jl (a, uS do = jl (< - 1) ао = т |і do = —4m 


since on 5, we have z = 0; 


Ih = || @, n9) do = zs - D) de = 0, 
3i 


5i 


since on $; we have z = 1; 


П, = [| (а, п) do jpe do, 
5, Ss 
since 
grad(x? + y?- 4) _ xi t yj 


Igrad (x^ + y! -4)l ME: 


We change to curvilinear coordinates on the cylinder 


nj 


x=2cosy, y=2sing, z=2z, ас = 2 афа. 


Then 
2* t 2x 


Th £ |. de | 4с052 р -2dz —4 | (1 + cos 24) do = 8. 
: oo. о 


0 
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Hence 
П = -4- + 0 + 8т = 4r. 


(2) By the Ostrogradsky formula 


СУЕ 
|| ке» 


(2) Find the flux of the radius vector r = xi + yj + zk through the 
sphere of radius R and centre at the origin of coordinates (1) by definition 
and (2) by the Ostrogradsky formula. 

-4 (1) Since for the sphere we have n° = (хі + yj + zk)/R, then 
(r, n°) = (x? + y? + z!)/R = R, and therefore 


I= ф (5 n°)do =R || do = 47°. 
5а Sa 
(2) pi the Parc formula we find 
9 + 
T a +S єз 
then ` 


n- [зао зо я nmn 
m 4 


(3) Find the flux of the vector a = 3xi — yj — zk through thc closed 


21,2 
-75X tY au EN 
surface S: M -0 (z>0) (Fig. 24.25) (1) by definition and (2) by the 
Ostrogradsky formula. 
74 (1) By definition the flux of a will be 

II = II, + IL, 


where "da 
= ff, п) do = Ee 


51 


since on Sı we have z = 0, 


Ih = ff. nj) 


Dy z-füy 


ory, 
п? = grad (x? + у? toed LE ER 
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Fig. 24.25 


and Dy is the circle х? + y? < 9. Hence — 











(a, nj) = (6x? — 2y? – z) =x? -y 9, 
229- rh — у? z=9-r -y2 
Therefore, 
IL = || |с - y! - 9)ахау 
2: 3 
- de | (70° cos! o — о? sin? e — 9)о de 
0 0 
an á 
4 2 
- 9 cosg- -98 
(s 4 cos v ү 9 2) m. 
0 
2x 
t 2 1 8l 
= | (12s € S-F) 
0 
2x d Us ; 
2 _ 243 _ 81 _ 81 
= | 81 + 81 cos 20 E Apr id i." 


0 


since | cos 2y dy = 0. 
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81 


Thus II = П +1 = т. 

(2) By the-Ostrogradsky formula we have 
дР,дО,дЕ_„_,‚_,_ 
злу de ї—1=1. 

Therefore 
п = (ff av. 

y 


Passing over to cylindrical coordinates 
X = 0С05 p, y= esin e, Z=Z, dv = о йо de dz 


we obtain z = 9 — o? from the equation of S. Hence 
2x 3 9—-e 


II = | аф | odo | dz = 2r | (9 — о')оао 
0 о 0 


0 


= 2т ge _0* ERS S 
2 4/|, 2 





Remark. When dealing with an open surface S it is often convenient 
to close the surface and to make use of the Ostrogradsky-Gauss formula. 

(4) Find the flux of the vector a = (у? + z?)i — y?^j + 2yzk through the 
surface 5: х? + 22 = у? OSy < 1). 





Fig. 24.26 Е 


~ Surface 5 is the surface of a cone with the y-axis as its axis (Fig. 24.26). 
We close the cone by a piece X of the plane y = 1. If then we denote by 
Ti, the flux we seek, by IT; the flux through E, we will have 


_((( (ar, 20, аку 
y 
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where V is the volume of the cone bounded by S and Y. Since 


ӘР. àQ , aR 
IP. 90 | OR Co 2) + 2p = 0, 
e Ue ap ae Qoi 
Gwe have II, + П, = 0, ie, M = —TL, where 


П, = үк, n°) дс = ff. j) ао = [1-29 do = - |f| do = —т, 


= E Е E 


because on L we have y = 1. Непсё II, = т. 


24.7° Divergence of a Vector Field 


Solenoidal fields. To be more specific, we will look at the velocity 
field v of the flow of a fluid. Let S be a closed surface. If the flux through 
5 is positive, this suggests that for the space bounded by 5 the fluid output 
is larger than the input. It is then said that there are sources within S that 
generate the fluid. 

Conversely, if the flow is negative, the input is larger than the output. 
We say now that there are sinks within S that absorb the fluid. 
Consequently, the quantity 


П = ф (а, п) do 
5 


tells us about the nature of the vector field confined within the surface 
S, namely about the presence of sources or sinks within the space and about 
their contributions. The concept of the flux of a vector through a closed 
surface leads to the concept of the divergence of a field. It is a quantitative 
characteristic of the field at each point of space. 

Let M be a given point of the field. We surround it with a surface 5 
of arbitrary shape, e.g., by the sphere of a sufficiently small radius. We 
will denote by (V) the region bounded by 5 and its volume by V. 

Let us determine the flux of vector a through S. We will have 


II = $ (a, n°) do. 


Consider the ratio \ 


fp (a, n°) da 
Ў (24.67) 


V 
Since the numerator is the input of the sources inside (V), then the ratio 
(24.67) yields the mean input of a unit volume. : 


24* 
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Definition. If (24.67) has a finite limit when (V) shrinks to point M, 
then this limit is called the divergence of the vector field (divergence of 
a) at M and is denoted by diva(M). And so by definition 


ф (a, n?) da 


diva(M) = lim ———.——-. (24.68) 
: (0—M V 

The divergence of a vector field is a scalar quantity, since both the numera- 

tor and denominator in (24.68) are scalar quantities. 

If div a(M) > 0, then at the point M we have a source, if div a(M) « 0, 
then at the point we have a sink. 

From formula (24.67), which defines the divergence, we conclude that 
the divergence of the field of a at the point M is the volume density of 
the flux of a at that point. 

Formula (24.68) is the invariant definition of the divergence, i.e., a defi- 
nition unaffected by the choice of the system of coordinates, since all the 
quantities in (24.68) are determined directly by the field itself and are in- 
dependent of the choice of the coordinate system. - 

We show next how to compute the divergence in rectangular coordinates 
provided that the vector coordinates 


а = Р(х, y, zji + О(х, y, 2j + R(x, у, Zk 


are continuous and have continuous partial derivatives дР/дх, ӘО/ду, AR/dz 
in a neighbourhood of the point M. 

Under these conditions we can apply the Ostrogradsky-Gauss theorem 
to the flux of a through any closed surface S in the vicinity of M 


(ре n?) до = ПЕЕ ж) dv. 
5 (n 


To the triple integral on the right we will apply the mean value theorem 


^4 eor 


(ре n°) do = (+ mN FN 
5 


Substituting this into (24.68), we will find 
: Е 9P , 9Q , OR 
div a(M) = uim „ (® Зу + NE 


When the region n shrinks to a point M, the point Mm too tends to 
M, and on the assumption that the partial derivatives are continuous we 
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obtain 
+ 9Q 
div a(M) = (E+ 2v t x. | 
98 for short, 
diva = OF r+ 2m +, (24.69) 


We assume that all the quantitics in (24.69) are taken at the same point. 
Expression (24.69) yields the divergence in rectangular coordinates. We have 
proved by the way that the divergence of a exists provided that дР/дх, дО/ду, 
and àR/oz are continuous. Using (24.69), we will write the | Ostrogradsky 
formula, in vector, form 


фа, n?) ас = | | [div a dv, (24.70) 
5 V 


ie., the flux of a through a closed surface 5 is equal to the triple integral 
of the divergence of a over (V) bounded by S. 

Divergence is computed using the following rules: 

(1) The divergence has the linearity property 


div (Син +... + Cran) = Cidivay +... + Cadivia,, (24.71) 


where Ci, ..., C, are numerical constants. 
^4 Let a = P(x, у, z)i + Q(x, у, z)] + R(x, y, z)k and C be a constant. Then 


div C, = div (CPi + СОЈ + СЕК) = САР + cx + cin - Cdiva. 


Further, if 
= Pii + Qij + Rik, a: = Poi + Qij + Rok, 
then 
div (a, + a2) = div [(P1 + P2)i + (Qi + Qj + (R1 + R2)k] 
OP; ӘР, 001 90, дЕ; ƏR 
(2x) Е (+S) i m tu) 
_ (9Pi | 9Qi , дК, ӘР, 20 ƏR? 
= diva, + diva, > 


(2) The divergence of a constant vector c is zero 


div c — 0, да = » (24. 72 


t 


since all the coordinates of c = cii + ој + ak are a 
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(3) The divergence of the product of a scalar function u(M) and a vector 
a(M) is found by the formula 


div (ua) = u diva + (gradu, a). © (24.73) 
-* Really 
div (ua) = div [uPi + uQj + uRk] 
= ИР) ү дио) ү (ик) 
(x dy E 
oP 20 +p 
дх ду ш E i rad 0 + 
udiva + (grad u, a). > 





| 
E 
| 
+ 
R 


Example. Find the divergence of 
r 
a= e) = (=, 
where г = Irl is the distance from the origin to a variable point 


M(x, y, Z), r = xi + yj + zk. i 
-4 By (24.73) xe 


diva = eO ai, , + (ena 20, e). 
r r 


Since r = xi + yj + zk, we have 


ox oz — 
dive= e+ + па 
Further, 
grad 20) = (80), grad = 100 (n ( жа ЛЕ ) 
wo r X tty +4 
= (n) — e) o 
2 , 
E 
therefore, _ "- : au rus 
3 aa AER hem. an S E opium 
(ena eu) r) = Mira: () Y vr) r°, E 
5 we? ы r EP Er `2: r Sa M 4. : vu 
А ECC ur Qn Б 
re TR er) _. e'( - E 
Thus m € em EAS, кы MAREC 


‘diva =з fO 4 ру) - #0 =2 2 2) #0 + on. 
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If at all points of some domain G the divergence of a vector field de- 
fined in G is zero, i.e., 


^.divas0 E (24.74) 
inthe domain G, then the field is said to be solenoidal in that domain. 
It follows from the Ostrogradsky-Gauss theorem that in a solenoidal 


field the flux of a vector through any closed surface S contained in that 
field is zero 


фа, n°) do = 0. (24.75) 
$ 


In fact, by the Ostrogradsky formula 
фиа, n?) do = [div adv 
$ y 


and since we have assumed that div a — 0, (24.75) is valid. 

Properties of a solenoidal field. Consider some plane region E in the 
field of a vector a. The totality of the vector lines passing through the 
boundary y of that area is called the vector tube. Let X, be some cross- 
section of the tube. The normal n, to X; is oriented in the same direction 
as the vector a of the field (Fig. 24.27). 





Fig. 24.21- = 227... 


Theorem 24.5. Jn a solenoidal field the flux of vector a. through any 
section of the vector tube is the same. ' ,.. 
-4 Let E, and X; be two nonintersecting sections of the same vector tube. 
We have to prove that | 


{fa ni) da = ME nj) do. 
n E 
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We denote by У; the part of the surface of the tube contained between 
the sections E, and £2. The surfaces Ei, £2, У; together form the closed 
surface E (Fig. 24.28). 

Since the field of a is assumed to be solenoidal, we have 

ф (a, n°) de = 0. (24.76) 
Е 
The flux being additive, we rewrite (24.76) as 


| jG, п? )ао + | ja, – а) do + | |а, п do = 0. (24.77) 
Li ` E: E, 
On the surface £3, which is made up of vector lines, we have nÌ L a, 


so that (a, п?) = 0 in D3, and hence the last integral on the left-hand side 
of (24.77) is zero. 





L 


Fig. 24.28 Fig. 24.29. 


From (24.77) we thus find 
је, n?) do = |[@, п?) do. > 
E E: 


Let L be an oriented closed contour and let it be the boundary of E. 

We will say that the surface E is stretched on the contour L. We will 
orient the normal n to E so that if looking from the end of the normal 
the contour would be traced counterclockwise. In other words, if we move 
over the surface round the contour so that the normal chosen would point 
upwards, then, as we trace the contour in the direction chosen, the nearest 
part of E will be on the left (Fig. 24.29). 

Theorem 24.6. In a solenoidal field the flux of vector a through any 
surface stretched on a given contour is the same 


[je а [finds 24.78) 


r x t ay 4 “a Е LE 
ace UM. LI Sj 


We leave it for the reader to prove formula (24.78) (Fig. 24.30). 


24.7 Divergence of a Vector Field f 377 





Remark. In a solenoidal field vector lines can neither originate nor ter- 
minate within the field. They can be either closed curves or have their ends 
on the boundary of the domain where the field is defined. 

, Example. Consider a field of force produced by a point charge q placed 

cat the origin of coordinates. The strength of the field is 


E = 3. (24.79) 


ч 


-4 We have 
div E = div -$ ro = div (5 r); 
r r 
where r = хі + yj + zk, r = Irl = Vx? + y? + 22. 


o 
n 





Fig. 24.30 Fig. 24.31 


Further, by (24.73) we have (for г ғ 0) 


div (5 r) = S dive + (sna, r) = x: + (e n°) 


39 39 
= - 4 = 0. 
Pon 
The field of E given by (24.79) will be solenoidal in any domain G that 
does not contain the point O(0, 0, 0). 
Consider the flux of E through the sphere Sg of radius R and centre 


at the origin of coordinates O(0, 0, 0) (Fig. 24.31) | 


-ф, n^) do = П °) de = ra (| ae B m Атк? = 4т9, 
Sa Sa е 


since on Sg we have E = qr°/R? and do = 4xR?, > 
> Sr * 
It can be shown that the flux of E through any closed surface that con- 
tains O(0, 0, 0) is 4aq. 
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24.8 . Circulation of a Vector Field. 
Curl of a Vector. Stokes Theorem 


Suppose that in some domain G we have a continuous: vector field 
a(M) = P(x, у, zb + Q(x, у, z)) + R(x, у, Dk 


and a closed oriented contour L. 
Definition. The circulation of a vector a over a closed contour L is the 


line integral of the second kind of a along JL, i.e., 
circulation = $ (a, dr) = $ (Рах + Ody + Ка). (24.80) 
L L 


Here dr is a vector whose magnitude equals the differential of the arc L 
and direction coincides with that of the tangent to L, which in turn depends 
on the orientation of the contour (Fig. 24.32). 





Fig. 23.32 


The symbol $ stands for the integral around the closed contour L. 


L 
Example, Find the circulation of the vector field а = —y*i + x?j along 
x 2 
the ellipse L:.— + И = |. ats 
~a. By the definitión- of- circulation we have «s estese hoto tane pp oc 
circulation : - ф (a, dr) = $- y! dx + x! dy. (24.81) 
UL Э Д SUE . 


"n 


The parametric equations of the ellipse have the form: 
(x=acost |. os 
єс 0</<2т, 
= bsin P ats 


Tie 


юн, з, +. ч 


a dnd 50 aii a Si t di; dy = Ache ёа 
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Substituting this into (24.81) gives 


2r > 
| circulation = ab | (b? sin* t + a? cos* 1) = ine (a? + b^), 
т^ 0 
since 
2r 2r 
| sin* t dt -1 | (1 — cos 20)? dt 
0 0 
2r 
zl | (1 - eosar + 1+ 984) dt 
4 2 
0 
2x 
1 + 1 (3 
Eu | G cot + 5 cos 41) dt = тт. 
0 


Similarly, we find that ^ 
2x 
| cos‘ t dt = 3 > 


4 
0 


Curl of a vector field. Suppose that we have the field of a vector 
a(M) = Р(х, у, z)i + Q(x, у, 2) + R, у, 2)k. 


Suppose further that the coordinates P, Q, R of a(M) are continuous and 
have continuous partial derivatives of the first order in all the arguments. 
Definition. The cur! of a vector a(M) is the vector denoted by curl а 


and given by 
_ (ƏR до\. 9P. OR\. , (00 ӘР 
curla = t 10): + E à) 1+ (2 5) k, 


dy âz 


or, in shorthand notation, 


i i j k 
"| 8 à a 

curla = à Зу az |: (24.82) 
Р о R 


This determinant is expanded in the elements of the first row; the multipli- 
cation of the elements of the second row by the elements of the third row 
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is understood as differentiation, eg, — Q = =, i 


($5 - 5:0) -(R - 29). 


Definition. If in some domain С we have curl a = 0, then the field of 
a in G is called irrotational. 


y! m 
Example. Find the curl of a = -%! + PE 
-4 According to (24.82) we have 
i i k 
д д д А 
= айбы es a = . dc p 
curl a E ay x 0-140 0-j + (x + yk. 


-yy2 x 0 
Since curla is a vector, we can also consider its vector field, i.e., the field 
of the curl of a. 


Assuming that the coordinates of a have continuous partial derivatives 
of the second order, we compute the divergence of curl a. The result will be 


wveurin = 2 (28 90) , а (aP_ aR) , а (aQ_aP 
амеша = 2. (99 2) 2 (ac 2) "ae 2) 


~ dyàx  ózüx  dzdy  óxày  ðxəz  ðyðz 
ie div сипа = 0. . 
The field of curla is thus a solenoidal field. 
Theorem 24.7 (Stokes'theorem). The circulation of vector a around an 
oriented closed contour L equals the flux of the curl of the vector through 
any surface strectched onto L: 


$ (a, dr) = [eunt a, n?) do. (24.83) 
L E 


It is supposed here that the coordinates of ‘a have continuous partial deriva- 
tives in some space. domain G and that the orientation of the normal unit 
vector n° to E C G is consistent with the orientation of L so that from 
the end of the normal the contour appears to be traced counterclockwise. 
4 Considering that a= Pi + Qj + КК and n° = ісоѕа + jcos 8 + 
k cos y and using the definition (24.82) of the curl, we rewrite (24.83) as 
follows 


$ P(x, y, z) dx + Q(x, » z)dy + R(x, y/z)dz- 
L 
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= IG) cosa + (& - ж) cos @ + (2 4i) cos | do 
Е 


E, e oP _ oP dQ "A д0 
cq = I Ge cos 8 Р cosy) + СЕ 2 cosa) 
E 
+ (5 cosa — dx E cos в) | do. (24.84) 
ay 


Consider first the case where the smooth surface E and its contour L. 
are.uniquely projectable on the xy-plane in a domain D and its 
boundary — contour №, respectively. The orientation ofj the contour L 
causes the contour ^ to be oriented in a definite manner. 

For definiteness, we will consider that L is oriented so; that the surface 
E lies to the left. The normal n to E will then make an acute angle y with 
the z-axis (cos y > 0). 

Let E be desribed by the equation z = e(x, y), where the function 
v(x, у) is continuous and has continuous partial derivatives dv/0x and 
де/ду in the closed domain D. 

Consider the integral 


$ P(x, у, z) dx. (24.85) 
L 


The line L lies on the surface E and, using the equation of the surface 
z = ф(х, y), we can substitute ф(х, у) for z in (24.85). The integrand 
Р(х, у, ф(х, y)) will then contain only x and y. The coordinates (x, y) of 
the variable point of the curve А are the same as those of the corresponding 
point of the curve L, and so integration along L can be replaced by integra- 
tion along \ (Fig. 24.33) 


ф Рх, у, zdx ^ ф Р(х, у, es y) dx. i (24.86) 
L À 


We apply to the integral on the right Green's theorem; `- 


i ф Р(х, у, e(x, y) dx = -||[ + = 2 1а ©з. (24.87) 
n D 


We now pass over from the integral over the space domau D to the 
integral over the surface E. Since ds = cos y dø, then from (24.87) we obtain 


aP | aPa DX 
P , /» d A y ш / д . 
ф (х, у, 2) х = f(z EI E ze) cos у do. (24.88) 
L E 
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Fig. 24.33 


The normal n? to E is given by 


мос gada- em LOY 


|grad (z — e(x, yl G) + DE i 
у 


ог 
n? = icosa + јсоѕ В + kcos y. 


We notice that (де/ду) cos y = —cos 6. Therefore, we can rewrite (24.88) as 


oS, oP _ oP 
ф Po» adx = E + ac cosp) do 


J Ё 
аР dP . 

= MES cos B — 2,7) do. (24.89) 

E d 


Likewise, if we assume that X is a smooth surface that is uniquely projecta- 
ble on all the three coordinate planes, we see that the following fotmulas 
hold: КИ 


$ Q(x, у, 2) dy = ШЕ cos y — ?Q cos a) do, ==, (24.90) 
L E : 


А aR _ ӘК rer 
ф R(x, у, 2) 0 = Е cos a 3x £08 B) do. Я (24.91) 
L r 
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Adding up (24.89), (24.90) and (24.91) term by term, we obtain Stokes’ for- 
mula (24.84), or for short 


ф (a, dr) = {((сип a, n?) do.» 
е. L E 

E Remarks. (1) We have shown that the field of curl a is a solenoidal field, 
and so the flux of curl a is independent of the kind of surface E stretched 
on the contour L. 

(2) Formula (24.83) is derived on the assumption that E is uniquely 
projectable on all the three coordinate planes. If this condition is not met, 
we break up E into parts so that each part would meet the condition. And ' 
then we use the additivity property 'of integrals. 

Example. uc the circulation of the vector a = yi — xj + k along 


d.a. 2 
the line L: Do ee =R (Н > 0) using (1) the definition and (2) Stokes’ 
theorem. “< 7 

-4 (1) We will define L parametricaily, i.e., L: (x = Rcost, у = Rsin f, 
z= H, 0<1< 2x). Then dx = —Rsintdt, dy = R cos гаї, dz = 0, so 
that the circulation will be 


2r 
фуах- хау + dz = | (- R? sin? t — R? соѕ 1) dt = —2тЁ°. 
i E 


(2) Find curl a. 


i i k 
* д д д NUS PON 
curl a = à Эў 3: =0-i+0-j ~ 2k = —2k. 
y —x 1 


We now stretch the contour L on the plane z = H so that n? = К. Then 
the circulation will be 


[ (curi a, п?) da = -2 {до = —2m«R?. 
E "E . 

Invariant definition of the curl of a field. From the Stokes’ theorem 
we can obtain the definition indepéndent of the choice of a coordinate 
system. 

Theorem 24.8. The projection oficurla on any э) is jieperidént 
of the choice of a coordinate system and is equal to the surface density 


of the circulation of a around e: contour of ine area Сом ad to 
this direction ' : 


“4 NT 


j (a, d) 


pr, curl al; = (сипа, по)! = lim nre сш: 3 (24.92) 
| : (D-M S 
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Here (E) is a plane patch perpendicular to n, 5 is the area of the patch, 
L is the contour of the patch oriented so that when seen from the end 
of n the contour would be traced counterclockwise; (E) ^ M means that 
the patch (X) shrinks to a point M where we consider curl a, the vector 
n on the patch always remaining the same (Fig. 24.34). 

-4 We will first apply to the circulation 


$ -(a, dr) 
L 


of the vector a Stokes’ theorem and then apply to the resultant double in- 
tegral the mean value theorem to obtain 


$ (a, dr) = ff(curl a, n°) do = (curla, n°) | м„. S. 
L Е 


Непсе 


$ (a, dr) 
9 c— 
5 
where the scalar product (curla, n°) is taken at some mean value point 
Mm on the patch (2). 

As the patch (E) shrinks to M the point Mm also tends to M. Since 

we assumed that the partial derivatives of the coordinates of a (and hence 
curl а) are continuous, we arrive at 


$ (a, dr) 
1 


lim ——.—— = lim (сипа, n°) | м. = (curl a, n°) | ar. э 
(D-M S E-M 


0 
= (curl a, n°) | mn, z 


L 





Fig. 24.34 Fig. 24.35 
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Since the projection of curla on an arbitrary directioniis independent 
of the choice of a coordinate system, the vector curta is invariant with 
respect of that choice. We thus have the following invariant definition of 
the curl of a field. aa: 
= The curl of a field is a vector whose magnitude is equal to the largest 
surface density circulation at a given point; it is directed perpendicularly 
to the patch on which this largest density of circulation is achieved. The 
orientation of curl a, by the right-handed rule, is consistent with that of 
the contour on which the circulation is positive. 


Physical meaning of the curl of a field. Consider a solid body rotating · 
around its fixed axis / with an angular velocity w. Without loss of generality 
we can assume the axis / to be coincident with the z-axis (Fig. 24.35). 

Let M(r) be the point under consideration, for which 


r= xi + yj + zk. 
The vector of the angular velocity is 
w = wk. 


The vector v of the linear velocity of a point M is 


i j k 
у= (о, г] = |0 0 w | = -ywi + xwj. 
x y z 
Hence 
i j k 
А д д д " = 
curly = 3x Эу *x = wk = 2w. | 
— yw х=) 0 
Thus 


curl v = 2ш, 


ie., the curl of the field of velocities of a rotating solid is the same at all 
the points of the field, it is parallel to the axis of rotation and equal to 
twice the angular velocity of rotation. 


Rules for computing the curl..(1) According to the definition (24.82) 
of the curl the latter is a vector. It is easily seen that the rotor of a constant 
vector c is zero | 


curle = 0. 
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(2) The curl has the /inearity property 


curl (Cia; + Саз +... + Cran) 
= C, curla,; + Co curl a; + ... + Cn curl an, 
where Ci, C2, ..., C4 are constant numbers. 
This rule follows from the fact that the linearity property is inherent 
in all the derivatives that appear in the curl formula. 


(3) The curl of the product of a scalar function u(M) by a vector a(M) 
is computed by the formula 


curl (ua) = u curl a + [grad џи, а]. 


-4 We have 


i i k | URGE Pire 
К д д д _ (uR) _ д(иО) 
curl (ua) = Эх ду Эс == (392 - дг JI 
uP uQ uR 
y д(иР) _ da(uR) д(иО) _ 3(uP)Y ү E " 
a ax у \ 3» 


[0 B+ Ei B-5) 
+ (ео) (PU кан) a (0% - 029] 


i j k 
ди ди ди 


= ucurla + Эх ЕП az 


P Q R 
= ucurla + [grad и, а]. > 





24.9 Independence of the Line Integral 
of Integration Path 


Definition. A domain G of three-dimensional space is said to be 
simply connected on the surface if on any closed contour lying in this do- 
main we can stretch a surface that wholly belongs to G. 

For example, the inside of the sphere, the whole of the ihres: И 
space are simply connected domains, whereas the inside of the thorus, the 
three-dimensional space from which a straight line (єє. the z-axis) is ех- 
cluded are not simply connected domains. 
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Let G be simply connected on the surface. In G the continuous vector 
field a(M) = P(M)u + Q(M)j + R(ADk is defined. Then the following 
theorem is valid: 


Theorem 24.9. The necessary and sufficient condition for the line in- 
ctegral 


| (a, dr) 


AB 


in the field of vector a not to depend on the integration path, but only 
on the initial and terminal points (A and B) is that the circulation of a 
around any closed contour L lying in G be zero. | | 
-4 Necessity. Let | (a, dr) be independent of the integration’ path. We 
AB 
show that then $ (a, dr) around any closed contour is zero. 
L s 
Consider an arbitrary closed contour L in the field of a and take some 
arbitrary points A and B on it (Fig. 24.36). 





L 


1 


Fig. 24.36 


As stated, we have 


l (a, dr) = | (a, dr) = – | (a, dr), 


Li 1, 


where Ly and L are different paths connecting points A and B. Hence 


2i (a, dr) = 0. |o" (24.93) 
t чш Е ' бнг? 


But L, UL; is Saal ie closéd contour L we have соза 
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Sufficiency. Let ф (а, dr) around апу closed contour L be zero. Show 


L 
that in that case | (a, dr) is independent of the integration path. 
AB 
We will take two points A and B in the field of a, connect them by 
arbitrary lines Lı апа L and show that 
|ба, d) = | (a, ar). (24.94) 
L: 


Ly 


Fig. 24.37 


We will only consider the simple case where the lines / and Lz do 
not meet. In that case L| U Lz form a simple closed contour L (Fig. 24.37). 
We supposed that 


| (a, dr) 2 0 


L 

but by the additivity property 
§ (a, dr) = [ (a, dr) 4 | (a, dr), 
L ГА Li 

and so 


f (a, dr) 4 | (a, dr) = 0, 


Li їз 


which proves the validity of (24.94). > 
The theorem expresses the necessary and sufficient condition for a line 
integral to be independent of the form of the path, but these conditions 
are hard to check. And so we will provide a more effective criterion. 
Theorem 24.10. For the line integral 


| (a, dr) = | P(x, у, z)dx + Q(x, у, дау + R(x, y, z)dz 
L. L ; 
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to be independent of the integration path L it is necessary and sufficient 
for the vector field 


a(M) = Р(х, y, Di + Ox, у, ZI + К(х, у, Dk 
to: be irrotational, ie., for its curl to be zero throughout the field: 
curl a(M) = 0. | (24.95) 


We assume here that the coordinates P(x, y, z). Q(x, y, 2), iand R(x, у, 2) 
of а(М) have continuous partial derivatives of the first order and the range 
of a(M) is a domain simply connected on the surface. · 

Remark. By virtue of Theorem 24.9, for a linc integral to be independent 
of the integration path is equivalent to having a zero circulation of a around 
any closed contour. Therefore, we will prove the necessity and sufficiency 
of the condition (24.95) for the circulation to be zero. 

-4 Necessity. Let a line integral be independent of the shape of the path, 


or, equivalently, let the circulation of a around any closed contour L be 
zero. Then 


$ (a, dr) 

L 
r curlaly = tim — = 0). 
pf, M Tur © 


i.e., at each point M of the field the projection of the curl a оп any direction 
is zero. 


This means that curla is zero throughout the field, iie., 


curl a = 0. 


Sufficiency. The sufficiency of (24.95) follows from Stokes' theorem, 
since if curl a = 0, then the circulation of a around апу closed contour 
L is zero as well: 


{ (а, dr) = {{(curl a, n°) do = 0.> 
L L 


For the plane field a = P(x, y)i + Q(x, y)j we have 


i j k | 
X E: 2 3 |.(Q P 
cura ss i Yay ay a |7 (2 5) 


Р(х, y Об, y) 0 | 


and so for the plane field we have the following theorem: 
Theorem 24.11. For the line integral 


| Ре, у)ах + Oe, у) dy | (24.96) 
L 
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in a simply connected plane field to be independent of the shape of the 
line L, it is necessary and sufficient that the relation 


=2 2 (24.97) 


hold identically throughout the entire domain in question. 
If the domain is not simply connected, then generally speaking the con- 
dition 


does not provide the independence of the line integral of the shape of the 
line. 
Example. Let 
z Z zit =~, 
x +y x ty 





Consider the integral 


a, d) = Ò - —Z dx + xd _. 24.98 
gem ф-т + EL. 098 
L L 


Clearly, the integrand has no sense at O(0, 0). Therefore, we exclude this 
point. {n the rest of the plane (which is not a simply connected domain!) 
the coordinates of a are continuous and have continuous partial derivatives 
and 


XN х2 + у? дх\х* y! 7. 
Consider the integral (24.98) along the closed curve L, a circle of radius 
R with centre at the origin of coordinates 


x= Rcost 
Я )<{< Я 
L eue мы S m 
Then 
dx = —Rsint dt, dy = R cost dt, 
and : 
2x > 8 " m 2r 
ф к суа. | ОА T m | dt = 21. 
x! y R 
1 . ery ri 0: «uelut 


The fact that the circulation is nonzero indicates that: the integral (24.98) 
depends on the shape of the integration path. 
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24.10 Potential Field 


Definition. The field of a vector a(Af) is called a potential field, 
if there exists a scalar function u(M) such that 
vat gmduc (24.99) 
Here u(M) is called the potential of the field; its level surfaces are known 
as equipotential surfaces. let 


а = Р(х, y, Di + О(х, у, 2j + R(x, y, Dk. 
Since 
ди ди ди 


. gradu = mto te 


the relation (24.99) is equivalent to three scalar equalities 


ди _ ðU у. = ди 
y a P(x, ^ 2), ду О(х, у ©), 3z 


ox 
Notice that the potential of the fieldiis only determined up to a constant: 
if gradu = a and grad v = a, then 


ди du ди — до du. dv 


ax дх ду Oy д: OO 


= R(x, у, 2 


and hence и = v + c, where c is a constant. 
Examples. (1) The field of the radius vector r is potential since 


254 2 24 2 
r= xi + yj + zk = grad (E - grad 7. 


Accordingly, the poen of the field ofthe radius vector is r^ */2 + c (note 


that r = Vx? + y? + z?). 
(2) The field of a = f(r)r is ison a potential field. We will show this. 
We find a function y(r) such that 


S(t = grad (г). 
We have grad (r) = e'(r)r?. Then 
е’ (гг = for e, 


whence e'(r) = f(r)r. Therefore, e = | fer ar is the potential of the 
field. 

Theorem 24.12. For the field of vector a to be a potential field it is 
necessary and sufficient for it to be irrotational, i.e., for its curl to be zero 
throughout the field: 


curl a = 0. (24.100) 
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This supposes that all the partial derivatives of the coordinates of a are 
continuous and the domain where a is defined is simply connected on the 
surface. 

“4 Necessity. The necessity of (24.100) is established by direct calculations: 
if a field is potential, ie, a = gradu, then 


curl a = curl (grad u) = curl (Hi i+ $i + i) 
i j k 
x Е 
= Jx ду az az ду ду д5 
ш а 3u 
ox ду az 


д?и au Y, д?и д?и 
eee LEER + _——— —-—— = 
ш ( axdy dz ax )з ( ayax $хду )к 0, 
because mixed derivatives аге independent of the order of differentiation. 
Sufficiency. Let the field of vector a be irrotational, i.e., curl a = 0. 
Prove that the field is potential by actually constructing the potential u(M) 


of the field. 
Above all, from (24.100) we find that the line integral 


| (a, dr) (24.101) 
L 


is independent of the shape of the line L, and is only dependent on the 
positions of the initial and terminal points of the integration path. We fix 
the initial point Mo(Xo, Yo, 20) and will change the position of the terminal 
point M(x, y, z). The integral (24.101) will then be a function of M(x, y, z). 

We denote this function by u(M) and prove that it is the potential of 
the field, ie, that 


prad u = a. 


We will write the integral (24.101) without indicating L but we will pro- 
vide the initial and the finite points instead: 


M (х.у.2) 
u(M) = | (a, dr) = | Pdx+Qdy+Rdz. ` (24.102) 


Mo (x0,¥0.Z0) 


The equality gradu = a is n to the three scalar relations А 


ди = Р(х, >, 1), DER J, in : au 


ae oi R(x, » 2. 
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Prove the first of these, ie, that 


би = P(x, y, z). 
The second and third ones are proved similarly. 
By the definition of the partial derivative 


ди _ im MGE Ax, J, 2) — us y, 2) 
ou dim Ж) | (24.103) 


Consider the point Mi(x + Ах, у, z) that is located close to 
M(x, y, z). Since u(M) is given by (24.102), where the line integral is indepen- 
dent of the integration path, we will choose the integration path as shown 
in Fig. 24.38. | 


M(x.y.2} 






Mg(XoYo.to) i 


M(x ках g.z) 





Fig. 24.38 


Then ; 
M, M M, | м, 
u(M,) = f (a, dr) = | (a, dr) + | (a, dr) = u(M) + | (а, аг). 
Mo Mo M M 


Hence : M 
ди = u(x + Ax, у, 2) — их, у, z) = u(Mi) - (M) = f (а, dr). 
: M 


The last integral is taken along the segment MMi, which is parallel to the 
x-axis. On this segment we can choose as a parameter the coordinate x: 
X — х, y = cosnt, z = const, then dx = dx, dy = 0, dz = 0, so that 


MG + x,y,z) xtáx - 
Au-uM)-uM)- *| (а, а= | Pi y, дах. 
^ MG x 


(24.104) 
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We apply to the integral on the right of (24.104) the mean value theorem 
to find 


Aru = P(E, y, 2) Ах, (24.105) 
where £ is confined between x arid x + A x. Further, from (24.105) we find: 


ди _ lim 
Ox  ax-o Ах 


AS _ jim P(E, y 2). 
4r-+0 


As Ax > 0, the quantity > x, and since P(x, y, z) is continuous, we obtain 


ðu _ 
m Р(х, y, 2). 


Similarly, we prove that 
du 


x R(x, у, 2). 


ди 
3»" Ox, у, 2), 
Corollary. A vector field is a potential field if and only if a line integral 
in it is independent of the path, i.e., if the circulation of the vector field 
around any closed contour in the field is zero. 


Computing the line integral in a poteutial field. We will need the follow- 


ing theorem. 
M, 


Theorem 24.13. In a potential field a(M) the integral [ (a, аг) is equal 


Mi 
to the difference of the values of the potential u(M) of the field at the 
terminal and the initial points of the integration path 


M, 
| (a, dr) = u(M3) — u(M)). 


Mi 


“4 We have proved above that the function 


M 
u(M) =. f (a, dr) (24.106) 
Mo 
is the potential of the field. M, 
In a potential field the line integral | (a, dr) is independent of the 
Mi 


shape of the integration path. Therefore, when choosing the path from М, 
to M; so that it passes through: Mo (Fig. 24.39) we will get 


M, 0:7 My t. v Mj 
| (a, dr) = | (a, dr) + | (a, dr) 
Mi Mi Mo 
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or, changing the orientation of the path in the first integral on the right, 


M, 
| G, dr) = | (a, dr) — 1 (a, dr) = u(M2) - щМ\). (24.107) 
Mi 


Mo 


‘Since the potential is determined up to a constant term, then any potential 
of the field v(M) can be written as 


ХМ) = (М) + C, (24.108) 


where С is а constant. 





Fig. 24.39 


Making replacements in (24.107): u(M2) = v(M2)— С, u(M) = 
М) — C, we will get for any v(Af) 


M, 
| (a, dr) = v(M2) — ОМ). 8 
Mi 
- Example. We have shown that the potential of the field of the radius 
vector r is the function u(r) = 77/2; therefore 


M, 


| v dr) =} 6d - rb, 
Mi 


where r; (i = 1, 2) is the distance of the points M; (i = 1, 2) from the origin 
of coordinates. 
Computing the potential in rectangular coordinates. Let 


a(M) = P(x, у, Di + О(х, у, 2)) + RO у, Dk. 
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We have shown that the potential function u(M) can be found from the 
formula 


К й | 
ибх, у, 2) = | Р(х, у, Ddx+ Об, у, 2) dy + R(x, у, z) dz. 
Mo 


(24.109) 


Integral (24.109) can more conveniently be found as follows. We fix the 
initial point Mo(xo, Yo, Zo) and connect it with a sufficiently close running 
point M(x, y, 2) by the broken line ММ. ММ whose legs are parallel to 
the coordinate axes, namely ММ, | Ох, MiM3illOy, MoM | Oz 
(Fig. 24.40). ; 


M(x,y,z) 







M, (x 4, +29) 
M (x.y, 2) 


I Mo(Xo, Uo +20) 
Fig. 24.40 


On each leg only one coordinate varies, which enables us to significantly 
simplify our calculations. So, we have in the segment ММ: 


х= Xo, dx = dx, 

у= у,  dy-0, 

2 = Ze, dz = 0. · 
In the segment ММ»: 

t = const, dx = 0, 


у= у, dy = dy, 
Z= 20, dz = 0. 


In the segment 2M: 


x= const,  dx-0, 
y = const, dy = 0; 
Z=z, : dz —dz.. 
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And so the potential u(M) will be. 


u(M) = m dr) = T (a, dr) + | (а, йг) + [I 


Mo Mo ^ ^ My: 


T 


- | Р(х, уо, zo) dx + Í Обх, у, zo) dy + j R(x, у, 2) dz, 


Xo 


(24.110) 


where x, у, z are the coordinates of the running point on the legs of the 
broken line, along which we integrate. 
Example. Prove that the vector field 


a = (y + 2)і + (x + z)j + (x + y)k 


is a potential field and find its potential. 
~ We check whether or not the field of a(M) is potential. To this end, 
we compute its curl: 


i i k 
aul’ d a ER Р 
curla = x Зу dz = 0. | 


ytz xtz x+y | 


The field is thus a potential one. 

We will find its potential using (24.110). We will take the origin of coor- 
dinates to be our initial point Mo, i.e., х = 0, yo = 0, zo = 0. This is a 
normal procedure when a field a(M) is defined at the origin. We then obtain 


u(x, y, z) = [Oax + [e * Ody + [Ge y)de = ху + (x + y)z. 
0 0 0 


Thus 
u(x, у, 2) = ху + xz + yz + C, 


where С is an arbitrary constant. 
There is another method. By definition, the potential u(x, y, 2) is a sca- 
lar function for which grad u = a. This vector equality is equivalent to the 


three scalar ones: | 


v du 
oe Ith (24.111) 
ди _ : d 
» =x+ i . (24.112) 
ди 


аху. (24.113) 
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Integrating (24.111) with respect to x gives 
х 
ціх, у D= [+ дах = ху + хе + Ду, 2), as (24.114) 
0 


where f(y, 2) is an arbitrary differentiable function of y and z. Differentiat- 
ing (24.114) with respect to y gives 


au, 0, 2) 
ду ду 
From this we will have, by (24.112), 
af, 2) 
+z=x+ ; 
x+z=x 5 
ог " 
WD 2) _ (24.115) 


Integrating (24.115) with respect to у gives 
y 
Jo, д = | zdy = yz + Но), "7 (24.116) 
i : 


where F(z) is the yet undetermined function of z. 
Substituing (24.116) into (24.114), we will obtain 


u(x, у, 2) = xy + xz + yz + F(z). 


Differentiating this with respect to z we will obtain, by (24.113), an equa- 
tion for F(z) 


rye e y RO 


whence dF/dz = 0, so that А2) = C = const. Thus, 


u(x, у, 1) = ху + yz + zx + С.т 


24.11 Hamiltonian 


We have discussed so far three basic operations of vector analysis: 
the construction of grad и for a scalar field и = u(x, y, z) ao the:construc- 


tion of diva and сипа for a vector field a = а(х, y; z). ^ "«& ^^v 
These operations can all be written in a more succinct form using the 
operator symbol 78 


;,0 ,,80 y 2 à 
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The operator V (the Hamiltonian operator or Hamiltonian) has both 
differential and vector properties. We will agree that formal multiplication, 
eg., of à/àx by a function u(x, y), means. partial differentiation, i.e., 


р 


с д ди 


ах “= әх 
Іп vector algebra formal operations with V are performed as if the oper- 
ator is a vector. Using this formalism, we will obtain the following main 
relations: 
(1) If u = u(x, y, 2 is a scalar differentiable function, then by the rule - 
of multiplication of a vector by a scalar we will get 
д ди 


"T. = ди; Ou, ди 
v (ini ка) е Mis Mire К = grad u, 


Vu = grad u. (24.118) 


(2) If a = Р(х, у, Di + Q(x, y, 2)j + R(x, y, zk, where P, О, R are 
differentiable functions, then by the scalar product formula we will arrive at 


д д к 2 d А 
(V, а) = (aa кы Pi + Oj + Rk) 
20 A - 
= Р ү Эу +2 3z div a, 
i.e., 
(V, a) = diva. (24.119) 


(3) The vector product (V, a] gives 


i i k 
д д д 
V = — E — = А 
[V, a] ax ay az curla 
P Q R 
ie, | ` К : 
Is a] = curl a. (24.120) 


For a constant function u = Сме clearly have VC = 0, and for a constant 
vector c we will have 


"eg 207 and У, e] = 0. 
Ji the aisibutive property ihe scalar and vector products will be 


(у, а + b) = (V, a) t (V, b), 


400 - 24 Vector Analysis 


ie, | 
div (a + b) = diva + div b, (24.121) 


[У, а + b] = [V, a] + [V, b], 


curl (a + Б) = curla + curl b. (24.122) 


Remark. Formulas (24.121) and (24.122) can also be treated as а 
manifestation of the differential properties of the operator V, which is a 
linear differential operator. It was agreed that operator V operates on all 
the quantities that follow it. So 


(V, a) # (a, V), 
because (V, a) = diva is the function дР/дх + dQ/dy + 6/92, while 


д д д 
Ун Ро е ет 
is a scalar differential operator. 

Operating with V on the product of some quantities one should remem- 
ber the rules of differentiation of a product. It follows that one must apply 
operator V to each factor in succession, while leaving the other factors 
unchanged. Then, one has to take the sum of the resultant expressions. 
In summary, one first takes into account the differential nature of the oper- 
ator V, and then its vector properties. 

Examples. (1) Prove that 


grad (uv) = vgrad u + u grad v. (24.123) 
~ Taking into account the above remark, we obtain from (24.118) 
V(uv) = оУи + uVvu or grad(uv) = v grad u + u grad v. > 


To indicate that V does not operate on some quantity that enters into 
a complex formula one uses the subscript c (const), which in the final result 
is discarded. ` 

(2) Let u(x, у, z) be a scalar differentiable function and a(x, y, z) be 
a vector differentiable function. 

Prove that 


div (ua) = u diva + (a, grad u). (24.124) 
-4 We rewrite the left-hand side of (24.124) as | 
div (ua) = (V, ua). 


At first we take into account the differential nature of the operator V; we 
ae E S TU б: › 


UR m 


(V, ua) = (V, иса) + (V, uae). 


24.11 Hamiltonian 


== EL ee PM 


Since u is a constant scalar, it can be placed outside the sign of the scalar 
product, so that 


(V, ига) = u(V, а) = uediva = udiva 


(after the last operation we discarded the subscript c). 


+ In (V, ux) the operator V operates only on the scalar function u, 
therefore 


(V, uae) = (Vu, ac) = (ne, Vu) = (a, grad u). 
Thus 
div (ua) = u diva + (a, grad u). > 


Remark. Using the formalism of operations with V as a vector, one 
should remember that V is no vector, it has neither magnitude nor direc- 
tion, so that, for example, the vector [V, a] will, generally speaking, be 
not perpendicular to a (however, for the plane field a = P(x, y)i + 
Q(x, y)j the vector 


= сша = {(@@-9Р 
[V, a] = curla (8 »)* 


will be perpendicular to the xy-plane, and hence to the vector a as well). 

Further, the notion of collinearity makes no sense for the symbolic vec- 
tor V. For example, the expression (Vy, Vy], where o and v are scalar 
functions, formally resembles the vector product of two collinear vectors, 
which is always zero. [n the general case, however, this is not the case. [n 
fact, the vector Vp = grad e points along the normal to the level surface 






grad 'p 


1 
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e = const and the vector Vy = grad y determines the normal to the level 
surface y = const, and these normals in the general case should not neces- 
sarily be collinear (Fig. 24.41). On the other hand, in any differentiable 
scalar field ф(х, у, z) we have [Ve, Vy] = 0. 

The examples just considered show that the operator V should be treat- 
ed with great care, and should one be dubuous about the end result one 
might be recommended to test it by analytic means. 


24.12 Differential Operations 
of the Second Order. Laplace Operator 


Differential operations of the second order are a result of double 
application of the operator V to fields. 
(1) Consider the scalar field u = u(x, y, z). In this filed the operator 
V gives rise to a vector field 


í ші 


Vu = gradu. 
In the vector field grad u we can define two operations: 
(V, Vu) = div gradu, (24.125) 
which leads to a scalar field, and 
[У, Vu] = curl grad и, (24.126) 


which leads to a vector field. 

(2) Suppose we have a vector field a = Pi + Qj + Rk. The operator 
V gives rise in it to the scalar field (V, a) = div a. In the scalar field diva 
the operator V produces a vector field 


V(V, a) = grad div a. (24.127) 


(3) In the vector field a = Pi + Qj + Rk the operator V produces a 
vector field as well: 


[V, a] = curl a. 


If again we operate on this field with V, we will get: 
(a) a scalar field 


(V, [V, al) = divcurta, (24.128) 
(b) a vector field 
[V, IV, a]] = curl curl a. (24.129) 


Formulas (24.125-129) define the so-called differential operations of the 
second order. | 
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Now we select in space a rectangular coordinate system Oxyz and con- 
sider in more detail each of the formulas (24.125-129). 

(1) Assuming that the function u(x, y, z) has second partial derivatives 
with respect to x, y and z, we will obtain 


ge à à à 
i ES = [i> + | —— ди, + + ou 
div grad u = (V, Vu) ( X tj ay +k Fe’ 9х =j ii) 
ð (ди ð (ди ð (ди ðu atu P 
= — | — —{ —— Ti = —; + + —<. 
ax (3 =) * 2) az (2) à! ay? az? 

The symbol 
| re Е 


I ILLATUM gee 
ax! ду? az? 


is known as the Laplace operator, ог Laplacian. Yt can be represented as 
the scalar product of the Hamiltonian V by itself, ie., 
sy PIS 
ôx? oy аг 

The operator A plays an important role in mathematical physics. The 
equation Au = 0 or 


= (V, VY = VY? = (24.130) 


аи ди Әди 
a2 + ay? + a 0 

is called the Laplace equation. It describes, for instance, the stationary 
propagation of heat. 

A scalar field u(x, y, z) meeting the condition Au = 0 is said to be the 
Laplace or harmonic field. For example, the scalar field 
u = 2x? + 3y — 2z! is harmonic throughout the entire three-dimensional 
space. We will see that this is so. 


~ Since 

аа M "a 
then 

ми = и рди. ди д 0-4=0 


‘which proves that the field is harmonic. > - 
` (2) Let u(x, у, z) have continuous partial derivatives of the second order. 
Then 12 063 


curl grad и = 0. 024.131) 
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Formally, we will obtain 
curl gradu = (У, Vii] = [V, Viu = 0 


because [V, V] = 0 as a vector product of two identical “vectors”. 

The same result can be obtained using the expressions for the gradient 
and curl in rectangular coordinates and taking into account the conditions 
of the formulation: 


i 1 k 
pas 3e 9s. c9 | ee шч 
cur B Е х ду д ózdy дуд 
ди ди ди 
дх ду 04 
` (8u au N, 9?u 3u 
CONE oe 20И M pf СИ um 
+(e a)! (а дх ду к= 
We have 
au _ u Qu du ди _ Әди 


ðzðy ðyðz’ axdz  Oz0x. дудх Әхду 


since the partial derivatives of the second order are continuous. 
(3) Let 


a = Р(х, у, z)i + Ox, y, 2)j + R(x, y, Dk 


be a vector field, whose coordinates P, Q, R have continuous partial deriva- 
tives of the second order. We then obtain 


grad diva = V(V, а) = xm à Э} 


a (әр io a (IP, 
i 2 (92+ 90 ay * x)! t (02.90. ay x)" 
9? ð? 
- (62+ 0 , 8 rie (ж Pragya 25), 
дх? дудх dzax дхду ay?  oz8y 


ZP . S89 y : 
+ + + —5 |К. 24.132 
(2 oz  OyOoz Oz A ) 

















(4) Under the same conditions as in (3) we will have 


div curl a = 0. (24.133) 
This relation has already been proved earlier directly (see (24.82')). We will 
provide here a formal proof of relation (24.133) using the well-known for- 
mula of vector algebra 


(A, [B, C]) = (С, [A, B]) = (B, [G Ap. 
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We have 
div curla = (V, [V, al) = (a, [V, VJ) = 0, 


since [V, V] = 0 as a vector product of two identical “vectors”, 
&* (5) Show, lastly, that under the same conditions as before, we have 


curl curl a = grad diva — Aa. i (24.134) 
In fact, since | 
curl curl a = [V, [V, al], 
then by the formula of double vector product 
(^, [B, Cj] = B(A, C) — (A, B)G 
putting in it A = V, В = V, C = а, we will get 


[V, [V, al] = V(V, a) - (V, V)a. i 
But (V, a) = diva, and (V, V) = A. Therefore, we will arrive at 
curl curl a = grad diva — Aa, | 


where grad div а is given by (24.132), and Aa Гога = Pi + Qj + Rk should 
be understood to be | 


da = APi + AQj + АКК. 


Before we leave the section we will provide a table of dififerential opera- 
tions of the second order 











Sealar ficld 
u = u(x, у, 2) 


Vector field - 
a= Pl + QJ + Rk 


Teme 
с МИЕ 


The empty rectangles imply that the operation in question makes no 
sense (e.g., grad curl a). . 



















div curl a = 0 





curl curl а = 
grad div a — Да 
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24.13 Curvilinear Coordinates 


In many applications it is more convenient to define the position 
of a point in space not by three rectangular coordinates (x, y, z) but by 
some other numbers (qi, q2, 9з) which are more suitable in a given case. 

Suppose that corresponding to each point M in space is a set of numbers 
(91, 92, 93); conversely, corresponding to each such set is a single point 
M. The quantities д, q2, qs are then called the curvilinear coordinates of 
the point M. 

The coordinate surfaces in a system of curvilinear coordinates g1, q2, 
аз are the surfaces qı = Ci, q2 = C», 93 = Сз. 

On the coordinate surfaces one of the coordinates remains constant. 

The lines of intersection of two coordinate surfaces are called the coor- 
dinate lines. 

Examples of curvilinear coordinates are cylindrical and spherical coor- 
dinates. 


Cylindrical coordinates. In cylindrical coordinates the position of a 
point M in space is defined by the three coordinates ~ 


4 = о, О<ро< +o, 
Ф = p, 0< д < 2л, (24.135) 
Ф = &, -%0 <2 < to. 


The coordinate surfaces аге (Fig. 24.42): 
о = const — circular cylinders with the z-axis as their axis; 
9 = const — half-planes adjacent to the z-axis; 
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z = const — planes perpendicular to the z-axis.. 

The coordinate lines are: 

g-lines — rays perpendicular to the z-axis originating on the z-axis; 

» e-lines — circles with centre on the z-axis lying in planes perpendicular 
fo the z-axis; 

z-lines — straight lines parallel to: the z-axis. 

The rectangular coordinates (x, y, z) of a point are related to its cylindri- 
cal coordinates (o, e, z) by 


X = Q coSs y, 
y=esing, (24.136) 
2 = 1. 


Spherical coordinates. In spherical coordinates the position of a point 
M in space is defined by 


Фф = г, О< г< +, 
4 = 6, 0<0 < т, (24.137) 
Ф = 9, 0< о < 2r. 


The coordinate surfaces аге (Fig. 24.43): 

r = const — spheres with centre at point O; 

8 = const — circular half-cones with the z-axis as their axes; 

ẹ = const — half-planes adjacent to the z-axis. 

The coordinate lines are: 

r-lines — rays originating at point О; 

0-lines — meridians on a sphere; 

€-lines — parallels on a sphere. 

The rectangular coordinates (x, y, z) of a point are related to its spherical 
coordinates (r, 0, ф) by 


It 


x =rcos esin0, 
у = rsin sin, (24.138) 
Z=rcosé. 


ll 


We introduce the unit vectors ei, ¢2, ез, directed along tangents to the 
coordinate lines (qi), (qz) and (9з) at the point M in.the direction of the 
growth of qi, q2 and. qs, respectively. ; oy aar pd. 

Definition. A system of curvilinear coordinates is called orthogonal, 
if at each point M the unit vectors:e;, e; and ey are pairwise orthogonal. 

In such a system the coordinate lines and the coordinate surfaces : -will 
also be orthogonal.’ N sis aan 

Examples of orthogonal curvilinear. coordinate systems аге systems of ; 
cylindrical and spherical coordinates... We will confine : ourselves. to or- 
thogonal systems of coordinates. 
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Let r = r(qi, q2, q3) be the radius vector of the point M. We can then 
show that 


dr = Hı dq, e + H dq е + Hj dq; ез (24.139) 


Oe om 


are the Lamé coefficients for a given system of curvilinear coordinates. We 
have: 


where 


qi = 0, 92 = её, 93 = 2 


and 
x= 0 С05 0, y = озіп v, 2 = 1. 
Непсе 
р ax)? z 
tim tam dar) +68) * Rn | 
ox 92 
Н, = = | (з=) + re (#) =o (24.140) 


е 


2 2 
x oy 04 
m a: *(%) + Gi) = 
Likewise, for spherical coordinates we have 
A, = Н, = 1, H = H =r, Нз = Н, = rsinð. (24.141) 
The quantities 
аһ = Hi dq, dh = Н а, dl, = Нз адз (24.142) 


are the differentials of arcs of the corresponding coordinate lines. 


S| 


24.14 Basic Vector Operations in Curvilinear Coordinates 


Differential equations of vector lines. Suppose ш we have the field 
of a vector HUS 


a.— (qı, 9, die: + algi, 2, qe * aids; das qaes. . E ; 


In the curvilinear coordinates 91, q2 and дз the equations of the vector 
lines are 
; үн, Lassus ai 


€———M———— Á —__ A A —X 


alqi, 9, 93) а›(91:, 9, 93) . аз(91,.92, 9з) ` 
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Specifically, in cylindrical coordinates (qı = о, Ф = v, фу = z) we have 
He edp dz (24.143) 


ale v Z ао, € 2- а(0, v. 2' 
Find in spherical coordinates (qı = r, n= 0, q3 = p) we have 
dr габ гїп б dp 
——— = 24.144 
aie, 6, v9 ar, Be) N, O, nn 
Gradient in orthogonal coordinates. Consider the scalar field 
и = и(9, 9, 93). i Е 


Then ; 
ðu 1 ди ] ди 


] 
edt = Fh agi + Н ар * Hs аф 


In particular, in cylindrical coordinates (41 = о, 92 = p, 9з = 2) we have 


ди | ðu ди x 
gradu = Jo e, + — с de ep + —— o (24.145) 


In spherical coordinates (qi = г, q2 = 6, q3 = v) we have 


_ ди | ðu 1 du 
grad и = ar е + — rm °° ед Cung de Cy. (24.146) 


Curl in orthogonal coordinates. Consider the vector field 


а = ai(qi, 92, 93)е + ax(qi, Gz, 93)е + аз(91, q2, 93)ез. 


Its curl will be 








ei e2 ез 
HH; НН Hih: 
д д д 


curla = — I a 
| да‹ ðq ддз | 


ah aH, aH) f | E 


Specifically, in cylindrical coordinates (a = 0, Ф = 9, ‘Ф = = 1, Hi = 1, 
Н, = о, Hy = 1) we have Клее. 3 
1 ес ee — е: E 
о inops t0: Я BM SPI 
д rcr "S440 
áo 3o 9 ! En 
а ао аз. | 


curla = 
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In spherical coordinates (9: 275 Ф = 6, Фф = ф, Н, = 1, Н, = һ 
Hj = гїп 0) we have 








е, ea e 
r sin в rsinó ý 
" д д д 
curla = r3 36 ae (24.148) 
ai ar азг sin 8 


Divergence in orthogonal coordinates. Consider the vector field 


a = algı, 42, 93)е + а›(д\, G2, qo)ea + ax(qi, Ф, )ез. 
Then div a is computed by the formula 


егеда 1 8(a FRA) а HV HS) | Wasi H2) 
diva = THAM, Е + Au + Sa . 

(24.149) 
In particular, in cylindrical coordinates (qi = o, g2 = е, 93 = z) we have 


. 1 [460 , Xa) , азо) 
л [0 + 2. Ae) , 








or 
; | д(ао) 1 даз да, 
diva ЕТО) Ваа да). 
vasa Je едә бг 
In spherical coordinates (qi = г, q2 = 6, q3 = y) we have 
2 А 
diva W uH ) á l д(аз sin 0) Е i дау 
r дг гїп Ө д8 rsin@ dy 


Applying (24.149) to the unit vectors ei, ез, ез gives 








22 1 (НУ) 
dive, = H Hi, = дд 

, 1o ӘН) · 
а РЕ goa i РЕН 

WO = HH, oq 

р ан) 
ove e anIbH. 90 


Flux in curvilinear coordinates. Let S be part of the coordinate surface 
qı = C = const bounded by the coordinate lines 
js = о, ‘q2 = a2 (a1 < оз), 2 | 
43`= Bi, аз = Be (8. < В). - 
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Then the flux of a vector ; 
а = ai(qi, q2, 9)е + a(qi, q2, ду)ез + alqi, G2, 9906 


through the surface S in the direction ej will be given by 
[5 a, 8 
2 2 


П = | | a(C, 42, q) HY(C, 9, q3)HY(C, д, аз)4азад›. 


“2 (24.150) 
Іп a similar manner we work out the flux through the parts q2 = C 
апа дз = C, where C = const, of the surface. 
Example. Find the flux II of the vector field 


` а = rfe, + re? Pe, И 
through the external side of the upper hemisphere 5 of radius А with centre 
at the origin of coordinates. 
-4 The hemisphere S is part of the coordinate surface г = const, namely 
r = R. On the hemisphere 5 we have gı = r = R, ie, С = R; Ф = 0, where 
0<0< пт/2 (ie, о = 0, a = 1/2; дз = p, where Ox o < 2m (ie, 
Bi = 0, f; = 27). 
Considering that in spherical coordinates Hy = Н, = 1, Ma = He =r, 
Н, = H, = гїп Ө, we find by (24.150) 
7/2 2x /2 
T= [dei R?0sin0 de = 2x R* | 6 sinodo = 2xR*. > 
0 0 0 


Potential in curvilinear coordinates. Let a potential vector field 
a(M) = ai(qdi, q2, q3)ei + ao(qi, q2, 93)е + аз(41, G2, 93з)ез 
be defined in some domain Q, ie, сипа = 0 in Q. 
To find the potential u(qi, q2, q3) of a, we write 
a(M) = grad u(M) 


in the form 

1 ди 1 ди 1 ац 
аце + азе + азез = —— —— e —— ——e —— —— ез. 
1*1 2€2 | 3*3 Hi дй, 1 Н, да» 2 H, даз ез 


It follows that 
ди ди ди 
— = На, —— = Hia, —— = Ma3. 24.151 
Эа, Эа; ia FER 343 ( ) 
Integrating the system of differential equations with partial derivatives 
(24.151), we will find the potential 


и = u(qi, 4, 93) + С, 
where С is ап arbitrary constant. 
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Notice that the system (24.151) is solved in the same manner as in find- 
ing the potential in rectangular coordinates. Specifically, in cylindrical coor- 
dinates (qi = о, Ф = ф, 9 = z, Ay = 1, Н = о, Hy = 1) system (24.151) 
becomes 


ди ди ди 
——=а —— = a Verr me 4. 
до b 3 20, дг аз, (2 152) 


where at, аз, аз are the cylindrical coordinates of the vector a(M), i.e., 


а = a(g, P, де + ax(o, Ф, z)e, + аз(о, v, Z)ez- 


In spherical coordinates (41 = 5 Q = 0, g=, Hi = 1, Н, = г, 
H3 = rsin@) system (24.151) becomes 


ди = Mr, ди = asr зїп Ө 
90 , де i 


= а, 


or 
where 
a(M) = a(r, 0, ф)е, + as(r, 0, ф)ео + ax(r, 0, v)e,. 


Example. Find the potential of a vector field specified in cylindrical 
coordinates 











rum te 
= (= t+ cos p) e — singe, + „шу... ez. 
0 + 
~ We will see that curl a = 0. By (24.147), 
tfe 2л. e, ez 
Q Q 
д д д = 0 
сий а = BEEN Nd ЕД , 
до де д4 
tan” 'z А Ing 
+ .с05 — ọsin ———— 
T SUP | z! 


ie, the field is a potential one. 
The potential и = u(o, p, z) is a solution of the following system of 
differential equations with partial derivatives (see (24.152)) 
1 


ди _ tan Z4 cos ф, 
до 

ди А 

—— = —psin e, 

ди In o 


d. ded 
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Integrating with respect to g, we find from the first of these equations 
и = lan^'zlng + gcosy + Cly, 2). (24.153) 


Differentiating (24.153) with respect to ф and using the second equation, 
ye obtain 


-osing 208.3 = —gsiny 
Or | 
acl, 2) _ ; 
^e 9, | 


hence C = Ci(z). Thus 
u = tan ^! zln o + ocose + Ci(z). 


Differentiating this with respect to z and using the third equation, we get 


In In o 
ste Lao) = ——- po 
i+z i 1 + 2? 


or 
C'(z) = 0, j 
hence Ci(z) = C. Accordingly, the potential of the field will be 
и(о, e, z) = tan" ' zlng + ecosy+ C. 
Line integral and circulation in curvilinear coordinates. Let a vector 
field 
a(M) = а1(41, 92, q3)&i + а›(91, 92, 9)ез + ax(qu q2, qe 


be defined and continuous in a domain © of orthogonal curvilinear coor- 
dinates q1, q2, qs. Since the differential of a radius vector r of any point 
M(qi, 9, Чу) ER is given by 


dr = Hi аду e; + Н аф е + Hy dq3 63, | (24.154) 


then the line integral of a(M) along an oriented smooth or piecewise smooth 
curve L C Q will be - 


| (a, dr) = f а Над + a Над; + азНзаф. | (24.155) 


L L 


Specifically, for cylindrical coordinates (41 = o, @=9%, Ф = 4, 
Hi = 1, Н = o, Нз = 1) we will have 
dr = e, dg + e,o de + ex dz, 
a = а,(0, P, Zee + а,(0, е, 2)е, + а (0, P, 2)ег,, 
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and by (24.155) 
| (a, dr) = f a, do + ga, de + a; dz: (24.156) 
L L. . DM 


Similarly, for spherical coordinates (4: = г, Ф = 6, йз = p, Hi = 1, 
Hı = r, Hy = rsin) we will have 


" 


a= ar, 0, e)er + ao(r, 9, y)ea + а„(г, 0, ө)е,,, 
dr = dre, + габев + rsinüdoe,, 


апа Бу (24.155) 
j (a, dr) = f а, аг + rag 40 + rsin да, de. (24.157) 
L L 


The circulation of a vector field a(M) in curvilinear coordinates qi, q2, 
аз is computed by formula (24.155) when the initial and terminal points 
of the curve L coincide (i.e., the curve L is closed), and in cylindrical and 
spherical coordinates by (24.156) and (24.157), respectively. 

Example. Compute the circulation of a vector field given in cylindrical 
coordinates 

a=osinge, + оге, + ole, 5 
around a closed curve 
DN О<е<т, 
L: 
z= 0. 
-4 The coordinates of the vector are 
a=esing, а, = 0% а, = 0?. 


Contour L is a closed curve lying іп the plane z = 0 (Fig. 24.44). Substitut- 
ing the coordinates of the vector into (24.156) gives the circulation 


$ o sin y do + о de + gdz. 
L 





). 


Fig. 24442 
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On L we have 
z20, dz=0, о=5іпф ар = cos e do, 0б<е<т. 
The circulation will then be ` ` 


т i 
. :53 * 
ф g sin y do = | sin? pcos рар = 1P "Lia 
0 


L 


Laplace operator in orthogonal coordinates. If = u(qi, q2, 93) is a 
scalar function, then 


„gradu = qe id E = t aS z 
If | j 
= а1(41, 4, d)ei + alqi, 42, 4) е + а3(41, Ф, q3) e, 
then eT: 
diva = 1! EE * 52 (ЊН) i s; onim] m 
H, HH, | д1 ôq 2% 


Using (+) апа (+*+), we will obtain for the Laplacian the following ex- 
pression: 


m T 1 1а HH; ди 
исар = "m um x) 


" д ee ди 4 ð /H A2 2) 
д Њ ðq) да \ А, 9%) | 
Specifically, in cylindrical coordinates (qi = о, q2 = €, ау = 2, Hi = 1, 
Н = о, Hy = 1) we will get 


_!i|o@ du 9 (1 ðu д ди 
x: Ni x) + ap Xo de * aa е5) | 


А “| à du 7 E Bu Pu co. p 
zit —]ct————tI- Н К. 
e до ( 3) : e^ др?’ дг? anri mE MEE 


In spherical coordinates © (аз = УА "а = 6, "аз = ф, H = 1, нњ: = 
Hs = rsin б) we will have . en Е 


Аи = x: 2 (raves M 2 | sin ing 2 +2 ES P 
4 F,sin8 Lor Or . 00 . ,,00 К sin де/. 


z 
| à 2 du id 1 a aw «ү ay! hs 
= —_ -—_ M Rim 0 + | 
г ar (^ 2) 7258 30 uc x Tus aot 
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Example Find all solutions of the Laplace equation Au = 0 that only 
depend on the distance r. 
“4 Since the desired solutions must only depend on the distance г of the 
point M from the origin of coordinates, i.e, и = u(r), then the Laplace 
equation Au = 0 in spherical coordinates will have the form 


1 2 p2 ou 
Au = — — —j)=0. 
j a(r 2) 


Hence 

P$ =e, 
so that 

u(r) = а + С, 


where C, and С» are constants. » 


Exercises 


Find the derivatives of the scalar field u(x, y, z) at a point 

Мо(хо, Yo, 20) in the direction of М(х, yi, 21): 
1. u = xy + yz, Mo(2, 4, 4), Mi(6, —4, 8). 
2. и = 4in(x? + 3) – 8xyz, Mo(l, 1, 1), MiG, —3, 5). 
3. u = x! + Vy? + 27, М1, -3,4), Mil, -2, 3). 

Find the derivative of the scalar field u(x, у, z) at a point Мо(хо, Јо, Zo) 
along the normal to a surface 5 that forms an acute angle with the positive 
z-axis: 


4. и = an^! P + xz, M(2, 2, —1), 5: х2 + y? - 2z = 10. 
"КИЗИ 8 а ЧҮҮ 1, 0), S: х2 - у? =z 


6. Find the derivative of the scalar field u = 2xy + у> at a point 
Mo(v2, 1) of the ellipse х2/4 + у2/2 = 1 along the external normal to the 
ellipse at that point. 

7. Find the derivative of the scalar field и = z1n (x? + y? — 2) at the point 
Ме(1, — V3, 3) in the direction of the circle x = 2cos t, y = 2sint, z = 3. 
8. Find the angle between the gradients of the function u — tan ^ !(x/y) 
at the points Mi(1, 1) and M2(-1, —1). © 

9. Find the derivative of the plane field u — x? + xy + 3y* at the point 
M(—2, 1, 0) along a line lying in the xy-plane and inclined at an angle 
т/6 to the x-axis. | 
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Find the vector lines of the following vector fields: . 
10. a = xi + 4yj. 
ll.a-(z-yi-c*(x-ajüp- am 
12. a = 2zj + 3yk. 
713. Find the vector line of the field a = хїї — y?j + z?k that | passes through 
the point M(1/2, —1/2, 1). 

14. Find the vector line of the field a= —yi + xj that passes through the 
point M(3, 4, —1). i 

15. Find the flux of the vector ficld a = xi + 7i t zk through the upper 
side of the circle cut out by the cones x? + y? = 22 in the plane. 
z = ЩА > 0). 

16. Find the flux of the vector field a = (x — 2z)i + (x + 3y + z)j + 
(5x + y)k through the triangle ABC with vertices at the points А(1, 0, 0), 
BO, 1, 0), C(O, 0, 1). The normal forms an acute angle with the z-axis. 
17. Find the flux of the vector. field a = xi + zk through the side surface 
of the circular cylinder x? + y? = R? bounded by the planes z-0,z-2h 
(h > 0). 

18. Find the flux of the vector field'a = yzi — xj – yk through the total 
surface of the cone x? + y? = z? bounded by the plane z = 1 (0 < z < 1). 

By introducing curvilincar coordinates on a surface determine the Muxes 
of vector 2 through a surface S: 

19. а = xj - yj + xz*k, S is the external side of the cylindrical surface 
x^ + y? = 9 bounded by the sphere x? + y? + z? = 25. 

20. а= хі – уу} + 2к, S is the external side of the sphere 
x! + y) +z? = 1 cut out by the conical surface x? + y? = z? (where 
z2 Мх? + y^). 

Find the flux of a vector field a through a closed surface S (external 
normal). Test the result using the Ostrogradsky formula. 

21. a = yz S: (x? y) 21-z, z50, y 20). 

22. a = y + 22k, S: (P+ y? = 4, xà) + у= г, 2 = 0]: 

23. а= хі + уг) + zik 5: (x? + ув z? = R?, z = 0 (4 > 0)]. 
24. а = yzi — xj + ук, S: (x? +27 = у? у= 1 (0<у<1]. 

By adequately closing open surfaces and using the Ostrogradsky-Gauss 
theorem, find the fluxes of vector fields through surfaces (we take the exter- 
nal normal to the closed surface). 
ааа Ои +y = 2? (0<2 4)]. 

26. a = zli + xzj + yk, S: (x? Ey cte i 
27. а = yi – 2х] – zk, 5: (à + y? + 27 = 4 (z 2 0)}. 

Find the work done by a force F in moving along a line L from point 
M to point N. 

28. F = (x? — 2y)i + (у> — 2x)j, L: [segment MN, M(—4, 0), N(0, 2)). 


27—75 
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29. F = (x + yi + 2xj, L: (2 y? = 4 о 2 0), MQ, 0), N( -2, 0). 
30. F = (x + уі + (x - y)j, L: БЕ 1 (x20, y 20), МІ, 0), 
МОО, э}. 


31. F= -yi + xj, L: (y = x°, M(0, 0), NQ, 8)]. 

Find the circulation of a vector field a around a closed contour L (in 
the direction where / grows). 
32. а= хі – 22} + ук, L: (x-2cost у= 3ѕіп/ z=4cost— 
3sint — 3}. 
33. а = (у – 2) + (2 – х)ј + (х -– у)К, L: [x-24cost, y= 4sint, 
z= | — cost]. 
34. а = -x!yli – 2j + хак, L: (x = V2cost, y = У іп г, z = 1). 

Find the circulation of a vector field a around а closed contour L. Test 
the results using Stokes’ theorem. 
35. а = 2yi — zj + xk, L: (^ - y! = 1, x e y  z - 4]. 
36 a=xat(xtyt+2j—xy’k, L: (xty=a, x-y-a, 
Xty--a,x-ys -а). 
37. a = 2xzi — yj + zk, where L is the line of intersection of the plane 
X + y + 2z = 2 with the coordinate planes x = 0, у = 0, z = 0. 
38. Find the divergence of the vector field a = (c, г], where c is a constant 
vector and r = xi + yj + zk. 
39. For which function y(z) the divergence of the vector field 
a = xz + yj + J(z)k will be equal to z? 
40. Find div (rr), where r = Vx? + у? + z?, and r = xi + yj + ck. 
41. Find the function (г) for which div (V(r)r) = 2y(r). 
42. Find the function f(x, z) such that the curl of the vector field 
а = уй + f(x, z)j + хук would coincide with the vector k — i. 

Find the curls of the vectors: 
43. а = у? + xz?j + x? yk. 
44. a = yi — xj + zk. 
45. a = 2xzi — yj + zk. 

Prove that the following vector fields are potential fields and find their 
potentials: А 


d6 ee a A N 
Мх? + у? +4 

47. а = (yz + l)i + хеј + xyk. 

48. а = i+jt+k 


oOXTyt£z 
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Answers я 
f , вр 35. 243) 
(0-5 a 22.3. -oW 4.275 0. 6. 2302 +3) ув д. 1303,5, 
p 3 3 3 2 
10. у= Ox, а= С. M. x ey zs C, х®+ yl e 22 = С. 12. 3y! – 27 = С, 
х= был. epa at = 4.14.2 + y! = 25, = 1. 15. xh. 16. 7. 17. AR? 
x z x 2y 3 


4 
18. 0. 19. 0. 20. z( = 2) 21. = 22. 16т. 23. =. 24. 0. 25. —64x. 26. 0. 


217. m. 28. 24. 29. 2x. 30. —5. 31. 8. 32. 60x. 33. —40m. 34. ж. 35. —2т. 36. 2а. 
4 А С - 
37. T 38. 0. 39. $(2-C-z C= const. 40. 7r. 41. y (r) = —, C = const. 
x r 
42. f(x, 2 = (1 + dx + 2 + C, C = const. 43. (x? — 2xz)i + (y? — 2xy)j + (22 —.2yz)k. 
44. —2k. 45. 2х]. 46. Vx? + y! + 4 + С, С = const. 47. x(1 + yz) + C, C = const. 
48. In Ix + y + zl + C, C = const. i 


Chapter 25 


Integrals Depending on Parameter 


25.1 Proper Integrals Depending on Parameter 


Concept of an integral depending on parameter. Continuity of the 
integral. Let f(x, y) be a function of two variables defined in the rectangle 
(Fig. 25.1) 


П: {а<х<Ь, c<y<d). 


Suppose that for any fixed value of y € [c, d] there exists the integral 


b 
| Ле. y) dx, 


a 


which is clearly a function of y, i.e., 
b 
fo) = [fe ах, — velo d. (25.1) 
a 


Integral (25.1) is called a proper integral depending on the parameter y. 





Fig. 25.1 


The continuity of the integral depending on a parameter follows from 
the following theorem: 

Theorem 25.1. /f a function f(x, y) is continuous in the rectangle П, 
then the function Қу) given by (25.1) is continuous on the segment (с, d]. 
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-4 it follows from (25.1) that the increment Af = (y + Ay) — Ду) of the 
function /(y) corresponding to the increment of Ay can be estimated to be 


b... b Е 
wi Mo + dy) - JO) = | Fes anaes | /G Wax 








b è 
| Ve у + Ay — f(x, lax 








< | f(x, у + Ду) — f(x, у)!дх. (25.2). 


а 
2 


By the conditions of the theorem f(x, у) is continuous in the closed 
rectangle П, and hence f(x, y) is uniformly continuous in that rectangle. 
Accordingly, for any € > 0 we can find ô > 0 such that] for all x from 
[a, b] and all y and y + Ay from [c, d] such that lAy! < ô we will have 
If (x, y + Ay) — f(x, y)! < e/lb — al. It follows from this and the esti- 
mate (25.2) that for lAyl < ô i 





b 
E — 
По + ay) - I0)! < = | dx = є. 


This implies that the function /(y) is continuous at each point of the seg- 
ment (c, d]. > 
Corollary. If f(x, y) is continuous in II, then 


b b b | 
lim | ле. y)dx = | lin f(x, y) dx = |е, yo) ах, (25.3) 
угу aq a *~¥%o а 


where yo is any fixed number belonging to [c, d]. 
-4 [n fact, since /(y) is continuous on (с, d], 
lim Ду) = Қ лї y) = Щу). 
J 7 Jo 
These equalities are equivalent to (25.3). > 
Example. Find — 


РЕТКІ 


2 
lim | (2x — 1) cos (xy) dx. 
y-0 1 


-4 Since the function / (x, у) = (2x — 1) cos (xy) is continuous in any II: 
1 axe, Sy sd where c <0 « d, by (25.3) we.ihave 


zai rs TUNE Don cod BY 


lim | ох- 1) cos (xy) ах = ое а 
у-0 1 


422 25 Integrals Depending on Parameter: 


Differentiation of an integral with respect to a parameter. . . 

Theorem 25.2. If a function f (х, y) and its partial derivative af (x, y)/ ду 
are continuous їп а rectangle ПП, then there holds the Leibniz formula of 
differentiation with respect to the parameter in the integrand 


b 
Г) = | af 6s D) ay. (25.4) 
ду 
~ Assuming that y + Ay€[c, d], we set up the difference relation 
b 
IW + Ay) – 10) _ fe y + Ay) - feo D) ay 
Ay Ay ` 


Passing to the limit as Ay > 0 and using the continuity property of the 
partial derivative ðf (x, y)/dy, we will get by (25.3) 


ay -9 Ay 


b 
E | lim £4» + A») - ЈО, у) а -9f 66 D) dx. w 
ay —0 . Ay ду 


а 





Fig. 25.2 


Remark. Let the limits of eee be dependent on the ренина 
у. Тһеп "m gapi r 


| 4,099 


б) 
an FO) =, | ЛО, у) ах, 
Луи 


зае 
tay 7 


one ^ 
245 


Vire ay) <x< « һу) dia the functions абу) sad b(y)are differentiable on 
the interval c.< y < d. If f (x, y) and /у(х, y) are continuous in a domain 
D: (ay) € x b), c < y < d) (Fig. 25.2), we find that f (y) is differentia- 
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ble on [c, d] and. 
bo) 
F'O) = | LEY dx + ДБО), »]b'Q) — Лабу), yla’y. (25.6) 


at аф) 


-4 Formula (25.6) is proved by differentiating a composite function. Since 
ГО) =f0, a), b(y)), the total derivative will be 


254 дЕ da , dF db 
чый ahh 25.7 
E! ore "s dy ab dy’ (92: 
where 
. by) ant 
дЕ х, у) 
y | ~ Oy dx, 


; d 

F à 

“ше | Дх, y) dx = ЛЬО), yl. 
а(у) 

г a T 

РЕД | Дх, y) dx = —flay), y). 
афу) 


Substituting дЕ/ду, дР/дЬ and дЕ/да into (25.7) gives (25.6). »- 
Examples. (1) Differentiating with respect to the parameter, take the 
integral 
7/2 
Да) = | Int tacosx — dx 





1 – acosx cosx’ 
0 


where lal < 1. 
-4 The function 


1 ] + acosx at x z т, 
убх, а) =) ©0%5Х 1 — acos x 2 
T 
Е at ae 
: . E ' 2" 
and its derivative with respect to the. parameter 
2 
Ја) = E punta 
— a^cos^x'. 


Bde tee 
feet, 


are continuous 1 in i аап 


"lax erp 


a E 
m [os x «€ E 
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Therefore, we can here apply Theorem 25.2 for lal < 1 — є < 1. We thus 
obtain 


3/1 т/2 
; д 1 1+асо$х dx 
I'(a) = — | —— In ———_ } dx =2 ——>= 
e | da (a 1 - 205.) | 1 — а? cos“ х 
: 


We put tan x = t, then dx = dt/(1 + (2), cos? x = 1/(1 + f°), and integrate 
with respect to £ from 0 to +œ so that 


+0 +o 


dt а 
(а) = =2 
I'(a) 2 | IT | = 
0 0 у I un 


+ о 
-1 


2 t 
= t СЕ 
V 1 = а? ШЕ 1 fa a? 0 


Hence Қа) = тѕіл 'a + C. - 

When є tends to zero, we see that this result holds for. lal < 1. Since 
from the original integral we get’ /(0) = 0, then С = 0, and so 
Қа) = v sin ^ ‘a. > з 

(2) Find F'Q) for F9) = | е" dx. 

У 
9 Неге f(x, у) = елт, а(у) = у, b(y) = у?. Using (25.6) gives 





1-а 


y! 
F'(y-- | жет" dx + e72y — е. w 
У 


Integration of the integral depending оп a parameter. We will need the 
following theorem. 


Theorem 25.3. [f a function f (x, y) is continuous in a rectangle П then 
b 


the function I(y) — f f(x, y) dx is integrable on the interval [c, d] and 


a 


d dpb ow. Q- bpa 

| fo)ay= | | | е, »«| dy- | | | fe, na| dx.(25.8) 
In other werds, if /(x, y) is continuous in II, then the integral depending 
on the parameter can be integrated with respect to ше paramieter in t the 
integrand. 
7* According to Theorem 25.1 the function Ky) is continuous on [с, d] 
and is therefore integrable on it. 
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Formula (25.8) is valid because the repeated integrals i in it are equal 
(see below), since 


d 


ў в.г. а і Е 
A f | лела ау = f | | ræna] dx = [о ») ахау. > 
rd а z 1 p | 


с 
Example. Integrate with respect to the parameter y thé integral 
b 
Ip) = | y7 dx (0 « a « b) 
a | 


from 0 to 1. 
“4 Since f(x, y) = y" is continuous in the rectangle 


П: (a € x € b, 0<у<1] (a > 0), 
we can apply Theorem 25. 3. NE have | 


| Wy) dy = | ау | yde- | ax P 


^ 
0 0 a a 
b b 

m 7d xd dx bl 

© ANY ET Iveco pars а+1` 


25.2 Improper Integrals Depending on Parameter 











Concept of the improper integral of the first kindi depending on 
a parameter. Let a function /(x, y) be defined in the domain (Fig. 25.3) 
IL: (a & x € +, c&yxd). 


Suppose that for each fixed y€[c, d] there exists the improper integral 
EI : 
[ле у) ах that is а function of y. Then the function 


0) = | Sœ, ах, ele d, ||. 0539) 


y 3348 0557 





Fig. 25.3: 
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is called the importer integral of the first kind depending on the растае 
у. The interval [c, d] here can also be infinite. 

Definition. The improper integral (25.9) is called convergen at the point 
y€lo d], if there exists the finite limit Sis 


B 
lim | J (x, у) dx = І), 


B- 


ie., if for any ғ > 0 there exists a number Bo, such that for all B > Bo 
we have 


B 
w- | 








If the improper integral (25.9) converges at each point y of the interval 
[c, d], then it is said to be convergent on that interval. Integral (25.9) is 
said to be absolutely convergent on [c, d] if the integral 


| ves э! 


is convergent. 


Uniform convergence of the improper integral. Cauchy criterion. 

Definition. The improper integral (25.9) is said to be uniformly conver- 
gent in the parameter y on the interval [c, d], if it is convergent on the 
interval and if for any є > 0, we can indicate A > a, dependent only on 
£, such that for all B > A and all y belonging to Ic. d] holds the inequality 


< €, B > А. (25.10) 





| ле, у) dx 
B 





There exists the following Cauchy criterion for the uniform convergence 
of improper. integrals depending on a parameter. 

Theorem 25.4. For the improper integral (25.9) to be uniformly conver- 
gent in the parameter y on the interval [c, d] it is necessary and sufficient 
that for any є > 0 we could indicate a number А > a, depending only on 
€ such that for any B » A and C »-A and for all y from the interval 
[с, d] holds the inequality 


[^ 
| Sœ, y) dx (25.11) 








where a $ &AcBecC 
The validity of the criterion follows directly: from the: definition of'uni- 
form convergence. . . 
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We now prove the sufficient test. for the uniform convergence of im- 
proper integrals depending on a parameter. 
Theorem 25.5 (Weierstrass test). Let a function f (x, y) be defined in 
a a half- “strip П. and be integrable with respect to x for each y € [c, d) on 
any interval (a, A]. Suppose also that for all the points on the half-strip 
holds the inequality 
UG, у)! < 269. (25.12) 


2 


Then from the fact that the integra! j р(х) dx converges, it follows that 
a 


the improper integral Қу) = f f(x, у) ах depending on the parameter у 
a 


is uniformly convergent in y on (c, d]. 
4 According (о the Cauchy criterion for the convergence of the integral 
of a function g(x) for any e > 0, we can find a number A > a such that 
for all С> B > A holds the inequality 

c 

f a(x) dx < €. 

B 


Using (25.12), we find 


C с 
[Л дах < | во)ах «c 
B B 








for all y on [c, d], which means that the Cauchy criterion for the uniform 
convergence of the integral 


I9) = | Дх, ») dx 


is valid. > 
Example. Examine for uniform convergence the improper integral 
Ks) = | e "sin (sx) dx, болди... (25.13) 
0 PA E 
where s is a parameter; $ (о, В]. 
* For апу 5 є [o, 8], where aœ and f are arbitrary real numbers, we have 


le~*sin (sx) €e^* OG ica ua 


and the integral | e *dx = 1 is convergent. By the Weierstrass ‘test the 

} ; 
integral (25.13) converges uniformly for all 5 Є [а, В]. We сап show that 
Ks) = 501 + 52). > 
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Properties of uniformly convergent improper integrals depending on a 
parameter. Uniformly convergent improper integrals depending on a 
parameter have the following properties. We provide them without proof. 

(1) Continuity. If a function f(x, y) is continuous in a domain IL, and 
the integral 


10) = | Дх, y) dx (25.14) 


converges uniformly in y on [c, d], then the function J(y) is continuous 
on [c, d]. 
(2) Integrability. If a function f(x, y) is continuous in a domain IL. 
and the integral (25.14) converges uniformly in y on [c, d], then 
d d [pe eo d 
| о)йау= | [у (x, yas] dy- | | |76 nay] dx.(25.15) 
c € a a .€ 
(3) Differentiability. Let a function f(x, y) and its partial derivative 
af (x, y)/dy be continuous іп IL... Suppose further that em 14) converges, 
and the integral 
af €c У) ах 
dy 


a 
converges uniformly in y on [c, d]. Then 


e 


ro- | UE ах. (25.16) 


Examples. (1) Take the integral 
KG) - | хет" cos (sx) dx, (25.17) 
0 

which depends on the parameter 5. 
<4 We have already established that the integral (25.13) converges uniformly 
in parameter 5 on any interval [o, 6].. 
-4 We have already established that the integral (25.13) converges uniformly 
in parameter s on any interval [o, 8]. 

Indeed, for any s we first have 


Ixe~*cos (5х)1 €xe^* 


second 


| | хе7*4х= 1.” 
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i 


So, using the Weierstrass test, we conclude that. integral (25.17) converges 
uniformly. 
Denoting by /(x, s) the integrand of (25.13), ie, — ; 


а f(x, 5) = e7*sin (sx), | 


2 


we notice that df/ds = x e" * cos (sx) is the integrand of (25.17), which, as 

we have established, converges uniformly in the parameteris on any [a, 6]. 
We now use the differentiability property of the improper integral in 

parameter. We have K(s) = I'(s). But KS) = s/(1 + 5”), therefore 


K(s) = s )- 1-5 И 
1+ 5 0-537 
Thus 
xe sudes e 
(1 + 57) 
0 


(2) Integrating | ev dx = with respect to y (y > 0), find the 
0 


integral 


—ax -bx * 

| £ m а, (Qa 
X 

0 


We assume that at x = 0 


-ar — bx ! 


. е — е 
lim -b-a. 


r-0 
~ We show at first that the improper integral 
Қу) = | e" ax, 0caxyx«b 
0 F 


depending on the parameter y converges uniformly on la, b]. 
This follows from the Weierstrass test, since " 


(х, y) = e7? g ет" (s 0) 


and 


| et ded 
: a 
0 
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(the integral converges). We now integrate Гу) = | e^ ™ dx with respect 


o 


to the parameter y from a to b: 








b æ eo b 
| ( | e57 ax) dy = | ( | e^? dy) dx 
a 0 0 a 
41559 ze eset 
x y=a x 
0 0 
But | е9 dx = 1/y, therefore 
0 
‚ b 
dy 
= = {п = In-, 
2-м 
so that р 
Tub -b 
| £e o wn ae 
X a 
0 


Remark. We have so far dealt with improper integrals of the form 


Ю) = | fœ »dx yele, dl. 


These are improper integrals of the first kind dependent on the parameter 
y. The improper integral of the second kind depending on the parameter 
y is an integral of the form 


b 
РО) = |œ » dx, (25.18) 


керо. 


where lim f(x, y) = 9, a < < b, c < y < d. The interval (a, b) may 
x> hue 
well be infinite. 
The theory of improper integrals of the second kind depending on a 


parameter is similar to the theory of the first-kind improper integrals con- 
sidered above. ` 
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25.3 Euler Integrals. Gamma. Function. . 
Beta Function 


The integral 
gu + со 
Г(х) = | eled (25.19) 
0 


which is a function of the parameter x, is called the gamma function. 
Turning to the range of the gamma function F(x), we notice two types 
of singularities: 
(1) integrated along the ray 0 x t < +оо; 
(2) for x < 1 the point ¢ = 0 is a singularity of the integrand (which 
becomes infinite). 
To séparate these singularities we represent Г(х) as a sum of two in- 
tegrals 
1 + 
Г(х) = | et dt + f ет" = ho) + hi). 
0 1 


Since | e^'i^^ ! I € (^! for [> 0, the integral /;(x) converges for x > 0 


(by the comparison test). The integral (x) converges for any x. Really, 
if we take А > 1, we will have for any x 





-t-i Atx-i 
lim © (= lim =0 

CJA T П CSS 
t-+0 l/t {> +0 e 


e 
But the integral | 4 converges for ^ > 1, and so does the integral 


a 1 eo 
| e7! dt for any x. Hence Г(х) = | t! ^ e^' dt converges for x > 0. 
1 д 
We have proved that the gamma function Г(х) is defined on the ray 
x > 0. 
We now show that integral (25.19) converges uniformly in x on any inter- 
val (c, d] where O<c<d< +œ. 
Indeed let c < x < d. Then ѓог0 < I 


1 1 
| Pole‘dat< | t7 e^! dt, (25.20) 
| к 


it ect ш, (25.21) 


-—— B 

€ 

м 

[ 

о 

І 

= 

2 

^ 
=m B 
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The integrals on the right-hand sides of (25.20) and (25.21) converge, and 
so do (by the Weierstrass test) the integrals on the left-hand sides of these 
relations. Е 

Accordingly, by 


1 e 
TQ) = | тета | етта, (25.19’) 
0 1 


we find that Г(х) is uniformly convergent оп апу [c, d], where 0 < c < d. 
Since Г(х) is uniformly convergent, it is continuous for x > 0. 


Some properties of the gamma function. (1) Г(х) > 0 for x » 0, ie, 


the gamma function has no zeros for x > , (2) Г(х + 1) = | е‘ а = 
0 


u = t, du = х! dt | = ре! 


+o 
x-l,4-t€ 22 
dv = e^!dt, v= —e^! t=0 rafe e 'dt = x I(x). 





0 
Therefore, for any x > 0 we have the following formula: 


r(x + 1) = xr'(9). -= (25.22) 
(3) For integral x = n there holds 
Г(п + 1) = п! (25.23) 
~4 Indeed, 


Г() = | e^'dt = 1. 


0 
Therefore, using (25.22), we will obtain 
Г(п + 1) 2 пГ(п) = n(n — 1)Г(л - 1) 
-...-mn(n.—1)...3x2x Ix T(h) 


ie, T(n + 1) = nt» 
At n = 0 formula (25.23) yields 
=) = 1 oO rre 
Applying (25.22) n times we obtain for x > 0 | oia 
Г(х+ n) = (x+n - D(x +n- 2). (х + xT). (25.24) 
(4) T(x) is convex down, i.e., Fw 20. We have I 


сш Must 09s 
ме : 
ү” = 


"I= (i | i eta) Te 045 тещ; ' 
0 
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апа 


Г") = f t7! In? t- e7'dt > 0. 
0 r 
c It is worth noting that Г '(х) on the ray (0, +œ) may;have only one 

zero. And since Г(1) = Г(2) = 1, by the Rolle theorem this! zero xo of the 
derivative Г '(х) exists and lies in the interval (1, 2). Since! Г ” (x) > 0, at 
xo the function Г(х) has a minimum. 

It can be shown that Г(х) is differentiable in (0, + о) any number of 
times. 

(5) It follows from the formula F(x + 1) = хГ(х) that 


rw = fos 1) 


— +o 


as x + +0, because Г(х) is continuous and Г(х + 1) = Г(1) as x +0. 
The plot of the gamma function looks like Fig. 25.4. 





1s, 2 ! 
Fig. 25.4 
Bela function. The integral 
1 ! 
B(x, y) = | каш K "!dt | (25.25) 


Sues, 9 MONUIT Sah ihe e+ a Tay 
depending on parameters x and J, is s called the beta үт ы Тһе integrand 
for x< 1 and y < 1 has two singularities г = 0 and ¢ = і 
To find the range of B(x, y) we will represent ee 25). as the sum of 
two S RN p 
| ae 4 


1/2 2м. Vue 1 a ; 
B(x, y) - I^ aC |! p ü E x (25.26) 


z EET „172 өч] "silo гү ui г2) 


the first of which for x < 1 has the singularity t = 0, and the second for 
y € V has the singularity 1. =-17 © 





434 - 25 Integrals Depending on Parameter 


The integral 


172 1/2 -4 
| Cla - фа = | C. Y g 


is an improper integral of the second kind and it converges provided that 
1-х< l, ie, for x > 0. 
Similarly, the integral 
1 1 


x-i х0 -laqp- 
t7 - olde | t 


p^! 


dt 
va 1/2 


converges for 1 — y < 1, ie, for y > 0. 
So, the beta function B(x, y) is defined for all positive x and y. 
We can see that integral (25.25) converges uniformly in each region 
х>ах> 0, у> р> 0, so that the beta function is continuous for x > 0, 
у> 0. 


Some ргорег(іеѕ of the heta function. (1) A change ¢ = z/(z + 1) 
reduces the beta a function to the DE 


m ne 


2 Wr ne Am. 
C, Be = 2521 
а «ix (+ m D) P. (25.27) 


(2) For x > 0 and y y > 0а we have 


= loro) 
B(x, у) = Tix +)" (25.28) 


(3) The beta function is symmetrical in x and y, i.e., 
Bix, у) = BU, х). 


This follows from p». 28) 
(4) A change l = sin? e, or t = cos? e, transforms (25.25) to. 
x/2 as “л vs 


B(x, у) = 2 | sin" ^ ! o cos? "ede 2i 
.9 


1/2 


=2 | co^! psin' ed. (25.29) 
10- uy ee 
(5) The oe formula is 
E "isst VEU с vius 
гога — e =, 0 «xx. 15 (25.30) 


sin rx 
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Euler integrals used to take definite integrals. Euler integrals are ade- 
quately examined nonelementary functions. They have been tabulated in 
much detail. And so it pays to be able to reduce integrals to Euler integrals. 





We АШ. illustrate this by some examples. yes 
pe To C "CM 
= _ Examples. (D Compute | Lr at У Еа 

ae? ae > С-ке 
ауте have 
E а. N 

4 
NER dee — $ o dtu BlOS 23). 
(1 + 0)? 343 4' 4J. 
0 о (l+a* 4 


We have here used (25.27). If now we: apply (25.28) and then (25.23), (25.24) 
and (25.30), we will obtain 


(1) 88 ng бый 





(2) Compute | In? G ) dx. 


“4 We make a change 1/x = e' or x = e`‘. Then dx = ~e ‘dt, at x = 0 
we have ¢; = +œ, and at x, = 1 we get г = 0. Therefore 


! +a 


| In? (i)e- | еа = Гр + D.» 
0 


1 
(3) Compute / = | х? — х") ах, where p, g, m > 0. 


0 E 
"4 We put x” = t, then x = 1", dx = (I/m)t"/"~ qt; the limits of in- 
tegration remain the same so that tlie integral reduces to the beta function 
р-1 Е 1 li 
I= | г" (-1707'—:" at 
m 


0 week le iSt v Uns. 
1 


1 mo q-1 р. p- 
+ | ("mo dt = bera) n 


0 
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(4) Using the equality 


Ç 
rG) = | t 2e`'dt=Vr (25.31) 
0 


take the integral 
1 
f Vt- 2 аг. 
д 


-4 We have 
1 


1 1 
1 1 
\ Vi-Pdt= 1201-0)? а = | t 
0 


Hi ) TG) 


-1 3 
1-0? а 


мә 


юы 





TQ) з= 


ПЕЕ 


We have here made use of the definition of the beta function and formulas 
(25.28), (25.22), (25.23) and (25.31). > 


Exercises 


Find the limits: 


t 2 
1. lim | Vx + у? ах. 2. lim | х? cos G - ») dx. 


y-0 о ys -3 А 2 
3. lim | Vx? 4- a? dx. 
a~O -< Г 
Find the derivatives F’(y) of the following, functions: 
у ENS E Sythe A ME 
4.. F(y) = | sinc y?) dx..5. Бу) = f- эш 09? dy. 
» y-1 


6. Using the relation 
b 


af. ах], 16 | 
| жушт з 29, 


ionii = 
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take the integral 

b 

- | dx 
(a? + x’)? 
= 0 
7. Using the relation 

b 


dx 1 
| ul mm^ = 7 In(l ab) (a > 0) 


0 


and .differentiating with respect to the parameter obtain the following 
formula: 


b | 

хах 1 b i 
———; = In (1 b) - ————. 

| (1 + ax) Q: 929 а(1 + ab) ! 


0 
8. Prove that the integral 


y- x E 
dus | arr ys i 


converges uniformly in y on the entire real axis. 
9. Prove that the integral 
w 


dx 
NIS | west 


0 
converges uniformly in the parameter s оп any interval [о, Al, ifl<a<B. 
10. Using the relation 
-— І | 
| е ах =— (a > 0) i 
a 
0 d 


and differentiating with respect to the parameter take the integral ^ 
| х"е 7” dx. 
Me 


Using Euler integrals take the following integrals: 


unte 


XVa? — х? dx. Hint: Y(1/2) = |Ут. 





NETS E m 
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1 
| хм x dx. 





Jò : 
xpress through Euler integrals: 
2/2 1/2 
14. | sin" x cos" x dx. 15. | tan" х dx. 
0 0 
16. f x'"e^"dx (п іѕ a positive integer). 
0 


17. | Ad P 


1+ x) 
0 
Answers 
3 15 б T 3 MS 
Lopo OX |. 4 FY) =2 | y cos (х2 + y?) dx + sin (2y?) — 
y! 
. 2 TA . 2 - 
2ysin(y? + у%. 5. FQ) = Qy * ы +) _ (у 1) sin (y У). 
у + у у-у 
. Е "R 
6. b CE Sees + d aget . 8. Prove that the integral /(y) = Е вы UT 
аа? + Б) а! а (x? + yt 


converges uniformly on the entire real axis, ie, for – о < y < +o, First, we notice that 
d 2 
yx 





(x? + yy x+y 
mentioned in the definition of the improper integral that converges uniformly in the parameter 


N 
2 ~ 
lim | dx 


D Second, we make sure that for any € > 0 the quantity A(e) 


y may be Ale) = l/c. For B> A | [r у) dx 



































Nia (x2 + yy 
х : 
А ү B ) dc : D 
lim —— 3 —-<-=6 But this exactly means 
new xl y! [og Bh.y| В А 
that the given improper  intcgral converges uniformly for -œ « y « – о. 
: dx: ; 
9. Prove that the integral /(5) = sz converges uniformly for a $.5 < f, where 
X ts s < 
о P | : 
ИЕ лар Mains ла {т чах чн пеп Law 
а > 1. So, fors > і < 5 ; Further, ES im tan N ——, 
£53 x7 +1 “+1 мз» о» 2 
0 ОЕ S « 


ic, the integral exists. It follows from this, by the Weierstrass suffi cient test, that: the integral 


converges uniformly. 10. We- haves- е ү e7% dx. si а S0)! Differentiating: with 


iut n.o 





c eo 
D Же GMT: SÉ E vet з QM, 
respect. to the ‘parameter o т times gives x"e^ dx 
0 
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| ах eet cave а= 10 ae 
xe "ax = п! 11 Е = Ts 3 = 
| Ix. [а= 0, д = 0, 52952 

0» 0 
at a 2 e un 

3 J 
wp uta ыру ж-т dod. xcd A EN 
3 1+. 3 a + 0n 3 3 3 3 3 3 
0 0 


lr l ril- Li = i. IE TS ——zgz—. » We have used here formulas (25.27), 
3 VM 3 3 sin x/3 3 | 


х= ай, drei! а 


(25.28) апа (25.30). 12. | ха? — x! dx = T - 
0 


x1:0,5n20,x-a4,621 


1 
acd 4 H 1 4 + П 
ам уг 271240 а= da да = EB Бе ‚ате x 
2 2 2 2 2 2 FQ) 


о 
We have used formulas (25.25) and (25.28) to obtain I G ) r ( + i ) = А г | ) = 


үт Г(3) = 2! 22. And so xa! – Fax = ЖЕ. 13. Changing х? = i, we 


! (EC) 
оја =1в(2 САИ КА 
3 \3' 3 3 


3 
obtain E ZI 


lp(2Yp(1. 1 2ip(2 yp! =!г{1-1 г[!\-!_+т 
3 3 3 9 3 3 9 3 3 9 sin z/3 
os . We have used formulas (25.25), (25.28), and (25.30). 14. We transform 


-1 
t- 


o Cee 








w/2 
the integral to (25.29) and use formula (25.28) lo get | sin" x cos” x dx = 
0 








2 | (єз 
т+ n+ lm rd 
1 Е | sin ETN. al pm 1) 2 2 
; . s : 
К ("у ) 


2 2 
15. Changing tan x = У (t > 0) we can readily reduce the integral to the beta function (25.27), 





КЁ */1l P az a 
e LG = 
namely [nt ate = | eT а-1—= 
А ray Siku x ONG leat. (es) Ln 





mt 
+1 


at 


440 25 Integrals Depending on Parameter 


ig gru es Тате а А ТЕЛЕЕ НЕЕ 
2 2 2 2 2 2 2 / (E 
sin — К 


2 
l т т 
——— = ——. We have used formulas (25.27), (25.28) and 
. [т лт nn 
sin | — + — 2 cos — 
2 2 2 
(25.30), and also the relation sin (7/2 + a) = cos a. 16. Putting x = vt (t » 0), we reduce 
І 


п 
the integral to the gamma function (25.19): | x?"e 7? ах = ; | t ?ес'й= 





0 о 
; r (, + 1) . 17. Substituting x = Vf, we reduce the integral to the beta function (25.27) 
a = zh © 1 -1 
dx 1 p? ! t? 
жый € = coe, dt = 
(1 + х2)" 2 (l +9" Tiel 
0 0 0 (l +9 2 $ 


Chapter 26 


Functions of a Complex Variable 


26.1 Essentials. Derivative. 
Cauchy-Riemaun Equations 


Sets in the complex plane. Let £ > 0 be an arbitrary positive num- - 
ber, and zo be an arbitrary complex number. d 
The set of points z in the complex plane (Fig. 26.1) obeying 


Iz-zol «s 


is an open circle of radius € with centre at zo. 
Now, putting 20 = хо + iyo, z = x + iy, we obtain 


Iz- zl = Vix = xo)? + (y = yo)? «t 
or, squaring, 


(x-x*t-Q(-»x?«:. 





Fig. 26.1 


We will refer to the multitude of points z in the complex plane that obey 
the inequality 


lz- 01 < = 


as the e-neighbourhood of zo. 

Definitions. A point z is called an interior point of a set їп the complex 
plane, if there exists an £- neighbourhood of the point such that it wholly 
belongs to the given set. 

A set D is called a domain in the complex plain if it has the following 
properties: 
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(1) each point in D is an interior point of the set (openness); 

(2) any two points of the set D can be connected by a broken line con- 
sisting of points of this set (connectedness). 

Any point of the domain D is said to be a boundary point if in its 
any &e-neighbourhood there are points lying both within and without the 
domain D. 

The collection of boundary points, denoted by д0, is called the bound- 
ary of the domain D. 

A domain D with the associated boundary д0 is called a closed domain 
and is denoted by D. 





Fig. 26.2 Fig. 26.3 


Example. The set of points z (Fig. 26.2) obeying 


i < Izl «2 
is an open domain, and the set obeying 


1< 1:152 


is a closed domain. The boundary consists of two circumferences 121 = ! 
апа Izl = 2. 

A closed curve without self-intersections will be called a contour. Any 
contour divides the plane into two domains, and is the boundary between 
them. Onc of the domains (the inside of the contour) is bounded, the other 
(the outside) is unbounded. 

We will say that a domain D is simply connected if the inside of any 
contour lying in D also belongs to D. 

A domain that is not simply connected will be called multiply con- 
nected. | 

Examples. (1) The set of complex numbers z = x + iy subject to the 
condition ` Е 


0 «x«l, -1<у<1, 
is а simply connected domain (Fig. 26.3.) 
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(2) The set of complex numbers z subject to- the condition 
0 « Izl <1, 


is,a multiply (doubly) connected domain (Fig. 26.4.) The point z = 0 lying 


4nside the contour y does not belong to the set. 
Consider a sequence (z,} of complex numbers 


Zis 42, o. 4M, Us 


If for an arbitrarily large number M > 0 there exists a natural number N 
such that all the terms z, of the sequence {za} with numbers n > N obey 
the inequality 12,1 > M, then we say that the sequence (2„) converges to 
a point at infinity, or simply to infünity, and we write 


lim Z, = oo. 


n=% 


If we supplement the plane of the complex variable by the point z = œ 
we have thus introduced, we obtain: the extended complex plane. 


© 


Кака 
kA 


Fig. 26.4 Fig. 26.5 





All the points z obeying the inequality 141 > R (plus the point z = œ), 
i.e., all the points z that lie outside a circle of a sufficiently large radius 
R with centre at the origin of coordinates, is said to be a neighbourhood 
(R-neighbourhood) of a point at infinity (Fig. 26.5). 


Functions of a complex variable. We will say that a function 
= Ji) 


is defined on a set S of the complex piane z if a rule is specified by which 
each complex number z from S is placed into correspondence with a com- 
plex number w (Fig. 26.6). 
.-The function w = f(z) is thus а map of points in the complex plane 
z onto the complex plane w. 
We put z = x + iy, w = u + iv. Then to define a function of a complex 
variable w = /(z) will be equivalent to defining two real functions of two 
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Fig. 26.6 


real variables u = u(x, y), v = u(x, y), where 
w = f(z) = u(x, у) + iv(x, y). 


Here u(x, y) is said to be the real part and u(x, y) the imaginary part 
of the function w = f(z). 

Example. Let w = z?. 
- Putting z = x + iy, w= и + iv gives 


u + iv = (x + iy)? = х — у? + і2ху. 


And so the expression w — z? is equivalent to the two expressions 
u = х? — у”, у = 2ху. В- - 

A function w = f(z) is said to be a univalent function in a set S, if 
at different points of this set it assumes different values, otherwise the func- 
tion is called multivalent. 

Example. The function w = 22 is univalent in the upper half-plane 
Inz»0 and multivalent in the entire plane. For instance, 
®=(-0й% = – 

One often encounters multi-valued functions of a complex variable, 
such that each value of z in S is placed into correspondence with several 
complex numbers. 

Example. The function w = Vz is two-valued in the entire plane z, ex- 
cluding the zero point (and œ). 


Limit of a function. Let a function w = f(z) be defined in a neighbour- 
hood of a point zo = хо + iyo, except perhaps at zo itself. — 

A complex number A is said to be the limit of f(z) when z tends to 
Zo (notation: A = lim /2)), if for any positive € we can specify a 6- 
$ z= Zo 
neighbourhood of the point zo, such that for all points z in it, except 
perhaps at zo itself, the corresponding points w lie in the e neighbourhood 
of the point A (Fig. 26.7). 

If zo and A are finite points in the complex plane, then we can gerine 
the limit as 

A= lim f&),. А ` 26.1) 


“2-20 
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Fig. 26.7 


if for any £ > 0, we can specify 5 = (є) > 0 such that for all z meeting 
the condition 0 < Iz – zol < à, we have l/(z) - Al < е. 
It is worth noting that by definition the function /(2) tends to its limit 
A regardless of the way in which the point z approaches the point zy. 
To say that there exists a limit (26.1) amounts to saying that there exist 
the limits of the real functions u(x, y) and v(x, y): 


lim u(x, y) = B, lim u(x, y) = С, 
Y- X9 X-*Xo 
J 7* yo У-у» 


where A = В + iC. 


Because the definition (26.1) reduces to the definition of the limit for 
real functions of two real variables, the function of a complex variable 
obeys the following basic limiting relations: 


| 


lim f(z) + im e(z) = lim (AZ) + a(z)), 
1-10 


lim A2: m "eO = lim Д) - (2); (26.2) 
lim f(z) 
Boek ie na qe lim Ло 


lim a) © u BZ) ( in: &(z) = 0). 


z-*10 
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Continuity. A function w = /(z) defined on a set S is said to be continu- 
ous at a point zo € S, if 


it ДӘ) = Хо), 265. 


In other ide Kz) is continuous at zo, if for any £ > 0 there exists 
= ó(c) > 0 such that for all points z€ S meeting the condition 
Iz — zol < 5 we have l/(z) — J(zo)! < є. 

The necessary and sufficient condition for a function of a complex vari- 
able f(x) = u(x, y) + iv(x, y) to be continuous at a point zo = Xo + Гуо is 
that its real and imaginary parts u(x, y) and u(x, y) should be continuous 
at the point (xo, yo) in x and y. 

This enables us to translate to functions of a complex variable the basic 
properties of continuous functions of two real variables, such as the con- 
tinuity of the sum, product and quotient of two functions, and the continui- 
ty of a composite function. 

If a function /(z) is continuous at each point of a set S, then we say 
that Az) is continuous on S. 

Differentiability and analyticity. Let a function /(z) be defined in 
a neighbourhood of a point z. We say that /(z) is differentiable at z, if 
there exists i 

lim 

h—0 
This limit is called the derivative of f(z) at zo and is denoted by the symbol 
Г), of df(zy/dz: 


у= da- lim fet - fa), (26.3) 


Ле + Л) – K2) 
ME 


It follows from the definition of the derivative (26.3) and the properties 
of the limit (26.2) that the resulting theory of differentiation of the sum, 
product and quotient of two functions of a complex variable, of the compo- 
site function and inverse function of a complex variable closely resembles 
the real case: 


d | _ dfG) ү + 9800) 
P (Nz) + 2(2)] ae ae 


4. to вд = 9 0 д) jt) BO, 


a |f ee ee 0 
dz [Дө] „= | ж ые 
d (wot — WE) delz) 
dz 10) = dw dz 
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(here w = g(z)), 


df). 1 40%), 
dz de(w)/dw' dw. - 





(here z = (2) is a function inverse to w = /(z)). 

Example. Show that a function w = /(z) = Re z is not differentiable 
at any point. 
9 Let z= 2 + iy. Then w = x. It will be recalled that by the definition 
of differentiability of a function w = f(z) at a point z the limit of 


f + h)- Л) 
; h 


must be independent of the way in which one approaches the point z. 
Consider two cases. 
Let h = 5 be real. Then 
lim At 9 = ЛӘ _ 
5-0 AY 


We assume that A = it, where t is real. Then 


IDEN) jim X-*-0 
it ] | 


0 il 


lim 
1-0 
It follows that the limiting value of the ratio is influenced by the way in 
which the point z is approached. Consequently, w = Re z is not differentia- 
ble at any point. > 
The requirement that f(z) be differentiable at a point z = x + iy im- 
poses certain conditions on the behaviour of the real and the imaginary 
parts of the function in the neighbourhood of the point (x, y). 
Theorem 26.1. Let a function f(z) = u(x, y) + iv(x, y) be differentiable 
at a point z = x + iy. Then at the point (x, y) there exist partial derivatives 
of u(x, y) and v(x, y) with respect to x and у, such that 


ди dv ди dv 
el = 5. 26.4 
ax ду' ду дх ves) 
The relations (26.4) are called the Cauchy-Riemann differential equations. 
-4 There exists 
lim tM- -fo (26.5) 
һ-0 h 
whatever the way in: which one approaches the point z. | 
We suppose first that A tends to zero, while remaining real (h = s). 
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In that case (Fig. 26.8) 


Рд = lim 2005 0 — ine + s, y) ~ ux, y) — ivix, y) 
s-0 


5 
= lim 1€ 6 9) HOY) рр 0+5 S) eo y) 
5—0 $ 5—0 5 


The last transformation is valid because if a function of a complex variable 
has a limit it means that there simultaneously exist the limits of its real 
and imaginary parts. 





Fig. 26.8 


Thereby, 
ге = Eo »*ig = (х, y). 


If now we put in (26.5) Л = it, where t is real, we get 


u(x, y + t) — u(x, у) u(x, y + 10) — vx y) 


Г = lim i +i lim Т 
‚ (—0 t 1-0 t 


iF es N+ Ee »). 


In the last two expressions for f'(z) the right-hand sides are equal 
ди + „до QU jou 


a х dy ду 
And so relation (26.4) is valid. > 
' By imposing definite conditions on the real and i imaginary parts of a 
function of a complex variable we can guarantee its differentiability.. 
Theorem 26.2. Let the functions u(x, y) and v(x, y) be differentiable 
at a point (x, y) as functions of real variables.. Suppose that at. the point 
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the conditions (26.4) are met. Then the function of a complex variable 
Л) = u(x, у) + iv(x, y) is differentiable at the point z = x + iy. 

4 By definition of differentiability of the rcal functions u(x, y) and 
u(x, у) with respect to x and у, their increments at (x, y) can be written as 


gu u(x + s, y + t) — u(x, y) = шх, у)з + u(x, у)! + alil, 
v(x + S, y t 0) u(x, y) = vx, ys + u(x, yt + BIAI 
(here a and В tend to zero together with lAl = Vs? + (7). 


If we multiply by i the second of these and add together with the first 
one, we will have 


Kz + h) — Л) = (и, + iv)s + (uy + iu)t + ylhl, | » 


where y = œ + iG tends to zero as h > 0. Using (26.4), we will exclude from 
the above relation u, and v. We can then write the increment of f(z) as 
follows: 


J(z +h) — KZ) = (и, + ius + it) + yihl. 
Having divided both sides of this by A = 5 + it, we see. (һас 
һ-0 h 
does exist and is equal to и; + ivy. 9 


Examples. (1) The function w = Z = x — iy is not differentiable at any 
point, since 


ди , 9v 


С = = 1, > 
ox ду 


A function w = /(z) is said to be analytic at a point z, if 15 differentia- 
ble both at z itself and in some neighbourhood of it. - 

A function w = f(z) differentiable at each point of some domain D is 
called an analytic function in the domain. 

For any analytic function /(z) we have 


Г) = Uy + ivy = Uy = ily = uy — ily = Uy + iUy. (26.6) 


(2) Check if the function w = zz is analytic at least at one point. 
4 We have zz = x’ + у>, so that 


ux =e ty’, v(x, у) = 0 
The Cauchy-Riemann equations will then be 
2x = 0, 2y = 0. 
They are only met at the point (0, 0). 
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And so the function w = zz is only differentiable at z = 0 and is not 
analytic anywhere. > 
(3) Prove that the function 


w = f(z) = e'(cos y + isin y) 
is analytic in the entire complex plane z. 
-4 The functions 
u(x, y) = e' cos y, u(x, y) = e'siny 


as functions of real variables x and y are differentiable at any point 
(x, у). It can readily be checked that their first derivatives meet the condi- 
tions (26.4). Using formula (26.6), we will compute the derivative of f(z): 


f'(z) = (e'(cos y + isin y))' = e'(cos y + isin y) = f(z). - 
Using the Cauchy-Riemann equations, we can restore an analytic func- 


tion up to a constant, if we know its real part u(x, y) or its imaginary 
part v(x, y). 

(4) Find the analytic function w = f(z) from its real part u(x, y) = 
е* cos y if ДО) = 1. 
~ First method. Since и, = e'cosy, and since и; = v, we get 
v, = e* cos y. Hence 


v(x, у) = | е" cos y dy = e"sin y + ф(х), 
where y(x) is as yet unknown. Differentiating v with respect to x and using 
the equality vu, = —uy gives 

e* sin y + e'(x) = e" sin y. 
It follows that «'(x) = 0, and hence v(x) = C, where С = const. Since 
u(x, y) = e'sin y + C, we have 

Ла) = е" cos y + i(e* sin y + С). 
Further, given /(0) = 1, we substitute x = 0 and y = O into the last relation 
and obtain 1 = | + iC. Hence C = 0. 


Second method. It is more convenient to seek the imaginary part using 
a line integral. 


We have 
Ux = —uy = e*siny, Uy = их = е cos у. 
Therefore, 
(ry) . 
v(x, y) = е^ sin y dx + e" cos y dy + C 
(0,0) 
(х,у) 


| d(e" sin y) + C = e siny + C. 
(0.0) 2 
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Since w(0, 0) = 0, we arrive at 
v(x, y) = e sin y, 

and 
Ла) = e'(cos y + isin y). - 


A function ф(х, y) is said to be Aarmonic in a domain D, if in the do- 
main it has continuous partial derivatives through the second order and 
obeys the Laplace equation 

2 2 
ox ду „ 

If a function f(z) = и + iv is analytic in a domain D, then its real part 
u(x, y) and its imaginary part u(x, у) are harmonic functions in the cor- 
responding region of the xy-plane. | 

Differentiating the first of (26.4) with respect to x, and the second with 
respect to y, we will have 


Urr = Uyr, Uyy = — Uy. 


Using the relation йу = Vyr, we arrive at the relation uy, + ty = 0. 
A similar relation holds for the imaginary part: 


Urry + Uyy = 0. 


Remark. The above differentiations have to be justified. Further, in 
Sec. 26.3, we will prove that a function analytic in a domain has derivatives 
of all orders in that domain. This of course holds both for its real and 
its imaginary parts. 


Geometrical meaning of the derivative of a function of a complex varia- 
ble. Let w = f(z) be a function analytic in a domain D. We fix in D a point 
zo and draw through it a smooth: curve y. 

Let the function w = f(z) be a map of D in the complex plane z onto 
a certain domain G of the complex plane w. The point zo corresponds to 
the point wo and the curve y to the curve Г. 

The function f(z) being analytic in D, at each point in D there exists 
a derivative f’ (z). Suppose that f” (zo) = 0, and represent the complex num- 
ber f'(zo) in exponential form 

А à Aw ia 
SJ’ (zo) = oe A: ee 

If a point z = zo + Az lies on the curve y, then the corresponding point 
w= Wo + Aw lies on Г (Fig. 26.9). | 

The angle formed by the vector Az (vector Aw) of the secant curve y 
(curve Г) with the positive x-axis (u-axis) is arg Az (arg Aw). Since in the 


452 26 Functions of Complex Variable 


limit as Az ^ 0 and Aw — 0 the secants become tangents to respective 
curves, 


arg Az > o, arg Aw > 9, 


where e (or 9) is the angle formed by the tangent to y (or Г) at zo (or 
wo) with the x-axis (t-axis). 





Fig. 26.9 


When a complex number is divided by another one, their arguments 
are subtracted 


arg AW. arg Aw — arg Az. 


Az 
Therefore, 
a = arg f' (20) = arg lim Aw 
Az-0 
= lim argAw — lim argAz = Ф — y. 
Адм. 0 4z-0 


Since the value of the derivative is- independent of how Az tends to 
zero, the resultant difference will be the same for any other smooth curve 
passing through zo (the angles Ф and 9 may change, of course). 

It follows that in mapping by an analytic function w = f(z) with the 
derivative f'(zo) # 0 the angle 


y=ğ- е id 
between any two smooth curves y and ¥ originating from the point zo is 


equal to the angle between their images Г and I originating from the point 
Wo Өссө d. t4 
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Consequently, both magnitudes: and directions of the angles remain the 
same. | 

This property may be called the preservation of angles. 

Since 


2 


£* eA s ju lou! 


Az—0 lAzl' * 


we have up to higher-order infinitesimals the relation 
lAwl = glAzl, 


which is independent of the choice of the curve +. | 





Fig. 26.10 


Geometrically this means that infinitesimal circles with centre at zp are 
mapped up to higher-order infinitesimals into small circles with centre at 
Wo (Fig. 26.10). 

This property is known as that of constant of extensions. 

A one-to-one mapping w = /(z) of D in the plane z onto the domain 
G in the plane w is said to be conformal, if this mapping) at each point 
of D possesses the two properties just discussed. 

The above arguments thus show that a mapping by an analytic function 
with a nonzero derivative is a conformal one. 

Conformity criterion. For a mapping w = /(z) to be conformal in a do- 
main D, it is necessary and sufficient that /(z) be univalent and analytic 
in D and that f’(z) < 0 for all z in D. | | т. ў 
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Rational function. A linear function of a complex variable z is a 
function of the form 
у = az + b, К (26.7) 


where a =* 0 and b are specified complex numbers. А 
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The linear function is defined for all values of the independent variable 
z. It is single-valued and, since the inverse function 


dl ce 
Ql = (26.8) 


is also single-valued, it is univalent in the entire plane z. 
The linear function is analytic in the entire complex plane, and, since 
dw 


= 0, 
dz az 


the mapping through it is conformal in the entire plane. 
A linear fractional function is a function of the form 








az + b 
= 26.9 
масъа (26:9) 
where а, 2, с, апа а are specified complex numbers, such that 
! a b 
m 
The linear fractional function is defined for all values of the indepen- 
dent variable z, except for z = —d/c. It is single-valued and, since the in- 
verse function 
T dw +b 
“— cw-a 
is single-valued, it is univalent in the entire complex plane, except at the 
point z = —d/c. In this domain function (26.9) is analytic and, since 
dw z ad — ue # 0, 
dz (cz + d) | 


the mapping through it is conformal. 

We now additionally define (26.9) at z= —d/c by putting 
w(—d/c) = œ, and make the point w = œ correspond to the point 
2(оо) = —d/c. The linear fractional function will then be univalent in the 
extended complex plane z. 

Example. Consider the linear fractional function 


w= 


al 


+4 [t follows from the equality wz = 1 that the moduli of the complex 
numbers z and w are related by 
lwl izl = 1 


and the numbers themselves lie on the rays originating from the point O 
symmetrically relative to the real. axis.. 
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In particular, the points of the unit circle 121 = 1, go into the points 
of the unit circle lw! = 1. This places the complex number 
г= е 
mito correspondence with the conjugate number (Fig. 26.11) 


м= 2 = еті 





Fig. 26.41 


It is to be noted also that the function w = 1/2 maps the point z = oo 
into w = 0. > 
The power function 


w= z^ (26.10) 


where n is a natural number, is analytic in the entire complex plane; its 
derivative dw/dz = nz" ^! for n > l is nonzero at all points save for z = 0. 
If in (26.10) we represent w and z in exponential form 

№ = oe”, 2 = ге!?, 
we will find 

о = г”, = пд. (26.11) 


It is seen from (26.11) that the complex numbers 2; and zz are such that 
1411 = lzal, агр 22 = argzi + on k, (26.12) 


where К is an integer, 21 and 22 are going into one point w. This suggests 
that for n > 1 the mapping (26.10) is not univalent in the plane z. 
The simplest example of a domain where the mapping w = z^" is univa- 
lent is the sector 
a< argz < a  ?*, (26.13) 


where « is any real number. 
In the domain (26.13) the mapping (26.10) is conformal. 


456 26 Functions of Complex Variable 


Example. The mapping w=z", n> 1, translates the sector 
0 < arg z < т/п of the plane z into the upper half-plane of w (Fig. 26.12). 
The mapping increases the sector angle n-fold. Therefore, at the point z = 0 
the conformity of the mapping w = 2" is violated. 


The inverse function is the nth root 
E a 
w = Vz. 
It is a multi-valued function, since for each complex number z = re" = 0 
we can specify л different complex numbers 


п 0+2 
we = Уге (К=0,1,...‚,п—1), 


such that their nth power is z, i.e., 
МЕ = Z. 


Note that VO =.0, Væ = co, 





Fig. 26.12 


A polynomial of degree л of a complex variable z is the function 
w = aoz" + az" +... + da aZ + ал, 
where ао, A1, . . ., аһ are specified complex numbers (ag ; 0). A polynomial 


of any degree is an analytic function in the entire complex plane. 
A fractional rational function is a function of the form 


_ PO MM 
= Q(z)’ uer эзе Re ERG 


where P(z) and Q(z) are polynomials of a complex variable z. A fractional 
rational function is analytic in the entire plane, except for the Powis where 


Q(z) = 0. | ЧЫ 
Example. The Joukowsky function К 
з 1 1 ; à te See 
Wy (: * :j E. (26.14) 
uere Messed urt RT E `1 ТАУ URGE m аф. E E 


is analytic in the entire plane: z, save е for the point.z = 0.-.: 
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~a We now make precise the conditions imposed on the domain in the com- 
plex plane, under which the Joukowsky function will be univaicnt in that 
domain. 

; Suppose that (26.14) maps the points z; and z; into one point. Then 


(в +) - (2+2) = (a - oi aa Б 
Zi 12 2142 : 


At z z z we find that 2122 = 1. | 
Therefore, the necessary and sufficient condition for (һе Joukowsky 
function to be univalent is i 


za # 1. | ^ (2615) 








Fig. 26.13 


An example of a domain meeting the condition (26.15) is the outside 
of the circle 121 > I. Since the derivative of the Joukowsky function 


а (1-1 | 
dz 2 za | 


is nonzero everywhere save for the points z = +1, then the mapping of 
the domain 141 > 1 by that function will be conformal (Fig. 26.13). 
Notice that the inside of the unit circle 121 < 1 is also à a domain where 
the Joukowsky function is univalent. > 
We will define the exponential function e* for any dads number 
£z — Xt iy by 


w=e = et? 


= e'(cos y + isin y). (26.16) 
At x = 0 we obtain the Euler formula 
e” = cosy + isinye —.- (26.17) 


The exponential function has the following main properties: 
(1) For real z the above definition coincides with the conventional one. 
“4 We can verify this directly by putting in (26.16) у = 0. > 
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(2) The function e* is analytic in the entire complex plane and it is 
differentiated using the conventional formula 


(e = e* te =з 


(see Example (3) оп р. 450). 
(3) The function satisfies the /aw of exponents 
e^. eh = еї th, 
< We put a = x1 + iyi, 2 = X2 + ip. 


e*t - eh = eh(cos y, + isin yı) e^ (cos y; + isin у) 
= eh**(cos (y + у») + isin (yı + y2)) = e*t,» 


(4) The function is periodic with imaginary primitive period 271. 
«t For any integral k 


e? * 2"&і " е z е!?** ы её, 
because 
e?** = cos2ak + isin2xk = 1. 


On the other hand, if e^ = e*5, where zy = д + in, 2 =x + іу, 
then it follows from the definition (26.16) that 


е“ =e”, COS yı = COS 2, sin y = sin yz. 
And so x, = X2, у = yi + 2тп, ог 
212 – 1 = тп, (26.18) 


where л is an integer. > 

The band 0 < y < 2r contains not a single pair of points related by 
(26.18), therefore the above examination suggests that the mapping w = e* 
is univalent in the band 0 < у < 2r.. And since.the derivative of the func- 
tion is nonzero (le*l = e* > 0), then the mapping is conformal (Fig. 26.14). 





Nul TCTs .90 c 
-~ Fig. 26.14 , 
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Remark. The function e* is univalent in any pant agy<at 2r. 
Сорн From the equation 
= е”, | 
еге z #0 is specified, and w = и + iv is unknown, we obtain 
Izl =e", Arg z = u + nk (A 20, xl, +2, ...). 
Hence 
u=InIzl, v = Argz. 
Thereby the inverse function 
w= е“ 
is defined for any z = 0 and is given by 
w= In Iz! + i Argz = In Iz} + i(arg z + 270), 


where k = 0, xl, +2 
This multi-valued function is called the /ogarithm and is denoted by 


Lnz = In 141 + i Argz. 


The quantity In 141 + iargz is called the principal value of the 
logarithm. It is given by 


Inz = In 141 + iargz. (26.19) 
Then 


Lnz=Inz+i2ek (к= 0, &l, +2, ...). (26.20) 


Trigonometric and hyperbolic functions. From the Euler formula 
(26.17) we obtain for real y 


e" = cos y + isin y, e ” = cosy — isin y. 
Hence 2; 
‘siny = a e^ cos y = e? + ez* us zd hei 
2i SA 2 
: rk 


We define the trigonometric functions sin z and cos z for any complex 
z by | 


. i еті zy e-i LC 
m IM n =т=. 26.21 
sinz X COS Z 5: ( ) 


The sine and cosine of the complex ned have. ЕАР ргорег- 
ties. We will list some of them: -7»i^''5- " 
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The functions sinz and cos z: 

(1) for real z = x they coincide with the conventional sines and cosines; 
(2) are analytic in the entire complex plane; 

(3) obey the conventional differentiation formulas: 


(sin z)’ = cos z, (cos z)’ = —sinz; 


(4) are periodic with period 27. 
In addition: 

(5) sinz is an odd function, and cosz is an even function; 

(6) they obey the conventional trigonometric relations. 

These properties follow readily from (26.21). 

The functions tan z and cot z in the complex plane are defined by the 
formulas 

sin z COS Z 


(ап 4 = А cotz = — 
COS 2 sinz 








(26.22) 


and the Ayperbolic functions sinh z, cosh z, tanh z, coth z, by the formulas 





t. a-t z -z B 
sinh 2 = ——, coshz = HE, iet 
: (26.23) 
tanhz = sinh z Д thz = 052 
cosh 2 sinh z 


The hyperbolic functions are closely linked with the trigonometric func- 


tions. This connection is given by the following relations: 
cosh z = cos (iz), sinh z = -isin (iz), 

| ) . "n (i ) (26.24) 

cos z = cosh (iz), sinz = —ísinh (iz). 


The sine and cosine of a complex argument have one more important 
property: іп the complex plane both Isinzl and |cos zl assume arbitrarily 
large positive values. We will show this. 

Using the property (6) and formulas (26.24), we obtain 


sinz = sin (x + iy) = sin xcos (iy) + cos (x) sin (iy) 
= sinxcosh y — icos xsinh y, 
cos z = cos (x + iy) = cos xcosh y + isinxsinh y. 
Hence 
Isin 21? = (sin xcosh y)? + (cos xsinh y)?, 
Icos 21? = (cos xcosh у)? + (sinxsinh y)". 
Putting x — 0 gives 


{sin zl = Isinh yl, Icos 21 = cosh y. 
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Example. It can be easily seen that 
cos (iln (5 + 2V6)) = 5. 
B. In fact 
И cos (iln (5 + 2V6)) = cosh In (5 + 2/6) 
= qnem + elG - 249) 


-l6*26«5-N6-s» 
26.3 Integration with Respect to a Complex Argument. 
Cauchy Theorem. Cauchy Integral Formula 


Integral of a function of a complex variable. Given a piecewise 
smooth oriented curve y in the complex plane z, we suppose that a function 
Лх) of a complex variable z is defined on that curve. 

We break up the curve y into n partial arcs 


10 = а, Zi, ..., 28-1, Za = b, i 


where a and b are the ends of the curve y. 





Fig. 26.15 ‚ 
Putting | 
Azk = Zk — 16-4, d 
we form the sum (Fig. 26.15) | 
n i 
У Дф)Ад | E (26.25) 
kal 1 ne 


(here tx is an arbitrary point of the Ath partial arc [zx 1; 2]) called the 
complex integral sum along the curve y. . 
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If at max |Az| > 0 there exists the limit of the sum (26.25) indepen- 
k 


dent of the partition of the curve into partial arcs and of the collection 
of tk, then this limit is called the integral of f(z) along the curve y: 


lim Y roa - f Лә dz. (26.26) 


marjâz>0 к= 1 ы 
We put 
JG) = u(x, у) + iv(x, y), 
Zk = Xk + dyk, Ахк = Xk — Xk ~i, Аук = Yk — Yk- 
[x = be + ink, — ux = (Ex, m), ок = (EK, m). 
We can then write (26.25) as 


a a 


У fx) А = У) (ик,Ахк — Дук) + i Y (окАхк + Ux AY). 
k=l 


al zi 
(26.27) 


It is seen from this that the real and imaginary parts of (26.25) are integral 
sums of line integrals of the second kind 


f udx -vdy and | vdx * udy, (26.28) 
T TY 
respectively. 


And so the existence of integral (26.26) depends on the existence of con- 
ventional line integrals of functions of real variables. For these integrals 
to exist it is sufficient for the functions u and v of real variables x and 
y to be piecewise continuous. 

Thus, if y is a piecewise smooth curve and f(z) is a piecewise continuous 
function bounded on y, then integral (26.26) always exists and always holds 
the formula 


| Лә а = | и ах – оау + i | vax + u dy. (26.29) 
Y Y Y 
Formula (26.29) can easily be remembered if written as follows: 


| fia)dz = | (и + ах + idy). 


It follows from (26.29) that integrals of functions of a complex variable 
retain the basic properties of line integrals of the second kind: 


M [лаа [dz | AO + ла, 


* X NES ж ж 
Q | Add = c f aaz. ^ 
Y Y 
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where c is a complex constant. 


(3) [Ла = - | ЛӘ dz, 


Ayhere y and y* have opposite orientations (Fig. 26.16). 








0 
(6) 
7 Fig. 26.16 
(4) [Ла [fodaz- | foa 
т om Tuy: 
(5) Let 
M = max 1/2) 
ZEY 
and / be the length of the curve y. Then 
| | Az) 41 < | Lf)! ldz <M | ldz| = МІ. (26.30) 


Y Y Y 


- The proof of (26.30) follows directly (rom the definition of the integral. 
When in 


У ДГ) Axl € X; Utt)l lAzl <M J; làzl 
k=1 k=1 k=1 








we pass to the limit as max lAz| — 0 and take into consideration that 
n 
>, lAzcl is the length of the broken line inscribed into the curve y, we: 
kel К . 
obtain the required result. > | 
Computation of the integral of a function of a complex variable. Let 


= 0) = х) +O (а <1< 0), 29 .:. 


be a parametric representation of a smooth curve y. Then we have 


В 
| Лә а = | flee’ (at. (26.31) 
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-4 Using (26.29) we can reduce the computation of the integral of a func- 
tion of a complex variable to taking the line integrals (26.28) of real-valued 
functions.. These integrals can be reduced to conventional ones 


8 
| «dx - vdy= | (u0, AXA — 000), (9), »'(0) dt, 
ч on (26.32) 


B 
| vdx + udy = | (Ux, AXD + ио), y)» (0) dr. 


a 


Substituting these into the right-hand side of (26.29), we will obtain the 
desired result: 


8 
| Adz = | (uO, WO) + iv, »(0))ex + iy’) dt 


Y a 


В 
| KAD) z' (0) dt. »- 


It 


Example. Compute = 





| SC MS (26.33) 
с — Zo 
Yr 


where y, is a circle of radius r with centre at point zo traced counter- 
clockwise. 
- The circle сап be represented parametrically as 


z-2 20 re", 0xt«2. 


It follows that z'() = ire" and 
2* . 2r 
dz | ire" - : 2c 
= —y dt = i| dt = 2mi. 
| Z- Zo re’ bs 
Yr 0 0 





Notice that the value of (26.33) is independent of r and zo. 
Reasoning along the same line, we'see that ~ ` 


к L > f (z Pur zo)" dz'= 0, с 
Te 


where n is an integer, п = —1. | 
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Really, 
2r 


I, = int! | een * Dt qp = л. (27 +D L ууш oie 
n+l 


et: M 


Theorem 26.3. (Cauchy theorem). Let a function f(z) be arialytic in a 
simply connected domain D, y be an arbitrary rectifiable closed curve lying 
in D. Then 


| Лда = 0. (26.34) 


Y 


-4 We make two additional assumptions: 
(1) y is a piecewise smooth contour; 
(2) /'(z) is continuous. 

According to the relation 


| Хә а = | udx — vdy + i | vdx + u dy, (26.35) 
Y Y Y 

it is sufficient to show that the integrals | 
| u dx — vdy, | vdx + udy (26.36) 
Y Y 

are zero. 


We denote the inside of y by G. Since the function f’ (2) is continuous 
everywhere in G, the functions u(x, y) and v(x, y) in that domain have 
continuous partial derivatives of the first order. 19а 

Contour « being piecewise smooth, we can apply to integrals (26.36) 


Green's formula, 


= .9v Qu 
| udx — vdy = | Эх H) ахау, 
Y G ` 
T du du 
| va + uay = || (Z - E) акау 
Y : G 2 


According to the Cauchy-Riemann equations the integrands in each of the 
double integrals (26.37) are identically equal to zero. 5- |... 
From the Cauchy theorem we can make the following remark. 
Remark. If a function /(z) is analytic i ina simply connected domain 
D, then the value of the integral " 


| ЛӘ а, 


Y 


(26.37) 


30—75 
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taken along an arbitrary piecewise smooth curve y lying in D is independent 
of the choice of the curve y. It is only determined by the positions of the 
initial and terminal points of the curve: To stress the independence of the 


integral | лә dz of the integration path we will denote it as follows: 
т 


| Kz) dz, 
Zo 


where zo and z; are the initial and terminal points of y, respectively. 
Theorem 26.4. Let a function f(z) be analytic in a simply connected 
domain D, and z and z be points in D. Then the function 
z ; 
F(z) = | MH ay 


Zo 


is analytic in D and 


dF _ 

des Kf). | 
** Ву virtue of property (4) of integrals of a function of a complex variable 
and the previous remark we can represent the relation 


+ t 
Fern Ra „1 ( | AD at - | anar) 
in the form 
К zth 
Fz + ^) - Fa). 1 | far. (26.38) 


z 


We will consider that the integral in (26.38) is taken along a straight segment 
connecting the points z and z + h (Fig. 26.17). 





Fig. 26.17 
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We notice that 
fth r 1th 
ләләр | &=} | лой, 
1 1 
then 
zth 


- fla) =} | (t) -AD dt 


[4 


F(z + h) — F(z) 
h 


Since f(t) is continuous at z, for апу € > 0 there is à > 0 such that 
for It — zl < ô will hold the inequality 1At) — Да)! < €. 
Let lAl < ô. Then 


F(z + h) – F(z) 
a t cz SW 





aol | Ift) - ДӘ! lari 





TN 
| а = £ рт = Е, 


This suggests that there exists 
dF) y, ЕЮ ВӘ _ fo. 
dz ^—0 h f 


Remark. It can easily be seen that this treatment is based on two proper- 
ties of the function /(z): 
(1) f(z) is continuous in a dornain D; 
(2) | До dz taken along any closed contour y lying in D is zero, or, 
Y 


. & 
which is the same, | ЛО dt is independent of the integration path. -- 
“Zo | i iis 


Under these conditions F(z) = f Лр dt is a function эшан їп 1р, 


such that F'(z) = Д2. We will ийке use of this note in the next section. 
A function #(z) is called the antiderivative or primitive of .a function 
Ло) in a domain D, if at each point in D we have "e 
| edat A ж 

dre) = ДӘ. ‚ a (26.39) 
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We will show that any antiderivative Ф(2) of f(z) is expressed by 


B(x) = | Лоа + C, (26.40) 
io 
where C is a constant, zo, Z€ D. 
-4 We put 
w(z) = &z) — | Sts) dt = u + iv. (26.41) 
Then | 
wO = fle) - ЛӘ = H+ 199 = > PE 0. 


It follows that 

ox oy = 9 ду 
and hence u(x, y) = Ci, wx, y) = Cz, where С, and C; arc constants. Con- 
sequently, w(z) = Ci + iC; = C. 


Putting in (26.41) z = zo, we find that (zo) = С.» 
Notice that from the relation Ф(20) = C we can write (26.40) in the form 


| ADdt = д - Ф) = Ф| 


Zo 





(26.42) 


And so if f(z) is analytic in a simply connected domain D that contains 
the points zo and z, then as in the real case we have the Newton-Leibniz 
formula (26.42), where Ф(2) is some antiderivative of Д2). 


2+1 
Exampes. (1) Compute the integral J = f (322 + 22) dz. 
1- i 
~4 The integrand is fü) = 32? + 22, it is analytic everywhere, its antideriva- 
tive is &(z) = z? + 22. Using the Newton-Leibniz formula, we find xs 


2+1; 27 





-G tz), 


Testes a ает. 
z "E. E 
Q) Compile the integral H | AY where z= ге" 95 0.71026 ^ А 


1 А „я MES TEH ETOO 


A ) 
“4 We take as an integration path the piecewise кой cine ABC 
(Fig. 26.18) consisting of a segment AB 3 of the real axis: with:ends at the 
points 1 and г = 121 and a smaller arc BC of the circle | {1 = r with ends 
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at the points r = Izl and z. Then 


Га. (az pa 
pe t { [^ 


^ 
1 AB Bc 


Since { = x in the segment AB, the first integral on the right will be 


= Inr = In 141. 


te 
^l 
Il 
= e у 
"Ig 





Fig. 26.18 


To carry out the second' integration on the right we notice that on 
BCt = ге. Therefore, 
6 





ANT 
| A = | fe Se = i0 = іавс. 
BC 0 
Thus, 
! 
: | d = [n lzl + iarg z, | 
сме T 
! ; олан зс 
and hence. : n 
z' 
i | d e " 
t А As E Ё 


- B eposdan rm + 
1 eee ә- КРК E DH TES ee or 


On the basis of the theorem just, proved we conclude that the principal 
value of the logarithm Inz is an, ‘analytic function for z# 0 and that. | 


dinz_ 1. m 


dz ад 
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Integration of multi-valued functions. Let a function w = /(z) be analyt- 
ic in a domain D. It maps D onto a domain G and its inverse function 
z = g(w) is multi-valued in G. If there exist single-valued (analytic in С) 
functions z = gi(w), 2 = gi(w), ... for each of which the function w = /(z) 
is an inverse one, then these functions gi(w), g2(w), ... are called single- 
valued branches of g(w) defined in G. 

Example. The function w = z" places into correspondence to each point 
za unique point w, but to the same point w (w > 0, w я со) the function 
z= Vw places into correspondence 7 various points z (see Chap. 7). If 
w = ge, then these л values of z are found by 


3 ре+?®К 
=Voe a (—-7«9t&rm, k=0, 1, ...,n— 1). 


Suppose that a simply connected domain G contains a point wo, but 
not the points 0 and œ. Then, with the same choice of a number qo (e.g., 
Yo = arg wo) corresponding to different values of k (К = 0, 1, ..., n— 1) 
are different branches of the function z = Vw. > 

A point is called a branch point of a multi-valued function if branches 
are permuted when one moves round the point in a closed path in a suf- 
ficiently small neighbourhood. 


For the function Yw branch points are w = 0 and w = co. After the 
point w = 0, say, has been traced round л times, we return to the original 
branch of the function Yw. Branch points that feature such properties are 
called a/gebraic branch points (of degree n — 1). 

At each of these points the function has only one value: Уб = 0, 
Yoo = co, i.e., the various branches of the function coincide at those points. 

For w = Lnz, branch points arez = O and z = œ (Ln 0 and Ln œ being 
equal to co). Any finite number of rounds (in the same direction) about 
a point z = 0 will not lead to the original branch of the function Ln z.. 
Such branch points are called logarithmic. 

When integrating a multi-valued function one should isolate its single- 
valued branch. This is achieved by specifying the value of the function at 
some point on the curve along which the integration is to occur. 


DI 


221521: 302 
Examples. (1) Take the integral / = Е where y.is the upper semi- 


vz 


= Y ved. uS s AT 
circumference 141 = 1. For Vz take the branch for which. vi = —1 
(Fig. 26.19).. aD ` 
-4 We put z = re” where. r= L and 8 varies from 0 to T. From the condi 
tion VI = —-1 it follows that. f ' 


s dk 


JF- 67. a ovt ED А. Uo 
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g 
Then 
т т 19 
r= | 2: a- | LS —— di 
AES : б +") 
T i 9 x ія -if . 
2 | ie 6 7a LG | = 2(e т е) 
0 
0 
( 3 
(2) Take the integral J = | nz dz along the smaller arc of the circle 


1 
{21 = 1 (Inz is the principal value of the logarithm; In 1 = 0). 
~@ Using the Newton-Leibniz formula, we obtain 
i А і 
- In^z , _ р 
1 = | e ps | In? zdin 2) = + In* 


1 1 


1 4; 4 1 4; I тї\* т“ 
= = = = — = — | — = ——, > 
4 (In i — In^ 1) qin je (2) 6i 


n 





Cauchy theorem for a multiply connected domain. This Cauchy the- 
orem deals with a contour that wholly lies in a region where the function 
is analytic. But the theorem also holds for the contour that is the boundary 
of the region where thc function is analytic provided the function is con- 
tinuous at its closure. 

We will now proceed to formulate this generalization of the Cauchy 
theorem that is important for practical applications. — 

Theorem 26.5. Let а function f(z) bé analytic in a simply connected 
domain D and continuous in a closed domain D, and aD be a boundary 
of the domain. Then 


[ fi)dz'=0. ^ i Ne (26.44) 


ар » 


“In the complex Me we e take n ‘cipal piecewise: smooth contours I'o, 
Гү, oS T4-4, such that each:of the contours Га, =z- T'5- 1 lies outside 
the. others and all of. them lie inside Ге... UE 
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The set of points inside Го and outside I), ..., Г„-1 is an п-соппесіей 
domain D (Fig. 26.20). 

The complete boundary Г of D is a composite contour made of the 
curves Го, Ty, ..., Г„-1. 

We orient the complete boundary Г of D in the following manner. We 
say that a multiply connected domain is traced in the positive direction 
if the domain D is always to the left. The external contour Го is then traced 
counterclockwise, and Г, ..., l'4- 1 clockwise. 

Theorem 26.6. Let a function f(z) be analytic in a multiply connected 
domain D and continuous in a closed domain D. Then 


MX 7H 


| AD dt = 0, ке (26.45) 
r 


where Г is the complete boundary of D made up of the contours Го, Y'i, 
, T4- 1 and traced іп the positive direction. 





te ep 
IM 


“Fig. 26.20 " 20 2. Вір. 2621... 


муе 1 “a Tos MIS COST 


- We connect the external contour To with г А М Гар 1 by зао curves 
yi s Yn-n i.e, make cuts, and consider а domain D':whose boundary, 
I’ is made up of the curves Го, Г, ..., Г„-; and curves Vly cece Yazi: 
The auxiliary curves yı, ..., ya- 1 are then traced twice: in the ‘opposite 
‘directions (indicated by arrows in Fig. 26.21); the curves yi,.... .,"y4- 1 can 
always: be: constructed so that D°. is: simply.. connected. prupona sui ni 

. According to the Cauchy theorem, the:integral.along:the boundary n^ 
of the domain D“ is zero. Since the integrals along: ук cancel out;;thcn: 
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a-l ! 
| ЛО = | лда + 2, | Dar = 0 |. Q646 
E =! og 
(the superscripts on " indicate the direction of tracing). 
Thus, 


с“ {лра =0.> 
r 


Remark. We can rewrite (26.46) as follows 


| 4n dt - | Anat... + |да. _ (2647) 


г.а 


Theorem 26.7. Cauchy integral formula. Let а function ДӘ be analytic 
in a domain D and continuous in a closed domain D. Then, for any internal 
point z in D we have 


"AE Лоа | 
Aoc | t-z | 
r | 
where T is the boundary of D traced in the positive direction. 
And so the value of f(z) at any point in D is лета by its values 
only on the boundary. 








(26.48) 





Fig. 26.22 


-4 To derive (26.48) we exclude from Da circle of small radius r with centre 
at a point z (Fig. 26. 22). In the domain D' thus obtained both the numera- 


tor and denominator of the integrand fe: are analytic i in f, and the 


denominator is distinct from zero. Therefore this. function is analytic i in 
D' and continuous in the closed domain D’. By the previous theorem the 
integral along the ам of D' is zero, ie; ti 


е 
S 


| Д0 аг E | { A 240, Tn сова 


г T 


where +, is the circle It — zl = л. 


474 26 Functions of Complex Variable 





Reversing the direction of integration in the second term gives 


KE) KH 
| page= ( г (26.50) 


Ye 


Using the well-known relation 


di 54; 
| rear = 2a 





Te 


(sce example on p. 464), we write f(z) as 





RES Ja) 
sazir | fe 26.51 


Y 


Dividing both sides of (26.50) by 2ri, we subtract from them /{z). Then 
we obtain from (26.51) that 


КОЖО ad AD - ДӘ 
EX | irs dE K2) Jri | Par dt. (26.52) 


r v. 


Notice that the left-hand side of (26.52) is independent of the radius 
r of the circle excluded. We estimate the right-hand side of the last relation 





1 ЛО - Л) 1 KD - ЛӘ 
siue eripere 


Yr 
max IAE) — Л)! 
<a) —X——————-.2s«r = max IKE) – Azli. (26.53) 
an r Y, 
Function /(z) is analytic, and hence continuous in D. Therefore, for any 
є > 0 we can choose ô > 0 such that |/({) — /(z)| < e for all { satisfying 
the condition It — zl < à. d x x 
This and (26.53) suggest that by adequately selecting,the radius r the. 
integral on the right-hand side of (26.52) can be made as. small.as. we like. 
On the other hand, the left-hand side of (26.52) is independent of л. >; 


The difference in question is thus zero, which proves the Cauchy 
formula. > 


If, specifically, Г is a circle 


It-zl- 
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then, putting in the Cauchy formula { — z = Re”, gives 
2x 


fa = d | fe + Кей. (26.54) 


АШ 0 


Formula (26.54) is called the mean value formula. 

Let us formulate the result obtained. 

Theorem 26.8. Let a function f(zy be continuous іп a closed circle and 
analytic inside it. The value of f(z) at the centre of the circle is equal to 
the mean of its boundary values on the circumference. 


Existence of derivatives of all orders. of an analytic function. 

Theorem 26.9. Let a function f(z) be analytic in a domain D and con- 
tinuous in a closed domain D. Then at every interior point of D the function 
has derivatives of all orders 


f° w= 





oh eee 26.55 


2)" * t 


where Г is the boundary of D, n = 1, 2, : 
~ To begin with, we make sure that (26.55) holds at n = І. Consider the 
relation 


fih) - f 
h 


Using the Cauchy formula for the values of f(z) at the points z and z +A 
in D, we write it in the following form 


2 r 








-4 Jri t- + ћ) 
zi. AOU —— — 
өө coset ot Ge леті | (t —z- AYE ae z) . (26.56) 


r 


It can be shown’ that when AQ ihe function 
l/(f — z А) 1/({ — z) uniformly for: all the points ¢ on 1 the curve Г. 
тпа there exists the-limit 


PE. fod (AÐ ; 
um | q—:- А-9 | T-a d 


. wal ра е) ' 
— 


It follows from this and (26.56) that there exist the dais ef fJ) and 


=p 
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the formula 


j m Het A - ЛӘ 1 Ju) | 


Assuming (26.55) to be valid for some k = n, we can use the same argu- 
ments to show that it is valid for n = k + 1. > 

Remark. Formula (26.55) can also be proved by differentiating ^ n times 
the equality 


Лә) = 





AD 
| 2-4 (26.58) 


r А аа иу «444—2 


x 


with respect to z. The right-hand side of (26.58) must be differentiated un- 
der the integral sign. 


26.4 Complex Power Series. Taylor Series 


We recall the basic facts about series (see Chap.” 14). 
A series of complex numbers 


Co * Ci t... +С +... = УУ С; (26.59) 
=0 


where c, = dn + ib, is said to be convergent if the sequence of its partial 
sums 


n 
k=0 


has a finite limit c. This limit is called the sum of the series (26.59). 
Clearly, (26.59) is convergent if and only if the series 


Y an and X On 


п=0 п = 0 bs . 
рае} палае 


converge simultaneously. Series (26.59) is said to-be absolutely convergent; 
if the series ; 





c rw (dun soc ELST RA Oa А S „рз 
Z lea ic 
п=0 E : 

is convergent. The series : En m И 


Y ds, $5 b. "and | X le 


nnd js ‘n=O : ze MBO ur c 


КЕЯ "I 
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are series with real terms and the question of their convetgence is solved 
using the well-known convergence tests for series with real terms. 
A functional series 


at 


ow 2; Ја), (26.60) 


where /,(z), n = 0, 1, 2, ..., are defined on some set 5 of the complex 
plane, is said to be convergent at a point z of the set, if for any € > 0 
there exists N such that for all 2 N we have : 


IR,(z)| < €, 


where R,(z) = Y f(z). 


kan+1 
The series (26.60) is said to be uniformly convergent on a set S if (1) 
it converges at each point of S and (2) for any €e > 0 there is N = Me) 
independent of z and such that for all n > N and all z from S the re- 
mainders of the series obey | 


X AQ 


k=n+t 


LE. 








The sufficient test for uniform convergence, which is so important for 
practical computations, is proved as in the case of one real variable. 

Weierstrass test. If everywhere on the set S the series (26160) is dominat- 
ed by an absolutely convergent number series 


f(z)! < lel, 


then (26.60) converges on S absolutely and uniformly. 

Without any changes we can translate to functions of a complex variable 
the proof of the proposition that the sum of a uniformly convergent series 
with continuous terms is continuous; of the theorem stating that a function- 
al series remains uniformly convergent, if its terms are all multiplied by 
a bounded function; and also of the proposition that a series of continuous 
functions uniformly convergent on a piecewise smooth curve can be in- 
tegrated term by term along the curve: 


à, | Als) as. (26.61) 


| Aj di = 
Y n=0 ax0 Y 
Power series. À power series is a series of the form | 


O + Ol- w) +... + e£ д)" +... = У) ez — 20)",06.62) 


n-0 
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where z is an independent complex variable, c, are specified complex num- 
bers and Zo is fixed. 


Clearly, any power series converges at z = Zo. 


Examples. (1) The series У, 1^z" converges only at z = 0. 
n=0 


-4 This follows from the fact that at z = 0 its nth term n"z" does not tend 
to zero: for any z > 0, we can find a number, starting with which Inzi > 2, 
and hence |n?z"| =+ 0 as n — œ. > 


(2) The series У! 


n=l 
-4 For each z we can specify a number, starting with which Izl/n < 1/2. 
It follows that 141"/п" < 1/2", and hence the series is dominated by a con- 


vergent number series. > 
We e z, 





n 
2 converges at each point оп the plane. 
n 


Fig. 26.23 


Theorem 26.10 (due to Abel). Let the power series 


У) стб — 20)" (26.63) 


n=O 


be convergent at some point z, # zo (Fig. 26.23). Then the series 
(1) absolutely converges in the circle 


Iz = Zol < 121 = zol = R, iutju m 
(2) uniformly converges in the circle . jh in 
2-21 < г< А. “= 
9 As stated, the number series 
У, eon — Zo)” . йу (26.64) 


пед t 


converges. By the necessary convergence.test the nth term of the series 
(26.64) tends. to zero as n — œ. Any convergent sequence is bounded. 


we j 419 


Therefore, there is a constant K such that 
lei(zi — zo) | = len IR" < К (26.65) 


for any n = 0, 1, 2, 
7“ We take a point z subject to the condition 


Iz - zi &r« R= la — 201 (26.66) 


and arbitrary otherwise. It follows from this condition that 


zal cf get, (26.67) 


Iz; — zol ^R 
2 — 40 \" 
Zi — Zo 


Inequality (26.68) means that for any point from the circle (26.66) the 
series (26.62) is dominated by the convergent geometric progression 


Thereby, the following estimate holds: 


len(z — Zo)” i = len(zi — Zo)"! - 





< Kq". (26.68) 








K Y, 9". Consequently, the series (25.62) converges absolutely and uni- 
п=0 


formly in the circle Iz — zol < r. & 


Properties of power series. (1) Suppose that power series (26.62) is diver- 
Bent at some point zı. Then the series is divergent at each point z that obeys 


Iz — zol > Iz — zol. (26.69) 


- Suppose that the opposite is true: at some point zz satisfying the in- 
equality Iz; — 21 < Iz; — то! the series converges. Then, by Theorem 
26.10 it must converge at zi as well. But this is at variance with the condi- 
tions. Hence our supposition that there exists a point z2 with this property 
is not true. > 

(2) For any power series (26.62) there exists a number R such that in 
the circle 14 — zol < R the series (26. 62) converges, and outside the circle, 
for Iz — zl > R, it diverges. 
~4 We denote by 5 a set of points where (26.62) is convergent. The set 5 
is not empty: at z = Zo any series OF type (26. 62) with any coefficients con- 
verges (R = 0). 

7 If the set S is unbounded, ‘then (26.62) converges at each point of the 
complex plane (R = œ). 7 
|: .— We suppose that the set 5 of points where (26.62) converges is bounded. 
We put 


we peep demde csi ip eso CUPS S one COS) 
d 0265 0205 2 57 i 
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Clearly, at all points z^ meeting the inequality Iz’ — 201 >! А the series 
(26.62) diverges. > 

If R> 0, the largest region of convergence for the series is the circle 
lz — zol < R. A 

On the boundary 12 — zol = R the series (26.62) may either converge 
or diverge. 

The domain 


Iz - 201 < R, R»0 (26.71) 
is called the circle (or disc) of convergence of the power series (26.62); the 


number R given by (26.70) is called the radius of convergence of the series. 
The convergence radius can be determined from 





Rz ts c, x 0, (26.72) 
n-o lc, il 
Or 
R= lim <, (26.73) 
177 у |с, | 


if the limits exist (finite or infinite). 
Examples. (1) Find the convergence radii of 
„п 
а zt b =, > 0. 
а) У) (b) E 
n-0 n=l 
-4 (a) c, = 1. Therefore Vlal = 1 and R= 1. 
(b) Here c, = 1/n*. We now consider 


deb 2 (п + 1 = (iyu: as n> со. 


lena! n? 


The convergence circle of both series is thus the unit circle Izl < 1. 
But the sets of points where the series converge are different: series (a) 
diverges at all points of the circle Iz! = 1, since the nth term of the series 
at [zl = 1 does not tend to zero; series (b) for 0 < a < 1 at certain points 
of the circle 141 = 1 converges (eg., at z = —1), and at others it diverges 
(e.g.,.at z = +1); for œ > 1 series (b) converges at all points of the circle 
absolutely and uniformly, since it is dominated by the convergent Tiumber 
series 
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(2) Prove that the series 


2 
{4 z 2 E ` | 
l+ Ж-ү К + ЕЕ ое 


converges in the entire complex plane z. 
"4 According to (26.72), 








Y. 


R= lim (a+ D, 
п! 


n= +0 


lim (n + 1) = o.» 


awe 


There is another way of proving this: | 
~ Consider the obvious equality И 


(n)? = (1-л)[2(л — 1)]...[(1 — D-2)Q- 1). 

Each bracket on the right is not smaller than n, since at k = 1, 2 
k(n-k+)-n=(k-1l)n-hb 20 

Therefore, 


(n!) > n^, 
hence 
Val > vn. 
This implies that 
lim t= 0 of А= ә. 


277 icl 





In much the same manner, we can prove that the senes 


=1 n2 2n EST 
bo Э ce and у (= ол Ола) 
п2 | 


п= 0 


are convergent іп the entire complex plane. 
Remark. The series 


ee ee ge 
converges in the unit cre Iz! «1. f | 

But its convergence radius can be found neither from formula (26.72) 
(cn = 0, if n is not a square of an integer) nor from formula.(26.73) (the 


terms of the sequence M lent are alternately equal to 1 


and 0, and so the 
sequence has no limit). БЕ 
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In the general case the convergence radius is determined using the 
Cauchy-Hadamard formula 
cs ee (26.74) 
lim Vica! 
nw 
or 


ls Jm УТЕ. 


The number / is called the upper limit of the sequence of real numbers 
{an} and denoted by 


f= lim ол, 
л— оо 
if (1) for all /’ > / there is a number starting with which all a, <['; 
(2) there exists a subsequence (o,,] convergent to /. 
Each subsequence has an upper limit, finite or infinite. 
If the sequence (o,] converges, then / = lim an. 


n-wo 


Proceeding from the coefficients of the power series 


Co + 2, Calz — 20)", (+) 


net 
construct the sequence of nonnegative numbers 


п 
lel, Viel, ..., Mes cus 


We denote: by / the upper limit of the sequence 


l= lim Vial. 


Then convergence radius R of the power series (*) is given by the 
Cauchy-Hadamard formula 


1 
R-T. oR 
At | = 0 the series (+) is absolutely convergent in the entire plane. 
At [= +œ it converges only at a point zo and diverges at = = 20. 
If 0 «/« +оо the series (+) is absolutely реген: in ше circle 
Iz — 201 < 1/1 and diverges in the outside of the: ee SPCORQSL 
-4 Consider the: three cases. in succession: 22-801 ио Дасс, En vH 
(1) / = 0.-In this case, sitio see Ne, eS 22-5 (Оюп ари 3c us 


"еер YA adm 0. A15 on И ЕИ 
“Tim ied "im Mies ids 


ses ce Хт oa би onang 








rt D zai? tu rrt 
25p92 Jub O7 HIE 
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Accordingly, for any z holds the relation 


P n 
lim Vleal Iz — zl" = 0. 


n~o 


By the Cauchy test (see Sec. 13.3) the series 


Уу lel Iz — zol” i 
n=0 
converges, i.e., the series (+) converges absolutely. 
(2) | = +оо. There exists a subsequence of numbers [лк] such that 
n 
Vicml > + ә. 


Therefore, for any z # Zo 


n n 
View! = zol" = Vic! iz — zl > + о. 


This means that Ica! 12 — 201% > +œ. The series (+) thus does по! satis- 
fy the necessary convergence test (the nth term of the series does not tend 
to zero). 

(3)0 < / € +0, If z = zo, all tlie terms of (+) starting with the second 
one, vanish, and so the series convérges absolutely. 

Let 2 я ze and z lies inside the circle Iz ~ zol < R. We put 
Iz — 201 = 0?R, where 0 < 0 < 1. Since l’ = 1/0 > l, by the definition of 
the upper limit, beginning with some number all vica} < /'. Then 


Yial iz- m < l’ Iz- zl = Гев =9<1. 


It follows by the Cauchy test that (+) is absolutely convergent. 
If z lies outside the circle 12 — zol > R, then Iz — wl = R/0, 
0 « 0 < 1. By the definition of the upper limit there exists a sequence of 


n 
numbers [лк] such that Ме, > /. 


Therefore, 
n Pe ait 
M lel tz = zl > llz — zl = Roi > І. 


0 6 
Hence, lc! 12 — z9l"* — + оо, and the series (*) diverges, since it does 
not satisfy the necessary convergence test. > 


Theorem 26.11 (Taylor theorem). Let a function f(z) be analytic in a 
circle 1z.— zol < R: Then in the circle f(z) can be represented as a sum 
of the convergent power series 


Ju = У) сб — 20)". e (26.75) 


п=0 
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-4 Let z be an arbitrary point on the circle 12 — zl < R. We construct 
a circle of radius r < R with centre at point zo, which contains the point 
z (Fig. 26.24). We denote by y, the circumference |t — zol = r that bounds 
it. 


Fig. 26.24 


From the Cauchy integral formula we have 


Лә) = AL | JU df. (26.76) 
wi t-z 
Yr 
For any point ¢ оп the circumference y, we have 


Iz — zol 
EE maie =q<l. А 


z — £0 
{ — xo 








The geometric progression 


b o 1 5 А (2 — zo) (26.77) 


t-z ( EE) { — 20 (t — zo)" 
} – = n=0 


on yr is dominated by the convergent number series 


D v EET 


and so it.converges absolutely and чыыры in f. 
' We multiply both sides of (26.77) by ——— ЛО). This "a not violate 


г Di is con- 


tinuous, and hence bounded on y. Therefore, it is quite ак to inte- 





the uniform convergence of the series, since ge function 
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grate term by term the resultant series along +;: 
A. LAO » | 1 | ДО) а | " 
d -——- |-- “> — zo). 

2тї [fo -z к "ai )({-)"* (e i 


ps Y Е Y 
7 


Putting here 


mE | AD dt 
^i ) (= way" 








(п = 0, 1, ...) | (26.78) 


and taking into account the Cauchy formula (26.76), we obtain 
ЛӘ = У) cz — zo)". (26.79) 
a=0 

Since z is an arbitrary point of the circle lz — Zol < R, it follows from 
(26.79) that the resultant power series converges to /(z) everywhere inside 
the circle. > 

Notice that the coefficients c, are independent of the radius r of the 
circumference y, (0 <r < R). 

Power series (26.79), whose coefficients are given by Q6. 78), is called 
the Taylor series of f(z) with centre at point zo. | 

Using formulas for derivatives of analytic functions (see Sec. 32.3), we 
write the coefficients of the Taylor expansion as і 


_ fo) 


^q 





(п = 0, 1, ...) 


and so they are defined uniquely. 
Theorem 26.12. The sum f(z) of the power series 


Де) = 2i oz - 20)" | (26.80) 


a= 


is analytic in its convergence circle; the derivative f'(z) can be obtained 
by termwise differentiation 


Г) = » nez — zo)". (26.81) 
nal , 


4 |t is natural to assume that the convergence radius R > 0. The power 
series 


s)- Y nalz- "and gaz- w= У поб а)" 
п=0 п= 1 
- (26.82) 
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converge and diverge simultaneously. Since 


i 
n —— ~n 
Tim Valc,| = Tim п “Ус, = Tim Vel, ; 
п п оов n>a 
the convergence radius of the series (26.82) is also R. 

In each circle U, lz — zol < r < R, these series converge uniformly. Ac- 
cordingly, the function /(z) is continuous in U and the series, whose sum it 
is, can be integrated term by term. Let y be an arbitrary contour lying in 
U. Then 


j g(2dz = У no, | (2 – z)'" а: = 0 


Y 


(see Sec. 26.3). By Remark to Theorem 26.4, the function 


| 204 = Xi по | Œ - 2)" ' dt = 2 с (2 — 20)" 
Zo ns Zo nw 


at each point z € U has a derivative equal to g(z). Then the function 
z 
Л = о+ | edt К 
10 
will also have the derivative / (2) = g(z) at each point z € U. > 
Corollary. Inside the convergence circle a power series can be termwise 
differentiated and integrated any number of times; the convergence radius 
of the resultant series will then be equal to the convergence radius of the 
original series. 
Theorem 26.13. /f a function fz) can be represented in a circle 
lz — 4! < R as a sum of the power series (26.80), then the coefficients of 
the series are determined uniquely by 


T 
"f - Le) (п=0,1,2,...). (26.83) 
TI 
-« Putting in (26.80) д = Z% gives SiGe Airs зден 
Ла) = о. м ' 


We now differentiate the series (26.80) termwise . T 


Га) = а + 20(2 — 29) +... *no(- a)l 4... А 


НИ 


(26.84) 
Setting іп (26.84) z = zo, we obtain that 7777 23 
S'o) = с. Б 
We differentiate (26.80) term by term:n times — 27 2. 


= OZ) =n! Ca + (n + In... Wena i(Z — 20) + .... A 
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Putting here z = 20 gives 
SO) = nl en. 


To sum up: any convergent power series is a Taylor series of its sum. 9» 
‹7* Formula (26.83) indicates that the coefficients of a Taylor series can be 
computed as in the real case. 
Let us find, for instance, the expansion into a Taylor series with centre 
at a point z = 0 of the functions е“, sin z and cos z. 











-4 Since 
d” z z 
dz” (e ) en ze lio ay 1, 
we have 
eo 
n 
e=1+ © 
n! 


Recall that derivatives of trigonometric functions are found using the 
same formulas as in the real case. Then 


е г? " gett 
aS ae et ea er 
2 2n 
m ipia 
cos 2 = 1 y tee +С 1) rey Ае 


As shown in this section, these series converge in the entire plane. 
Example. Find the expansion into a Taylor series with centre at a point 
Zo — l of the function 


z 





dt 
laz = | —-. 
Mea 
t 
~ Using (26.83), we find 
co = In1 = 0,- Aad = 1, 
Ziz=1 
_ l , quei (п = DU .CD"'., » 
zz M (п = 2,3,...). 


Hence 


Inz = Deore 


n=l 
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The resultant series converges in the circle |z — 1| < 1 (Fig. 26.25). 
These expansions can be found otherwise. Since 


тур=!+є+ё+ +++... |2] < 1, 
we have 
1 


р 2_ 3 ann 
i-r! e+e +r... t(D 0... 





© 


Fig. 26.25 


Integrating term by term gives 
1 


а x (= 1)" nat 
| tees ЕНЕ ГЕИ T... 


or 


In(l + z) = » ipee ci 


Putting 1 + z = { gives 


Int = 2 ("ay - D^ . > 


. n-l 
Notice that these expansions can be obtained by formally substituting 
into the expansions of Chap. 15 the complex variable z for the real vari- 
able x. pois 


Cauchy inequalities. Let a function f(z) be analytic in a circle 
|z — Z| < К and on the circumference yr: |2 — | = г < R its modulus 
being not larger than a constant M. " 

The coefficients c, of the. Taylor series of f(z) witha centre at the point 
20 obey _ “a 


x 


= Тїн 


M | | 
|с | S (n = 0, 1,... TER (26.85) 
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-4 As stated 
VG) < M 
for all points ¢ on the circumference y,. Therefore, using (26.78), we obtain 
ak ` ; 
m 1 Оа 1 M , M 
al < =— ————- < -—— = Q» 
lc | 2T | Ir - 20|" +! 2T ps! 2ar | г 


Tr : 
Theorem 26.14 (Liouville theorem). Let а function f(z) be analytic in 
the entire plane, and its modulus be bounded. Then f(z) is constant. 
-4 By the Taylor theorem on any closed circle |z| < r thé function /(z): 
сап -be represented in the form of the Taylor series with centre at zero: 


А) = 2; caz". 


Since the modulus of f(z) is bounded, i.e., 
(«M 


the coefficients c, of the series obey the Cauchy inequalities (26.85). Radius 
r can be infinitely large. Therefore, for n = 1, 2, ... the right-hand sides 
of (26.85) tend to zero as z > оо. But the left-hand sides, Fd) are indepen- 
dent of r. Hence, c, = 0 for n = 1, 2, ... and f(z) = » 

Corollary (basic theorem of algebra). Any оо of nonzeroth 
degree 

P(z) = су + az... + C72", п> 1, Cn 20 

has at least one complex root. 
94 We will prove this by contradiction. Let Р(х) have no root. Then 


/(@) = Pay 


is an analytic function, subject to the condition . 
lim f(z) = 0. (26.86) 
1- < 

The function /(х) is bounded in magnitude іп the entire plane. (From 


(26.86) follows the existence of R > 0 such that for all z, |2| > R, holds 
the inequality [/(z)| < 1, if Шү Lf(z)| = M, then [/(z)| f M + 1 for all 


. Z.) Therefore, by virtue of йе ‘Liouville theorem f(z) = const = 0, which 
is contrary to the definition of f(z). » 


Zeros of analytic function. Let f(z) be an analytic nuncio in a do- 
main D. A point zo in D is called a zero of f(z), if f(z) = 0. The expansion 
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of f(z) about its zero z into a power series has the torm 


Ла) = У alz- m), 
a= 
ie., со = 0. If the coefficients ci, С, ..., cx 1 are also equal to zero, and 
сє is nonzero, then the point zo is called a zero of order k. It follows from 
formula (26.83) that a zero of the kth order is characterized by the relations 


Ла) = 0, f'(2)90,.., Jf" "(m)-0, So) # 0. 


In the neighbourhood of a kth-order zero the expansion of f(z) into 
a power series has the form 


Л) = У) o(z- 20)" = (z — z) g(z). (26.87) 


The function 


g(z)- у? Ca k(Z — Zo)" (26.88) 


п= 0 


has the following properties: it is analytic in the neighbourhood of zo; 
2(z) = 0 and the convergence circles of the series (26. 87) and (26.88) 
coincide. 

Examples. (1) Find the zeros of f(z) = 1 — е“ and determine their 
orders. 
-4 By cquating /(z) to zero we will find the zeros: zn = 2тлі, n = 0, x1, 
+2, .... Further, 


/'@тпї) = _е?"" =о-1 E 0. 


Thus, /(2-ni) = 0, f'(2«ni) #0. Consequently, the points Za = 2тлі 
(п = 0, +1,-+2,.. .) are simple zeros of the function f(z) = 1 — ех. » 
(2) Find the order of the zero zo = 0 of the function 


2° 
F(z) = —4 € =£ n FO): =0. 


— sin z 


oie. Moe 
Жү. the expansion of sin z into a a Taylor $ series witli centre at the. point 
= 0, we find that 


"welt "ul "a^ ЖЕЛ. сызы: ЖЕ ЕЕ 


2 ^. : ny кв”, кы х 05 
- f(a) = [quum wor: m 


мм 7? 


mI 


; 4 
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where 


1 
ы 
a 


Since g(0) = 6 = 0, the point zo = 0 is a zero of the fifth order for this 
function. » 


26.5 Laurent Series. Isolated Singularities 
and Their Classification 


Taylor series are effective tools of examining functions that are 
analytic in a circle |z — zo| « R. To examine functions analytic in an 
annulus 


Ocr«|z-z|«R& +æ 


it appears possible to construct expansions in positive and ncgative powers 
of (z — zo) of the form 


Z Culz — mw)" (26.89) 
n= -œ 
that generalize Taylor series. 
Series (26.89), understood as a sum of two series 
n C-m 
py Cn(Z — 20)”, 25 SECUS UT (26.90) 
(z — zo) 
n=0 m=1 
is called the Laurent series. 
Clearly, the convergence domain of series (26.89) is the general part of 
the convergence domains of each of (26.90). We now proceed to find it. 
For the first series 


У Calz — zo) (26.91) 
n=0 * 

the convergence domain is the circle |z — zo| < R, whose radius is deter- 
mined by the Cauchy-Hadamard formula 


i = Tim Val. 


Inside the convergence circle series (26.91) converges to an analytic function, 
and within any circle of a smaller radius |z — zo| < R’, R’ < R, it conver- 
ges absolutely and uniformly. 
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The second series 


25 mE (26.92) 


m=t 

represents a power series relative to the variable { = 1/(z — zo) 
D, € anb (26.93) 
mal 


Series (26.93) converges inside its convergence circle to the analytic function 
of the complex variable { 


1 
Id Ss 
where 


r= lim N|c-4| . 
т— о 


In any circle of a smaller radius it converges absolutely and uniformly. 
This implies that for series (26.92) the domain of convergence is the 
circle 


Âz- zo| > г. 


If r « R, there exists a general convergence domain for (26.91) and (26.92), 
ie, the annulus 


r«|z-z|i«R, 
where series (26.89) converges to an analytic function. In any annulus 
r'€&|z-zuI«R', 


where r<r’-< R’ < R, it converges absolutely and uniformly. 
Example. Determine the convergence domain for the series 


M ane sueta X EE 


nA-eo n=l n0 


-4 The first series converges in the outside of the circle |z| > 1, and the 
second series converges in the inside of the circle |z| < 2. Thereby, the series 
converges in the annulus 1 < |z| < 2. » 

Theorem 26.15. Any function f(z), single-valued and analytic in the 
annulus r « |z — zo| « R, can be represented in this annulus in the form 


26.5 Laurent Series. Isolated Singularities 493 


of the sum of the convergent series 


Ја) = DY с(&—ж)" | (26.94) 


Whose coefficients c, are defined uniquely and are computed by 


l sÐ) og = | 
| q-a th =O +l, 2B... (26.95) 


Сп = 


Te 
where ү is the circumference of radius o: |z – | = o, r« o < К. 
<4 We take an arbitrary point z inside the annulus г < |z|- Z| < R. We: 
construct the circumferences y, and Yr: with centres at z, the radii r’ 


and R’ obeying 
r«r'«|z-z|«R'«R. ; 
Consider the new annulus r’ < |z — zo| < R’ (Fig. 26.26). 





l'ig. 26.26 


By the Cauchy integral theorem we obtain for the multiply connected 


domain 








. 1 [D kc Jy do 
TÉ тг | 
We transform individually each of the integrals in the sum (26.96). For all 
points on the circumference yg: we have 
1 — Z9 


2g«l. 
F-a] 4 
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Therefore, we can represent I/({ — 2) as the sum of the uniformly conver- 
gent series 


1 = n 
~ f= x 2; (2). 














Multiplying both sides by the continuous function i f(t) and inte- 
grating term by term along the circumference ypg’, we obtain 
l JG) Е руи 
PT | am dt = У} 20)", (26.97) 
Үд: п=0 
where 
eck Nad) 2g 26.98 
^ar | acter at: YE 
Yr: 


We transform the second integral in another way. For all points ¢ on 
yr, we have 
t-a 


på = 


$ 77 4) 





=p<il. 








Therefore, we can represent 1/({ — 2) as the sum of the uniformly conver- 
gent series 


КОК ООШ. saa t-a)" 
pes -%,_ {-@ Sx (2) 

















Z — 29 nz 
Multiplying both sides by the continuous function _ f(t) and inte- 
grating term by term along the: circumference yr’, we obtain 
l S) C-n 
= —M dte ЕЕ 26.99 
2ті | t-z , 2, (z — zo)" ( ) 
Ver: ei SDE Se md uber n 
where pee e 
ERNS 1 ae n-1l 
кок | ANG —ay-tar. (26.100) 


V 
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Notice that the integrands in (26.98) and (26.100) are analytic functions 
in the annulus r < |z — zo| < R. Therefore, by the Cauchy theorem the 
values of the integrals will not change, if we replace the circles уд, and 

26 by any circle yę: |z — | = о, wherer « o < R. This enables us to 
“combine formulas (26.98) and (26.100): 





-_! ЖО, < 
7 ud | (F— ay dt (n=0,+1, x2...). (26101) 


Ye 
Substituting (26.97) and (26.99) for the respective integrals on the right 
of (26.96), we will obtain the expansion required 


f(z) = >; Ca(Z — Zo)" + » aoe = Э; Cn(Z — Zo)". 


n=0 azl n= – ю 


(26.102) 


Since z is an arbitrary point of the circle г < |z — zo| < R, it follows that 
series (26.102) converges to the function f(z) everywhere in the annulus, 
and in any annulus r <r’ € |z — | < R’ < R the series converges to 
this function absolutely and uniformly. 

We prove now that the expansion of the type (26.94) is unique. Suppose 
that we have another expansion 


Ја) = A a(z- ә)". 
п= ~ о 
Then inside the annulus r < |z — | < R we will have 
2j alz- %)" = У) (2 - а)". (26.103) 
n=-@ n=-% 
On the circumference y,: |z — | = 0, r < o < R, series (26.103) conver- 
ges uniformly. We multiply both sides of (26.103) by (z — zo) "^ * '/2mi, 
where т is a fixed integer, and integrate both series term by term. 
From (26.55) we obtain c4 on the left, and c, on the right. Thus, 
Cm = Cm. Since m is an arbitrary number, then the last equality proves the 
uniqueness of the expansion. >» 
Series (26.94), whose coefficients are found by E. 95), is called the 
Laurent series of f(z) in the annulus г < |z — z| < 
The collection of the terms of the series with cee powers of 
(z — 20) is called the regular рагі ої the Laurent series, and with negative 
ones, its principal part. 
Formulas (26.95) for the coefficients of the Laurent series are used only 
rarely, because as a rule they require cumbersome calculations. Ge- 
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nerally, if possible, ready-made Taylor expansions of elementary functions 
are employed. Since the expansion is unique, any legitimate procedure leads 
to the same result. — 

Examples. (1) Consider various Laurent expansions of the function 


? 2z +1 
1) = —————— 
dE pue 
at zo = 0. 
-4 The function /(z) has two singularities: 2) = —2 and z = 1. Conse- 


quently, there are three annuli with centre at z = 0, where f(z) is analytic: 
(a) the annulus |z| < 1, (b) the annulus 1 < |z| < 2 and (c) the outside 
of the annulus |z| > 2 (Fig. 26.27). 





Fig. 26.27 


We find the Laurent expansions of f(z) in each of the domains. 
We represent f(z) as the sum of elementary fractions 


А) = l L (26.104) 


+ — 
z+2 z- | 





(a) the circle |z| < 1. We transform relation (26.104) in the following 
manner: 





2 1 " Е 
Р) = 5 +S ISS (26.105) 


Using the formula for the sum of a geometric progression (Chap. 14), we 
obtain 





2 3 
Lsi- [z| < 2, (26.106) 
eS 
1 


fags арі жажа жож... ||<1. (26.107) 
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Substituting these into (26.105) gives 


2z+1 d z M _ 2 эү 
zZ+z-2 2 4*g ie sss (L+z+z +z +...) 


де -.., dz«t 


This expansion is the Taylor series of /(z). 

(b) the annulus ! < |z| < 2. Series (26.106) for the funistion 1/1 + 2/2) 
remains convergent in the annulus, since |z| < 2. Series (26.107) for the 
function 1/(1 — z) for |z| > 1 diverges. Therefore, we will transform f(z) 
as follows: ре 


1 1 1 





sa=i—— +1. (26.108) 
z 2 1 
1 += 1-— 
2 
Using (26.107) again gives | 
] 2.5 1 1 1 i 
| SIL Ye I diee | (26.109) 


< 


This series converges for |1/2| < 1, i.e., for |z| > 1. Substituting expansions 
(26.106) and (26.109) into (26.108) gives 


2z+1 Iz 2 2 "E 
molded + = ep vd pen 
2+:-2 2 4 в 16 z g 
2 ‚3 
= ЕТЕ i 
or | 
HE 
Я 1 < {z| < 2. 
21-2 port po 12| 
пэ | n= { 


(b) the outside of the circle |z| > 2. Series (26.106) for Iv + z/2) when 
|z| > 2 diverges, and series (26.109) for 1/(1 — 1/2) converges. 
We represent f(z) as follows: | 





1 1 1 1 1 1 1 
Kz) =- — Wem + 
1142 51-1 al\iež 1-4 
Using (26.106) and (26.107) gives 
fa) =i (1+ t6 кїр ++ ) 
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or 


25 + 1 2 1 5 7 
pu ed EE a ee z»2. ~ 
+2 z7 0x* 7? {° iz 

This example illustrates that the Laurent expansion of a function f(z) 
will, generally speaking, be different for different annuli. 


2z+1 





(2) Find the Laurent expansion of the function f(z) = Pr in 
zZ +z- 
the annulus 0 < |z — 1| < 3. 
Fig. 26.28 
-4 We represent f(z) as follows (Fig. 26.28): 
E 1 
(у= ae т (26.110) 
and transform the second term 
ia 1 ak 1 
z+2 3+ (z- 1 31 1—1 
3 
Using the formula for the sum of а geometric progression, we will obtain 
1 21 2-1, (-1P _ œ- 
ES Ag ш m FO 
ыш б 2 
3 | 
4—11 <3. 


Substituting the expressions obtained into (26.110) gives · ~ ': " 


E ded (z - 1)? _ (z- 1) ig Bn 
Were 9 do 27 E cars WDR Mog 
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(3) Find the Laurent expansion of the function /(z) = z? cos} in a 


neighbourhood of the point z = 0. 
-4 For any complex t, we have 


ot 2 6 
° E NEAN 
кереке aoo 


We put f = 1/2. Then 
2... 1 2 1 1 1 
12°С0$5— =z |1- +— - +... 
z ( 2!iz iz 61:5 ) 


ЕЧЕН ПОРС 
"* at ae gw 


+... 








улуб 


This expansion is valid for any point z ; 0. In the case, the annulus is 
the entire complex plane with one point z = 0 punctured out. We can define 
the region by 


0 < |z - 0| < œ. 


Неге г = 0, R- 0, wm = 0. 

This function is analytic іп the domain |z| > 0. > 

Arguing along the same lines as in the previous section, we can obtain 
from (26.101) for the coefficients of the Laurent series the Cauchy inequali- 
ties: if a function f(z) is bounded on the circumference |z — zo| = о 
(L/(z)| < M, where M is constant), then 


les n (л= 0, x1, £2, ...). 


Isolated singularities. A point zo is called an isolated singularity of a 
function /(z), if there exists an annulus-type neighbourhood of 2 


0< |z- z| < £” 


on which f(z) is a single-valued and analytic. 
Depending on the behaviour of f(z), as one approaches 20, one may 
encounter three types of singularities. 
An isolated singularity may be: 
(1) removable, if there exists a finite lim /(%); 
(2) a pole, if lim f(z) = 9; 
-*20 


(3) essential, if f(z) has no limit as z — zo. 


^ This set is called the punctured neighbourhood of z. 
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The type of an isolated singularity depends on the nature of the Laurent 
expansion of f(z) in the circle 0 < |z — zo| < & with the punctured centre 
Zo. 

Theorem 26.16. An isolated singularity ж of a function f(z) is a remov- 
able singularity if and only if the Laurent expansion of f(z) in a neigh- 
bourhood of ж contains no principal part, i.e, has the form 


ео 


F(z) = Ў) са(2 – zo). (26.111) 


n= 
~4 Let zo be a removable singularity. There exists a finite lim /(z), and 
2>% 


hence f(z) is bounded in the punctured neighbourhood of the point zo: 
0< |z — z| < £. We put |/(z)| < M. By the Cauchy inequality 


|| < Mo" (п=0, +1, £2, ...). 


Since р can be as small as you like, all the coefficients at negative powers 
of (z — zo) are equal to zero: c, = 0, n= -1, — 

Consequently, if the Laurent expansion of f(z) about zo only contains 
a regular part, i.e., it has the form (26.111), and hence is a Taylor expansion, 
we can then easily see that as z > zo there exists the limiting value of /(z) 


lim f(z) = со. в 
170 


Theorem 26.17. An isolated singularity хо of a function f(z) is гетоу- 
able if and only if f(z) is bounded in some punctured neighbourhood of 
29: 0< |z- zo] < €. 

-4 Let zo be a removable singularity of Ха). Putting 


Ло) = lim f(z) 
1-4 


we will find that f(z) is analytic in some circle with centre at zo. >» 

This explains the name of the singularity—removable. 

Theorem 26.18. An isolated singularity хо of a function Дх) is a pole 
if and only if the principal part of the Laurent expansion of f(z) in a neigh- 
bourhood of the point contains a finite (and positive) number of! nonzero 
terms, ie. it has the form 


flz)= X az-a, m»0 com #0. (26.112) 


9 Let ж be a pole. Since lim f(x) = œ, there Өй a punctured neigh- 


bourhood of Zo, where fla) is analytic. and nonzero. Then in the neigh- 
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bourhood the analytic function 


-l "T РОО СЕИ 
g{z) = Fa ien RU rage ee 


15 defined such that 


lim g(2) = та уау = 0. 
1-10 
Accordingly, the point zo is a removable singularity (zero) of g(z) and 
g(z) = b«(z — zo)" + Б +102 — 20) * +... bin 5 0,- m > 1, 
or 
g(z) = (z – zo)" h(z), 


where A(z) is an analytic function; A(z) = 0. Then 


g(z) (z-z)" h(z)' 


By the relation A(z) = 0, the function 1/h(z) is analytic in а neigh- 
bourhood of the point zo, and hence 


e 


] _ _ п 
h(z) = 25 Cn - n(Z — 40)". 


п= 0 





It follows that 


f(x) - МЕНЕ 0 35 Cn- „(2 20)" 





(2 — 2) 
п= 0 | 
C-m C-1 n 
Buca cT Уу Zo)". 


n=0 
Now suppose that in the punctured neighbourhood of [zo the function 
f(z) is expanded by (26.112). This implies that in this neighbourhood S(z) 
is analytic together with the function noya | 


#(@) = (z — 2)" f(z). | 
We can expand g(z) by d 
#(@) = C-m + с-та — m) +. ease 

It is seen that zo is a removable singularity of g(z), and that there exists 


lim g(z) = б-т 0.. 


RRaieiee ыз аат OF 
штел Dee ПАА o4 332 Por- 
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Then 


4 &(Z) 
J (2) Gear 





tends to œ as z —^ zo, ie. Z% is a pole of f(z). > 

The point z is a pole of /(z) if and only if g(z) = 1//(z) is analytie 
in a neighbourhood of z and g(zo) = 0”. 

The order of a pole of f(z) is the order of the zero of 1//(2). 

Theorems 26.16 and 26.18 lead to the following assertion: 

Theorem 26.19. An isolated singularity is an essential singularity if and 
only if the principal part of the Laurent expansion in the punctured neigh- 
bourhood of the point contains an infinite number of nonzero terms. 

Examples. (1) The point zo = 0 is singularity of the function 
f(z) = (e* ~ 1)/z. 

-4 We have 





z _ 
i NE Y 
z—0 z 

Accordingly, z = 0 is a removable singularity. The Laurent expansion of 

f(z) about a zero point contains only the regular part 


Sex С 3 _ 
fo -i( i: 3 tate ) 
ОЕ 
1 — cos z 


(2) f(z) = S84. 
z 


-4 The fonction has a singularity zo = 0. We have 


; l — cos z 
lim — = со. 
z—0 1 


Consequently, zo = 0 is a pole. We expand cos z into a Taylor series in po- 
wers of z. We will then obtain the Laurent expansion of f(z) about zero: 


1 2 „4 6 
лә (га) 


The function р (2) = 1//(z) can be made analytic by putting 2(20) = 0. 
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The Laurent expansion of f(z) about z = 0 contains a finite number 
of terms with negative powers of z, namely thrce. Since the largest power 
of z in the denominator of the principal part of the expansion is five, then 
лу = 0 is a pole of order five » 

" The behaviour of a function about an essential singularity is character- 
ized by the following 

Theorem 26.20 (Sokhotsky theorem). // zo is an essential singularity 
of a function f(z), then for any complex number A (finite or infinite) there 
exists the sequence of points zy — zo, such that 


jim f(z) = А. 


Example. f(z) = e". 

-4 The singularity here is zo = 0. 

Let us consider the behaviour of the function on the real and imaginary 
axes: on the real axis z = x and f(x) = е > +œ as x — 0, on the 
imaginary axis z = iy and f(iy) = е7 —0 as y 0. 

And so there exists no limit of /(z) as z > 0, either finite or infinite. 
Hence, zo = 0 is an essential singularity of f(z). 

We now find the Laurent expansion of f(z) in a neighbourhood of the 
zero point. 

For any complex { we have 

2 3 
ef = | (dede 


We put f = l/z? to obtain 
Mao 1 1 b 
wat artes а 


The Laurent expansion contains an infinite number of terms with nega- 
tive powers of z. 5» 


26.6 Residues. Basic Theorem of Residues. 
Application of Residues to Integrals 


Residues. The residue of a function f(z) at an isolated singularity 
zo is defined as a number 


res f(zo) = —— | Оа, (26.113) 


2ті 
2 


where y is a sufficiently small circumference |z — zo| = r, i.e., on the circle 
|z — zo| < r there are no other singularities of f(z). 
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From the formula for the coefficients of a Laurent expansion it follows 
directly that 


res f(zo) = э | Лоа =c-1 (26.114) 


Y 


The residue of f(z) at an isolated singularity zo is thus equal to the 
coefficient at (z — zo) to the power minus one in the Laurent expansion 
of the function at zo. 

This suggests, in particular, that the residue at a removable singularity 
is equal to zero. 

We will now provide some formulas to compute the residue at a pole 
of a function /(z). 

(1) zo is a pole of order one: 


4 3 Ca(Z — 20)". 


n=0 <= 


f(z) = 





Multiplying both sides of the relation by z — z and passing to the limit 
as z — Zo gives 





lim (z — zo)f/(z) = c- i. (26.115) 
If f(z) can be represented as a fraction 
_ _¥(Z) 
f(z) Va)’ 


where e(z) and V (z) are analytic functions, such that (zo) z 0, ¥(z) = 0, 
V'(zo) # 0, ie. zo is a simple pole, then it follows from (26.115) that 


(z) Н vez с) v (zo) 
-= lim (z — а) 20). = s Xo. 
Saber ANE eder coa Ble) c) таш 


2 — 29 


Example. Let f(z) = z/(z? + 1). 
-4 The singularities z = +/ of f(z) are simple poles. M 


Dow DEINDE Cm 
res f( i) -—- FL 





. э 
2- 
- (2) zo is a pole or order т: 
C-m Ci Б 
f(z) = — 7 4..i4 + Cn(Z — Zo)", . Com + 0. 
f e aoe, x Уро — 2) 


^n-20 
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To remove the negative powers one z — zo we multiply both sides of this 
by (2 — x)" 


, SOZ- w)" =c-m+... +c- i -ш)" Л! + at-a 
7“ 


Differentiating the resultant relation т — 1 times andi | Passing to the 
limit as z > zo, we obtain | 
| 
" 1 : а"! _ Е m : 
res f(z) = c-1 = (m-1W nd dz [(z — zo) Aer (26.116) 
Example. f(z) = iF | id 
<4 The function has singularities at z = +i. These are poles of the second 
order. We will work out, say, res (i). We have 


res f(i) = 4 lim t [e - i? cw 


+ 1)? 
= fim d l ——— = - lim БЕ ИЕСИ ЕА »- 
z-i dz (+) coi (+i) Q) 4 
Theorem 26.21. Let a function f(z) be analytic throughout a domain 
D save for a finite number of isolated singularities zi, .. i, Zn. Then for 
any closed domain G lying in D and containing the points zi, ..., Zn we 
have 
n 

| ЛО dt = 2ri У) res f(z). (26.117) 

aG k=1 


4 The theorem follows from the Cauchy theorem for a multiply connected 
domain. We construct the circumferences (Fig. 26.29) 


үк: Iz = zl =r (k=1,... n) 





Fig. 26.29 


506 26 Functions of Complex Variable 


of radius r that is so small that the circles Uy = dz — 21 < л, bounded 
by them lie in G and do not overlap. 

We denote by G' the domain that remains when we remove from G 
the circles Ui, ..., Un. The function /(z) is analytic in G’ and continuous 
in its closure С“. Therefore, by the Cauchy theorem for a multiply connect- 
ed domain we have 

a 
[ADar- У | nar. 
eG 


k=l y, 
From this, using the definition of the residue 


| ЛО dt = 2ai Лак), 


we arrive at the relation (26.117) required. > 
Residue at an infinitely removed point. We say that a function /(z) is 
analytic at z = оо, if the function 


«m - (E) | 


is analytic-at the point ¢ = 
For example, the function 


IU 
Да) = sinz 


is analytic at z = œ, since the function 


a(t) л) = sint 


is analytic at { = 0. 

Let a function /(z) be analytic in some neighbourhood of оо (save for 
the point z = œ itself). 

The point z = оо is called an isolated singularity of f(z), if in some 
neighbourhood of the point there аге. по other singularities of /(2). 

The function 


1 
ЛӘ = sin 4 
has at infinity a nonisolated singularity: the poles zy = k x of the function 
accumulate at infinity if k — œ.. 


? This shoud be taken to mean that. a function g(t) = ЛІР) can be made analytic by 
putting g(0) = lim /(2). 


gra 
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We say that z = оо is a removable singularity, a pole or an essential 
singularity of f(z) depending on whether lim /(z) is finite, infinite or 
nonexistent. куе 

The type of an infinite point in terms of the Laurent expansion is deter- 
mined by other criteria than for finite singularities. 

Theorem 26.22. [f z = œ is a removable singularity of a function f(z), 
then the Laurent expansion of f(z) in a neighbourhood of the point contains 
no positive powers of z. If z = «o is a pole, then this expansion contains 
a finite number of positive powers of z, and if the singularity is an essential 
one, an infinite number of positive powers of z. 

We define the Laurent expansion of f(z) in a neighbourhood of an in- 
finite point to be an expansion into a.Laurent series such that it converges 
everywhere outside a circle of a sufficiently large radius R with centre at 
z = 0 (except perhaps for z = œ). 

Let a function /(z) be analytic in some neighbourhood of z = œ (save 
perhaps for the point itself). 

The residue of f(z) at infinity is the quantity 


res f(co) = € | да, (26.118) 


M 
where y^ is a sufficiently large circumference 141 = o traced clockwise 
(so that the neighbourhood of z = co will lie to the left, as in the case 
of the finite point z — zo). 

It follows from the definition that the residue of the function at infinity 
is equal to the coefficient at z~' in the Laurent expansion of f(z) about 
z = оо taken with the opposite sign 


res Доо) = —c- 1. (26.119) 


Example. Consider the function Д2) = (z + 1)/z. 

-4 We have f(z) = 1 + 1/z. This expression can be viewed as the Laurent 
expansion of the function.in the. neighbourhood of z = œ. It can easily 
be seen that 

lim Лх) = 1, ^. ud "pc 

zm 
so that the point z = оо is a removable singularity, and. we put, as usual, 
Ло) = 1. Here c_, = 1 and hence 


res Доо) = —1. > 


nat ot 


This example suggests that the residue of an analytic function about 
a removable singularity at у пише: а finite removable singularity) 
may be nonzero. ` > . MENS UR | 
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The well-known Taylor expansions of the functions ež, cos z, sinz, 
cosh z, and sinh z can also be regarded as Laurent expansions in the neigh- 
bourhood of z = œ. Since all of these expansions contain an infinite num- 
ber of positive powers of z, the above functions have an essential singularity 
at z= oo. 

Theorem 26.23. If a function f(z) has on the extended complex plane 
a finite number of singularities, then the sum of all its residues, including 
the one at infinity, will be zero. 


Therefore, if zi, ..., Za are finite singularities of fz), then 
res Доо) + У) res f(z) = 0 (26.120) 
k=1 
or 
n 
геѕ Лоо) = — У) res f(z«). (26.121) 
k=l 


This relation can conveniently be used to compute some integrals. 





Example. Take the integral 7 = | dz P 
1+4 
121=2 
-4 The poles (finite) of the integrand f(z) = 1/(1 + z*) аге the roots zx of 
the equation z* = —1, all of which lie inside the circle 121 = 2. In the 


neighbourhood of the point z = œ the function f(z) has the following ex- 
pansion 


1 1 1 1 1 
Je) = -z ——— a ae Fae жч 
2 1 z z 2 
1+-ү 
& 
from which it is seen that res f(co) = —c., = 0. 


By Theorem 26.23, 


I = 2xi У) res Да) = —2тїге$ Доо) = 0. > 
k=l 
Application of residues in computing definite integrals. Residues are 
widely used to take definite integrals, notably integrals of rational function. 
Theorem 26.24. Let f(x) be a rational function, ie., 


_ Рух) 
fa) = Sey 


where P,({x) and О„(х) are polynomials of degrees n and m, respectively. 
Lf f(x) is continuous on the entire real axis (Qn(x) # 0) and m zn + 2, 
ie., the degree of the denominator is, at least, by two larger than the degree 
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of the numerator, then 


T f(x) dx = 2io, 


) -0 


t 

where а is the sum of the residues of the function f(z) at all poles lying 
in the upper half-plane. 

-4 Consider the closed contour y made up of the segment of the real axis 
-R <x S Rand the upper half-circle yr: 141 = R, Im z > 0. We can take 
R so large that the inside of the domain bounded by «will contain all 
the poles Zi, ..., zt Of f(z) that lie in the upper half-plane. 


n 





Fig. 26.30 


By the basic theorem on residues (Fig. 26.30), 
І 


в 
| Mag = | Лаа | Ла = 2zi X res Ла). 
Y R ' 


= Yn =! 
We estimate | . By the condition imposed on the degree of P,(z) and 


Yr j 
Qm(z) there are positive numbers Ro and M such that for 121 > Ro 


ГАІ ur | 


By Property (6) of integrals of a function of a complex variable we 
have for R > Ro 


| лә: < | pl мн e Map = Mg 





Ya ‘Yr i 
as R> œ, 
We pass in 


R i . 6 o 
| Дх) ах + | Si) dt = axl 2; res f(zx) 
-R di =i 
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to the limit as А — оо. Notice that the right-hand side of this is independent 
of R, and the second term on the left-hand side tends to zero. It follows 
that the limit of the first term exists and is 


co 1 
| Лх) dx = 2xi У) res f(z), (26.122) 
E k= 
where zi, ..., z are all poles of /(z) lying in the upper half-plane. > 
: f x! dx 
Example. Take the integral 7 = ———34»5 020. 
(x^ + a^) 


0 
~ Since the integrand 


fe) = 


n. 
(x? + a’)? 


is an even function, we have 


a» 


fad Н х? dx 
2 (х? + а?у* ` 


Consider the function 


ДӘ) = =. 
(z^ + a^) 
which is coincident with /(x) on the real axis, ie, at z = x. In the upper 
half-plane f(z) has an isolated singularity z = ai, which is a pole of the 


second order. The residue of f(z) at z = ai will be 


res Дай) = lim a c [Де zz — ai)’) 


zai 

а E = dim 2E 1 
z-ai dz | (z + ай? zai (C+ adi) | 4ai ` 
Using (26.122) we find 


li 





n 2 
x” dx ыр | т 
„зл rA 5 oe 
| (х? + а)? 2 "dai 4а 





|= 


Consider the integral of the form 


2r 
| R(cos x, sin x) dx, 
0 
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where R(u, v) is a rational function of u and v. We-introduce the complex 
variable z = e". Then 


_ 4 г? +1 
i 


z -1 
dx = =, COS X = ; sinx = 
z 2z 


2iz 








(26.123) 
c 
Clearly, here Izl = 1, 0 < x < 27. The original integral thus becomes ап 
integral of a function of a complex variable round a closed contour 


_ f p+! zg-17y«. ы 
[= | R( is 5x )&- | Flz) dz, 


Y Y 
where y is the circumference of unit radius with centre at the origin: 
Izl = 1. 

According to the basic theorem on residues, the resultant integral is 
equal to 2zio, where о is the sum of the residues of the integrand F(z) 
at poles lying inside y. 

Example. Take the integral 








2* 
dx 
[= = ==; >b>0. 
| (a + b cos x)? ^ 


0 
~“ Substituting z = е‘ and rearranging (see (26.123)) gives 


Ka | zd e» 23 res F(z.). 


i (bz + 2az+ b) і 
y k=1 


Inside the unit circle (a > b > 0) lies only one pole (of the second order) 


а= tN (n = 1). 


The residue of the function 


Еі} == Ё 
Vt Ба аа ry 


at the point 21 is 


a 2 
resFizi)= lim 2 |—_@ = 20% |... 4 _ 
"uar dz | b'(z — z)'(z — z) 4(a^ — b*y^* 
Thus 
2ra 


512 26 Functions of Complex Variable 


We next consider integrals of the type 


| R(x) соз ax dx, | R(x) sin ax dx, 
0 0 


where R(x) is a proper rational fraction, a > 0 is a real number. 
When handling such: integrals the following lemma is often helpful: 
Jordan's lemma. Let a function f(z) be analytic in the upper half-plane 
Imz > 0, except for a finite number of isolated singularities, and for 
zl > оо it tends to zero uniformly іп агр =. Then for any positive a 


lim f fiz) e* dz = 0 (26.124) 
R>% 
YR 


where yr is the upper semi-circumference \z| = R, {тс > 0. 
~4 The condition for /(z) to tend uniformly to zero suggests that on the 
semi-circumference уд 


Iz)! < Mr, 


where Mg > 0 as R > œ. 
We will estimate the integral under consideration. We notice that on yr 
| bi Be OT ee cape 
leit? | = feitR cosy + sing) | = le aRsing + iaReosy | =e айза. 
dz = d(Re'^) = iR e" de. 
Hence, ldzl = Rdy. We get 


< f INZ)! lel lazi 


YR 


| | KG) e"* dz 





< Mg > R j еіп аф = 2Mg-R і e 7 tRsine do. 


0 a 
(26.125) 


By the well-known inequality (Fig. 26.31) sin e > 2~/z, which holds for 
0 < o « 2/2. To prove this, it is sufficient to note that 


(=!) P тк (р — tang) < 0 for O<y< T 


and so the function (sin ¢)/¢ decreases on the half-interval (0, 1/2] and 
3/2 -/2 


-2aR 
T 


—aRsine « ae. E Lec) | 
f.e de < E de = 0-677. (26.126) 


0 0 
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Comparing (26.125) and (26.126) gives 


| | ДӘ e"* dz me (1-е) +0 


7 Yn 
pL 
a 


“as Rc. 
Example. Compute the integral 


< 














I= | xsinax dy  a>0, k»Q 


х + К 





Fig. 26.31 Fig. 26.32 


- We introduce the auxiliary function 
е! 
A(z) = DT 


It is easily seen that if z = x, then Im A(z) coincides with the integrand 
(Fig. 26.32) 


2X sin ax 
Жи xu 


Consider the contour indicated on the figure. At sufficiently large R 
the function | 


elz) = —5——у, 
+k | 

according to the relation [z^ + К21 > 11? — k?, obeys on ће arc ya the 
inequality 


R | 
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as R — co. Hence, by the Jordan lemma 


lim ae dz = 0. (26.127) 
z + k? 


R>% 


YR 


-For any R > k, according to the basic theorem on residues, we have 


R 
X e z eiat ^ 
-R YR 


where 





iaz ` iaz ; ~ak 
e А е — 
с = res Ес. =| = lim Е а ik) =f. 

ек | ZO +k. z=ik Z +k 2 


Passing to the limit in (26.128) and taking (26.127) into account, we find 


iax 

xe а 

| A EET. dx = sie ak, 
X CU 


Separating tlie real and imaginary parts on the left and right we will have 


eo 
xsin ax 
a Gr dx = те 
x +k 


-ak 


Because the integrand /(z) is an even function, we find 


T -аК 
=_e > 
2 


In this example the function /(z) has no singularities on the real axis. 
But some additional measures enable us to apply the method even when 


Jz) has singularities (simple poles) on the real axis. We will illustrate this 
by an example. 


Example. Compute the integral 


ео 


sin ax 

[= | coles dx, а> 0, b > 0. (26.129) 
0 

~ The function 


faz 


h(z) = 202 + Б?) 
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has the following properties: Й 

(1) Im A(z) at z = x coincides with (ће integrand; 

(2) h(z) has a singularity on the real axis (a simple pole at z = 0). 

Consider in the upper half-plané Im z > 0 a closed contour Г consisting 
ot segments of the real axis [~R, —/], [7 К] and arcs of semi- 
circumferences y, Izl = 7, and ya, 121 = R (Fig. 26.33). 





Fig. 26.33 


Inside the contour lies only one pole of A(z), ie, the point z = bi. 
By the basic theorem on residues 


- г 


Ы iex „iaz 
| h(z) dz = | M et | = 


x(x? + b?) zz ab 
r -R Yn 
ах аат 
+ | ue ce d | RUE 4 = 2лїо, 
Jo хх + 07) J o Ab) 
' и (26.130) 
where | 
iaz iaz ZA bi) е -ab 
= И ——Є—— = 1 e"(z-b). Mex 
o rell z(z^ b?) гы z(z5 b?) 2b? 


We rearrange at first the sum of the integrals along the segments 
[-R, —r] and [r, R] on the real axis. Replacing in the first term on the 
right of (26.130) x by —x and combining it with the third (crm gives 

zy R 


ef е! 

Tea ЧЕ. ax + RETE Es IU dx 

X + b’) x(x^ + b^ 
-R F 

R | R 

er — eu И sin ах dx 

= ~ —- dx =2 SES cii 

| xo! + BD : | xe + 55) 


г г 
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We now turn to the second term in (26.130). Since 





1 
= + 1), 
xotg 


where lim g(z) = 0, then the integrand A(z) can be represented as follows: 
270 
І #0) 
A(z) = —,— + 2. 
(2) bz z 
Then 


к— 


h(z) dz = 4, | az, | 8(2) gz. 
b 1 z 
Е Y Yr 


Putting z = æ”, we find 


0 
1 dz 1 ire'* іт 
- —= —- dp =.--3,, 
и | fof | See 
Yr * 


0 
| eO gz = j | g(e*)de—0, г 0. 


Ву the Jordan lemma, the fourth term in (26.130) as R — © tends to 


zero, because, the function /(z) = - tends to zero as Iz] > oo: 


1 
aes 


faz 

lim — E dz = 0. >. (26.131 

Ra | z(z^ + b^) Ў ( ) 
YR 


And so, as R > œ and r > 0, (26.130) becomes 


| sinaxdx _ mi _ іё 
x +6) p bc 
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Hence 


eo 


 sinaxdx 
= (1 — e77’). > 
| ro) ee 


, x(x + 
ot 
Consider the Fresnel integral 
ео со 
› { env? 
| cos х? dx, l sin х? dx. 
0 


We introduce the auxiliary function f(z) = еі . Inside the contour Г: 
shown in Fig. 26.34 (ОА = ОВ = r, 4 АОВ = 11/4) the function is analytic, 
and by the Cauchy theorem 

| e dz = | e" dx + | е‘ dz + f ei? dz = 0. (26.132) 
OA + BO 


© 


8 


Fig. 26.34 


We show that | 
lim | еі dz = 0. | 
| 


rw 


df 


Putting z? = (, we obtain dz = —- and 
ing z 6 we Nt 


га eË 
| е“ dz = | We dt, 


т, Га 


where Гл is a semicircle of radius ra. 
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The function g(t) = 1/(2Vt) meets the conditions of the Jordan lemma, 
and hence 


it 2: 
im |та | ano 


Pan Y 


ix/4 2 2,ix/2 
, 


On the segment BO: z = ge 7? = gie"? = ої, 0 < o <r. Hence 


iz? t е! 1 f -e 
fe dz = je e "dg = -e je dg. 
BO r 0 


Passing in (26.132) to the limit as r > ©, gives 


| e" dx = e | ете de. (26.133) 
0 0 
Knowing that, 
t Ут 
есе dg =<, 
| 2 
we have 
dvi | snedxsl |f. я 
| cosx^dx +i | sin x^ dx ЕА 
0 0 
Hence 
cosx? dx=} [E їпх?ах mt |5.» 
2 4I2' 2442 
0 
Exercises 


Find the real and imaginary parts of the function: 


1. у= 2 2. Д, ю 2+1. 3. м = 1 4. w = 2. 
N z РА 
Find the images of (һе real and imaginary axes for the mappings: 
jie wee 
2-1 2 


Prove that the function is continuous іп the entire complex plane: 
7.)w =z. 8. w= Rez. 9. w= Imz. 

Using the Cauchy-Riemann conditions, find whether or not the ‘func- 
tion is analytic at least at one point: 


n 
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= 

10.75. є 12. 141 2. 13. аве (и) e”. 
estore a function /(z) that is analytic If a neighbourhood of the point 
20, from the known real part u(x, у): or from the known imaginary part 


бб, y) and E value /(20): 
23 
(5.!u = lys = Lie. = 2xy + 2y, fl) = 2i — 1. 
х? 





Show ee "Uis following functions are harmonic: 
17. x! + 2x - y ie cos y. 19. ian ^! Y(n. In (x? + y^). 


Show whether or not the following functions can be real or imaginary 
parts of the analytic function f(z) = u(x, у) + iv(x, y): 1 
2 
21. u 2 x! - y? + 2ху. 22. и = x?. 23. pax tty 


24. и = е7“, 25. w = sinz. 26. w = cosh (2 — 0). (27. w = tanz. 
Find the modulus and principal value of the argùrñent of the function 
at a point Zo: 


Find the real and imaginary parts of the Gry atone, 


8. Ww = COSZ, Zo = 5+ iln2. 29. w = sinhz, z = 1 + 5. 30. w = ze, 


Zo = IT. 
Find the logarithm of the following numbers: 
31. e. 32. –1. 33.1. ki -1-i 
Solve the equat ZN 
35. е“ + 12 0; e+i=0. 37. sinz = „(3 38./ Таке the integral 
| (1 + i — 2z) dz, "Wheré y is a line connecting ‘THe points zı = 0 and 


x 
z = l + i, which is: (a) a segment; (b) an arc of the parabola y = ^ (с) a 


ken line 212322, 43 = 1. 
39.\Take the integral d (z? + 4) dz, where y is the semi-circumference 
Y 
Izl =!,0<агрт<т 
Take the integrals: 


-1-i 1+4 і 
DA (2z + ae.) | е а 42. | ze" dz. 
1 |, 0 -i 
k Take the integral | Z, where y is the upper half of the circumference 
1 


Iz! = 1 (take the branch of Vz for which VI = 1). 
Upke the ida | zx dz, where y is the segment connecting the 


` Y 
points zı = 1 and z =i. 
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Take integrals: 


ež е? 
45. = dz. d. 
| 2424 | vd = 
Izl=1 z-il=t 


mop ®®в | aang, 
zZ 1 


121=1 





а=} 
Find the radius of convergence for the series: 


49. J, e"z". 50. У itz 


n=l nal 
51. У B 52. 3 sin f 27. 
n=l n=l 


53. У, (1 + 9%". 
n=t 


Expand the functions into a Taylor series and find the radius of conver- 
gence of the resultant series: 





58. sinh? z in z. 
Find the zeros of the functions and their orders: 
$9. 2) + 422. 60. (sin z)/z. 61. z? sin z. 62. 1 + cosh z. 
etermine the interval of convergence for the series: 


ae «© (ук 


п=0 


"s T (66 = + 2e 


n=l n=0 





65; 


e Find the E VNB S gabon the нош! = 0 of the functions: 





e the Laud t bond Ti the annulus: 


71. , 
D z tz 





uberi E Q1«dzl «o. 
z +z 
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1 d wee. 
4 + 34+ 2 
ЕЕ БЕБЕ 4« Iz * 21 < o.- 
(z^ - 4)? | 


7^ Find the singularities of the following functions and determine their 
nature: 
15; LOOSE ae rece 


- 


4, 
sinz 2-1 
z 29 + 277 + z 
Find thé residues of the functions at their singularities: 


(Ope (OE " fne ub XS 


Take the integrals: 


"IE у oft. 
zz +1) sin  zcosz 
АЕ 


121=2 zl= 


T1. 


О 


2e] e? dz 
85. z! зїп — dz. 86. 65 
z | 10-1 


Cx 
11 =1 Iz -11=1 


a Determine the nature of the point at infinity: 


/ 


OE = (ms: 90. ze", 
z z 


Take the integrals: i 


dx ` ах 

1. . 92. ———r17 
©: (x? + DU | l+x 

Л | cos x dx | 

(x? cero x!-9' | 

| x’ cos x dx x? sinx dx | 

(х? в 1) ' (x? + 1)?" | 

0 0 | 


97. | COS ax — cosbx qc 050 b» 0. | 
x 

| 

0 t 


N, 














i 
! 
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1x 
precem E a 
1 -2pcosx + p 
Yr 
99. —gexdx —— gee pel. 
| 1 — 2psin x + р? d 
Answers 


1. и= х + 2ху, о = у - х? – у. 2. и = х? – уу = 1+ 2ху. 3. и = 





[1 
x? + у? 
2 2 

x - 2xy 

Y gu = ; àv SS 
x? + y! x! y х + y 
from — оо to + «o и changes from +1 to — œ and from + « to +f (the point +1 is excluded); 
the y-axis goes into the circle u? + v? = 1. 6. The x-axis goes into the u-axis as above; the 


y-axis goes into the line u = 1 that is traced [rom the point +1 to 1 + foo and from 1 — ico 


to 1 (the point +1 is excluded). 10. No. 11. Yes. 12. No. 13. No. 14. Yes. 15. U; 16. z? + 2z. 
z 





v= 








E 5. The x-axis goes into the u-axis; as x changes 


21. Yes. 22. No. 23. No. 24. u-e' *cosy о = е7" іп у. 25.. и = sin xcosh y, 


v = cos x sinh у. 26. u = coshxcos(y — 1), v = sinh x sin (y — 1). 27. w= PER СОЗ, 
cosh? y ~ sin? x 

v= опон o оа = - 29.0 = cosh I, фо = Y 30. 0 = T, po = "ud 
cosh? y — sin? x 4 2 2 2 


31.1 + i2rk. 32. (n - ; ) к. 33. i (» + т)” 34. in VŽ + (n - 5) т (everywhere 


І 
k 20, +1, +2, ...). 35. ze = i(2k + i)m. 36. а = (2 Ps 2] 37. zu = Ink - 


Па (Мт + 1 т), tae = Qk + Dr — Йа (Ма + 1 — x) (everywhere К = 0, +l, 
4 
+2). 38. (а) 2(i — 1), (b) -2 + 3^ (c) – 2. 39. – 8/3. 40. —2 — 2i. 41. ecos 1 — 1 + iesin 1. 


42. 0. 43. —2 + 2i. 44. — 1/8. 45. тї. 46. т/с. 47. — тї. 48. — 2i. 49. 1. 50. 1. 51. eo. 52. 1. 53. L 
К . 2 


А 2? 3 
54. “sin + 2z + Neos + So (e+ D'sin I е Deos ss, В = œ. 
1 т 1 | rM 1 | 3 
5s. — |1 + ee pee = = 
| (: =) ET (+) 3 rto А ыза; 
лааг 
І 3 3 ;.39! Е 5 "END 
56. —|1 4 (2424+ —«(z-2)4—(042)4...|, А =. 57. ева в й 7... 
5 5 5? 53 3 
iff 2 2 ; 
В=1. 58 — (— + —+—+...), А = о, 59. = 0 (second order), za = 2i 
242! 4! 6! 
(simple). 60. z, = тп (a = +l, 42, ...) (simple). 61. z = 0 (third order), z = an (n = +1, 


+2 ...) (simple). 62. z, = (2л + 1)ті (n = 0, xl, +2, ...) (second order). 63. Izl > е 
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є. 2«Ilzl «4. 65. Ec dzl «2. 66. Oc dhe 6. - 5 4 І 
z И 5! 7 
І 1 І ee г? 
68. LE MCA НЕР ge Sg E = eg РОС 
2 ё 2 W з а 2 а Gg ё 25: 

т _ ру pt 
po x DE n. Es ээ. Е 
» ao п+1 z" 

nzi 
(-1)"_, nan"! . Я ; 
-z. "M. —————. 75. z=0 is a removable singularity. 
21+! (2 + 2p *! 
nod aal 
76. z = 0 is an essential singularity. 77. z = @ is a simple pole. 78. z = 0 is a pole of the fourth 
5 


orden z= –1 is a simple pole 79. res ДО) = -7 res Д1) = е res ДО) = 0, 


e 
able singularity. 88. An essential singularity. 89. A removable singularity. 90. A pole of the third 


order. ө. 21, n. эз. 7. 94. —. 95. 0. 96. —. и. 2 а оов 27 99.0. 


3e? de 2 1-р 


81. res Д0) = -i 82. res fl) = —1. 83. (: - 2 т. 94. 2х1. 85. 0. 86. ri 5 . 81. A remov- 





Chapter 27 


Integral Transforms. Fourier Transforms 


211 Fourier Integral 


Integral transforms are a powerful tool in dealing with problems 
of mathematical physics. 
Let a function /(x) be defined on an interval (a, 5) finite or infinite. 
The integral transform of f(x) is the function 


b 
Flu) = | K(x, w) S00 ах, (*) 


where the function K(x, w) is fixed for a given transformation; it is called 
the kernel of the transform (it is assumed that integral (+) exists in the 
proper and improper senses). 
Any function f(x) which on an interval [—/, /] meets the conditions 
for it to be expanded into a Fourier series can in the interval be represented 
by the trigonometric series 


Ах) = э + 25 (a cos Tx + b, sin T x). (27.1) 


п= 1 


The coefficients a, and b, of (27.1) are defined by the Euler-Fourier 
formulas 


аһ = p | £0) cos 117 а (n = 0, 1, 2, ...), 
-i 


Л 
bn p (ло зт ат (п = 1, 2, ...) 
u 


(27.2) 


The series on the right-hand side of (27.1) can be written in another form. 
So we will introduce into it from (27.2) the values of coefficients a, and 
bn, and bring under the sign of integrals cos (птх//) and sin (nrx/N (which 
is possible because the integration variable here is 7) and use the formula 
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for the cosine of a difference. We will have 
П 


Л) = 55 ојл ат + x {ле cos me- dr. (27.3) 


7* n=l 7| 


If a function was originally defined on an interval of the number axis larger 
than the segment [ — /, /] (e.g., on the entire axis), then the expansion (27.3) 
will reproduce the values of the function only on the interval [—/, /] and 
will continue it to the entire number axis as a periodic function with period 
21 (Fig. 27.1). Therefore, if f(x) is, generally speaking, a nonperiodic func- - 
tion, and it is defined on the entire number axis, in (27.3) we ean try to 





Fig. 27.1 


go to the limit as / > + co. It is quite natural to require that the following 
conditions be met: 

(1) f(x) meets the conditions for it to be expandable into a Fourier series 
on any finite segment on the x-axis; 

(2) f(x) is absolutely integrable on the entire number axis, ie, 


| VGo|dx = K< +. | (27.4) 


If condition (27.4) is met, the first term on the right of (27.3) tends to 
zero as | + +œ. Indeed, 


t t +% 


ar | oe < zoe < <> | Иа = > o. 





We will find the limit of the sum on the right of (27.3) ; l> +œ. We 
put in (27.3) 


2 ү 
DOC 


АЁ = {+1 Èn = т/і, so that 1// = Atm. 


f= 


“iA 
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The sum on the right of (27.3) will then become 


oo { 
1 py Atn | (т) cos &(x — ndr. (27.5) 
asl -I 


The integral converges absolutely, and so this sum for sufficiently large / 
will differ but slightly from the expression 


i 5 | Лт) cos En (x "E т)ат, 
nzi — в 


which looks like an integral sum for a function of the variable £ 


+a 


vo=4 | Ji) ctr ра 


formed for the interval (0, + х). Therefore, it would be only natural to 
expect that as l> + со, when An = t/l — 0, the sum (27.5) will become 
the integral 


| Wedi = 1 | & | Хо) cos E(x = ndr. 
0 0 - ә 
On the other hand, as / ^ + оо (x is fixed) it follows from (27.3) that 
ao i 
Se) = lim >; ; | (т) cos т (x – тат, (27.6) 
п= 1 -tł 
and we obtain” 
flo = ` | dt | Лт) cos E(x — ndr. (27.7) 
0 — о 


A sufficient condition for (27.7) to be valid is given by the following. 

Theorem 27.1. If a function f(x) is absolutely integrable on the interval 
— оо < x < +оо and together with its derivative it has a finite number of 
discontinuities of the first kind on any finite interval [a, b], then 


+o +o 


Sed =< | dt |/o cos (x — т)ат. 


0 — со 


? The reasoning is not rigorous. 
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We consider then that at any point хо, which is a discontinuity of the first 
kind for f(x), the integral on the right-hand side of (27.7) is equal to 


-Hf - 0) + Ло + 0). 
gt 2 
Formula (27.7) is known as the Fourier integral formula, and the in- 
tegral on the right, as the Fourier integral. 
If we make use of the formula for the cosine of a difference, formula 
(27.7) can be rewritten as 


Jœ) = | [a(£) cos £x + b(£) sin £x]d£, (27.8) 
i 0 
where 
a(t) =1 f f(s) соз tr dr; b(t) = 1 | f(s) sin Er dr (27.9) 


The functions a(t), b(£) are counterparts of the corresponding Fourier 
coefficients a, and b, of a function with period 27, but these latter are 
defined for discrete values of n, whereas a(t) and b(t) are defined for con- 
tinuous values of £€(— œ, +œ). 


Complex form of the l'ourier integral. Assuming f(x) to be absolutelv 
integrable on the entire x-axis, we will consider the integral 


Гло sin E(x – т)дт, -œ < < +оо, 


This integral converges uniformly for – о < £ < + оо, since 
|/(т) sin E(x — 7)| < |/(т)|. 


Therefore, it is a continuous and, obviously, odd function of £. But then 


1 + +o 


im | dt Гло sin E(x — dr = | dt Гло sin £(x — 7)ат = 0. 
nios —e -œ Er 
On the other hand, the integral 


| f(7) cos E(x – r)dr, -o«t« +оо 


is an even function of £, so that 


+o +o + +o 


| dt | f(x) cos E(x — ат -l | dt | f(a) cos £(x — пат. 


0 — аз — а -a 
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Therefore, the Fourier integral formula can be written as 


+o +a 


fx) = x | dt | т) cos &(x — ndr. (27.10) 
We multiply 
0= x | dt | f(a) sin £x — даг 
T 


by the imaginary unit i and add the result to (27.10) to obtain 


+ on 


fx) = " | dt | f(r)[cos £(x — т) + i sin £(x — т)]ат. 


Using the Euler formula e” = cos р + isin o, we will have 


+o +a + со 


ЈО) = 5 | dt | reta = + | e^ "gr [оета 


(27.11) 


This is the complex form of the Fourier integral. 
The external integration with respect to £ is here understood in the sense 
of the Cauchy principal value 


pe (Гло: үр ar) dt- lim f el (Гло: T as) at. 
-œw -N 


-w N> +œ EN 


27.2 Fourier Transform. 
Fourier Sine and Cosine Transforms 


Let a function f(x) be piecewise smooth on any finite segment of 
the x-axis and absolutely integrable on the axis.. 
Definition. A function 


+ со 


Е = = | soe ae (27.12) 


is called the Fourier transform of f(x) (spectral function). This is an integral 
transform of f(x) on the interval (— оо, + оо) with the kernel K(x, £) = 
e Ër. 
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Using the Fourier integral formula 


+o en 


f = x. | eat | дес", 
ot | - © - = 
ме will get 
Jœ = i | Fipe az. (27.13) 


This is the so-called inverse Fourier transform relating F(t) to f(x). 
Sometimes the direct Fourier transform is given by 


F(t) = — | fide ах. 27.12’ 
(8) X (л ) ( ) 
Then, the inverse Fourier transform will be 

S(x) = x| Е( етае. (27.13') 


The Fourier transform F(£) of f(x) is also defined by 


F(t) = (faye "dx. !' 0712") 
Then in turn 


+o 


fay = 1. -| F(De'*az. Q73") 


The position of the factor 1/27 is here sufficiently arbitrary: it can either 
enter into (27.12") or (27.13). 
Examples. (1) Find the Fourier transform of the functioh /(х) = g^ 
(a > 0). | 
- By definition we have ! 
+a 


F(t) = zl е "е ах. (27.14) 


We can here differentiate with respect (о Ё under the integration sign (the 
resultant integral converges uniformly, when £ belongs ito any finite 
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segment) 

+a 2 

1 Lui : 
Е'(®) = — | e^ е й i dx. 
Ут 

Integrating by parts gives 
+оо 
| e^" q(e-?n) 


ве ЖУ 
F'( = =з. 


+œ 


- X |, [rou Ee | етее (ibas). 


The first term vanishes and so we have 


+a 


| 
Мл 


eTe idy = — È 
2a 


Р = -E FQ. 


eo 


hence 
2 


Е( = Се *, (27.15) 


where С is а constant of integration. 
Putting in (27.15) £ = 0 gives C = F(0). By (27.14), 


+a 


F(0) = 3 | е dx, (27.16) 


It is well known that 
+0 
( e^" dx = Ут. 


Therefore, 


+o 


95 -i 
а 


and hence, by (27.16), F(0) = 1/V2a. 
Thus 


din. 


IN ] `- 
F() = — 
(0) d.t. 
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Specifically, for f(x) = ere (a = 1/2) we have 
p 
Е() =e 7» 


2 (2) (Discharge of an electric capacitor through a resistor.) Consider the 


function 


7" г> 0 


ло = {0 ос (а > 0). 


The spectral function F(£) will be 


+ о + < 


1 -at dt 1 | -atipe 1] | 
F(t) = === \е “е “dt = —— \e dt = ——-~ 
© | Tix | 





NS Ja. a + iE 
0 


yi 





0 EE 
Fig. 27.2 


Hence (Fig. 27.2) 


ty? = а 
| F(3)] em. 21(a? n £^?) n 

The condition for f(x) to be absolutely integrable on the interval 
(— оо, + оо) is quite stringent. It excludes, for instance, such elementary 
functions as f(x) = 1, /(x) = x’, (x) = cos x, f(x) = е”, for which there 
exist no Fourier transforms (in classic form). 

A Fourier image can only be found for functions that lend to zero as 
|x| ^ + оо sufficiently fast (as in Examples (1) and (2)). 


Fourier sine and cosine transforms. Using the formula for a cosine of 
a difference, we will rewrite the Fourier integral formula 


+оо `+ 


fe =È | & [ло cos tæ- nar 
0 
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in the form 
f(x -l | TM £x ( [ле соѕ Ёт ar) dé 
т) 1 
+4 | sin £x ( | S(t) sin £r ar) d$.. (27.17) 
0 — о 


Let f(x) be an even function. Then 


To cos tr dr = 2 Гло cos tr dr, 
= o 0 


+0 
| Лт) sin £r dr = 0, 


so that we have from (27.17) 


feo -i | cos Ex ( | f(t) cos ёт ar) dt. (27.18) 
0 0 
If f(x) is odd, we likewise obtain 
fy = 2 | sin £x ( | f(z) sin £r ar) dt. (27.19) 
0 0 


If f(x) is oniy defined on (0, +œ), then formula (27.18) extends /(х) to 
the entire axis in an even manner, and (27.19) in an odd manner. 
Definitions. The function 


FQ = E 


is called the Fourier cosine transform of a function f(x). 
[t follows from (27.18) that 


| Хох) cos £x dx (27.20) 


t oA ш rre t 


0 


+ «о 


fo) = E | F cos Bx a. Q7.21) 


This implies that /(х) is in turn a cosine transform for £F. (£). In other words, 
the functions f and F, are mutual cosine transforms. 
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The function 


ЕД0 = E | Sd sin £x dx | (27.22) 
: ) PN 
ei called the Fourier sine transform of f(x). 
By (27.19), 
+œ | 
До) = | | F,(£) sin £x dé, | (27.23) 
0 : 


а 


ien, f and F, are mutual sine transforms. 
Example. (Rectangular pulse.) Let /(f) be an even function defined as 
follows: | 


1 
AO) = fo for |t| <6 


for |i » 8 (0 > 0 = const). 


Then | 
8 


F.(£) = E | cos £t dt = pat. : (27.24) 
1 i 


(see Fig. 27.3). 





Fig. 27.3 


We make use of these results to take the integral 


+ = 


Si (оо) = | = ах 7 
Ж 
By (27.21), we have | 
+œ +œ | 





Q= B | F.(£) cos £t P =2 2 | =. cos £t dt. : (27.24) 
0 Н 


0 
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At t = 0 the function /(/) is continuous and equal to unity. Therefore, from 
(27.24 ^), 


+ = + о 


le [88 ag = 2 [9526 дөр - 2 [t 
т x ў 
0 








Alm 


5 т er 
0 
so that 
+o 


i 
[Eta = ee 
x 
0 


wla 


Amplitude and phase spectra of the Fourier integral. Suppose that a 
function f(x) with period 27 is expandable into a Fourier series 


ао , 
SQ) = 3 + У! (аһ cos nx + b, sin nx). 


п= 1 


We сап represent this іп the form 


aO 00 Р 
f(x) = 5 2u Cn COS (NX — Yn), 


п=1 


where c, = Va? + b? is the amplitude of oscillations with frequency л, and 
Фп is the phase. We thus come to the concept of the amplitude and phase 
spectra of a periodic function. 

Under appropriate conditions a nonperiodic function f(x) defined on 
(— оо, + со) сап be represented by a Fourier integral 


+œ + со 


о) = 2 | dt | JC) cos E(x — т)ат, 
0 


= со 


which is an expansion of the function in all the frequencies 0 < £ < +a 
(expansion in a continuous frequency spectrum). 


Definition. The spectraí function or the spectral density of a Fourier 
integral is the expression 
4o 


50 = | Лође ах 


(the direct Fourier transform of /(х)). 
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The function 


[ito ү) уе X2 
A(Q) = |5(Ю| = I fà cos £x ax) + (i F(x) sin £x ax) 


m 
7 is called the amplitude spectrum, and the function 
$(£)- —arg S(£) 
is called the phase spectrum of f(x). 
The amplitude spectrum A(£) is a measure of the contribution of fre- 


quency £ to f(x). 
Example. Find the amplitude and phase spectra of the function 
fi) =e =p, 





Fig. 27.4 


4 We find the spectral function 


to 0 4: da 
509) = | одета - | e'e "P dx + | e 7 'e "Py 
0 


- «о —^ 


e! (1 7 i 
rie 


x=0 e 0i 
х= -@ )] «i£ 


х= +0 1 











ret” be 00 


Hence A(£) = |S(&)| = 1/(1 + t^), Ф(Ф) = -arg S(t) = 0. The graphs of 
the functions are given in Fig. 27.4. > 


21.3 Properties of the Fourier Transform 


(1) Linearity. If F(£) and GE are the Fourier transforms of f(x) 
and g(x), respectively, then at any constants a and fj, the Fourier transform 
of af(x) + 8g(x) will be the function aF(Ẹ) + BG(E). 
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Indeed, using the linearity property of the intcgral we have 


| (af/() + Bee dx =a xj х)е dx 


EN UP EN 
+o | оде dx = «Р(® + BG). 


Accordingly, the Fourier transform is a linear operator. Denoting it by Z 
we write 


уо) ЕФ) ог 21/0) = FO. 


(2) If F(£) is the Fourier transform of a function /(x) that is absolutely 
integrable on the interval (— o», + со), then F(£) is bounded for all £€ 
(- со, + oo). 

4 Let f(x) be absolutely integrable for – о < х < +œ: 


T lax =K< +0, 








and let 
F(t) = T = | Joe “ах 
be the Fourier transform of f(x). Then 
|F(I = —— {лое -©ах| < | ldx = -K. , 
JA |. Vin . Vis 


which proves the statement. > 

Problems. (1). Let f(x) be a function that can be Fourier transformed, 
and A be a real number. The function f4(x) = f(x — A) is called the shift 
of f(x). Using the definition of the Fourier transform, show that 


Fl fil =e "FT Sl. 


(2) Let f(x) have a Fourier transform F(£), Л being a real number. Show 
that 


S [e^ f()] = F(E - h). i 


(3) Fourier transform and the operation of differentiation. Suppose that 
an absolutely integrable function f(x) has a derivative /' (х) that is also 
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absolutely integrable for – о < x < +, so that fe slic to zero as 
|x] + +. : 
The condition JO) a — _0 is fairly natural, since; according to 


PN. Wiener, the usual iheir of Fourier integrals deals with processes that 
in some sense or other have a beginning and an end, but are not unbound- 
edly extendable with about the same intensity. | 

Assuming /' (х) to be a smooth’ function, we write 





+a 


FIS’) = ax | J'e "dx. 
Integrating by parts gives | 
Fis) “aI! (је ах 
= = [roe + +i [eze]. 


The first term vanishes (since f(x) — 0 as |x| ^ +œ), and we arrive at 

SF (Sf'] = it7[J]. i (27.25) 

And so to differentiate f(x) means to multiply its Fourier image F | f] by it. 
If f(x) has smooth absolutely integrable derivatives up Ito order m, and 


they all, just like f(x) itself, tend to zero as |х| > + со, then integrating 
by parts the required number of times, we will obtain | 


FISON = HEFL] (k = 0, 1, ..., m. | (27.26) 


The Fourier transform is very useful precisely because it replaces the 
operation of differentiation by the operation of multiplication by the quan- 
tity i£, thereby simplifying the task of integrating some types of differential 
equations. 

Since the Fourier transform. [ / 9 ()] of an absolutelylintegrable func- 
tion f(x) is a bounded function of £ (Property (2)), from} (27.26) we find 


ГӘ. | 
lt | 


It follows from this estimate that (/ie more absolutel ly integrable derivatives 
has a ares f(x) the faster its: Fourier нон tends fo zero as 


8 = 


IF UI = ur (C > 0 = const). 
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(4) Correlation between the rate of decreasing of f(x) as |x| ^ + and 
the smoothness of its Fourier transform. 

` Suppose that not only /(x) but also the product x-/(x) are absolutely 
integrable functions on the entire x-axis. 
Then the Fourier transform for f(x) 


To 


К) = = | fone" “ах 


will be differentiable. Indeed, formal differentiation with respect to the 
parameter £ of the integrand leads to the integral 


4o 


= | xf(x)e ~ ™ dx, 


ae 


which is absolutely and uniformly convergent in £. Correspondingly, the 
differentiation is legitimate and 


+œ 


„ы, EN 1б. - iix eS 
ғ = 0. -f xfG9e “ах = -iF Leo]. 


Thus 


iF FO = FO 


ie., the operation of multiplication of /(x) by the oe x after the Fou- 
rier transformation changes to the operation r1 

If along with f(x), the functions xf(x), ..., x" f(x) are absolutely in- 
tegrable on the entire x-axis, then the differentiation process can be carried 
on. We will find that the function F(E) = [ /(x)] yields derivatives up 
to order rn, and 


d a [Л] = FIt (к= 0, 1, m). 
Thus, the faster a function f(x) decreases as |х| ^ +, the more 
smooth the function F(£) = | f(x)] is. 
(5) Theorem 27.2 (convolution theorem). Let А (2) and F;(£) be Fourier 
transforms of the functions / (х) and f(x), respectively. Then 
+o + о 


РРО = 3 [Aet A jane ey 
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toto 


1 ; 

Er ACMA)” € *? dx dy, 

(2x)? | | : 

where the double integral on the right-hand side converges absolutely. 
We put x + y = 7, and so y = 7 — x. Then 


+ о + с 


РР = ——=» [^o f [ле - xe ar} dx. 
(22) J СА 
If we change the order of integration, we will get 


+ с +o 


Е(92( = wa | et (| A69 - эх} йт. (27.27) 
The function 
eG) = | AORT- х)ах, -=<т< +o 
is called the convolution of fi(x) and f(x), and is denoted by (Л * f) (7). 
Formula (27.27) can then be written as 


+оо 


75 | e(ne^ "dr = Vr F(E) F(E). 


“т 


- ә 


It is seen that the Fourier transform of the convolution of Л (х) and f(x) 
is equal to the product of the Fourier transforms of the convoluted func- 
tions and V2x 


Fi fief) = X229 LALF h. 


Remark. We can readily establish the following properties of the convo- 
lution: 

(1) Linearity: f * (aif + 02/2) = af * fi) + o2(f* fr), where o, and 
аз are constants; 

(2) Commutativity: Л * h = fa*fi. 


27.4 Applications 


(1) Let P (2) Бе a linear differential operator of order т with 
the constant coefficients 


d un d"-! d 
P (8) = ay gout e zu. Vicio o + dn; 
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where ag, âi, .--, a, are constants. Using the formula for the Fourier trans- 
form of the derivatives of y(x), we find 


z|» (2) >] = PDF UL. 


Consider the differential equation 


ау 
Р (2) y = fo, (27.28) 


where P Я. is а differential operator introduced above. 


We assume that the solution y(x) we seek has the Fourier transform 
J(£), and the function /(x) has a transform /(£). Applying the Fourier trans- 
form (27.28), we obtain instead of the differential equation an algebraic 
equation in f(£) defined оп the £-axis: 


PUES = f(. 


hence 


yo = LO) 


so that formally we get 


_g-1 {ЛӘ 
yea) = 7 (2. 


where 577! stands for the inverse Fourier transform. 

The main limitation of the method is associated with the following fact. 
The solution of an ordinary differential equation with constant coefficients 
contains functions of the type e™, е" cos Bx, е sin Bx. They are not abso- 
lutely integrable on the axis — co < x < + оо and the Fourier transform 
for them is not defined, so that, strictly speaking, we may not apply thc 
method. This limitation can be circumvented by introducing the so-called 
generalized functions. But in some cases we can still apply the Fourier trans- 
form in its classic form. 

Example. Find the solution u = u(x, t) of the equation 

u 2 d7u 


ТЕ а 9х2 , {> 0, —ocxc« To, (27.29) 


where a = const, under the initial conditions 


ди 


m = 0, -w<x< +оо, - (27.30) 


uli o = ф(х), 


27.4 Applications 541 


` This is the problem of free oscillations of the uniform jnfinite string, 

when we know the initial displacement р(х) of points ofi the string but 
not the initial velocities. 

, Since the spatial variable x vaties from —© to +оо, we will subject 

cthe equation and the initial conditions to Fourier transformation in x. 

We will assume that: 

(1) functions u(x, t) and (x) are sufficiently smooth arid tend to zero 

as |х| ^ +o and vt > 0 so fast that there exists the Fourier transform 





+ о 
1 f -igr 

v(t, t) = — | u(x, 0e dx, i 27.31). 
à) | ( с олар 

+ со ' i 
SE ts | eet (27.32) 

v2r ; 

(2) differentiation is possible, so that 


| 
к» + 


2 „оу Ê 
ык |: LE RE 0 (+ Е neas) = Fue 


5; \ 97% дг? VIr dt? 
(27.33) 
1 T д?и - itx Tm 2 
JA ax e “dx = (it) u(t, t) = —E'v(£, 0). | (27.34) 


Multiplying both sides of (27.29) by e~/V2x and integrating with 
respect to x from — оо to +œ, we will obtain | 


ЕТ б = | 7. 

sn aon | (27.35) 
and from the initial conditions (27.30) we will find 

о-ө = 2(D. (27.36) 

dv 

E = 0. 21.37 

dt |r=0 | ( ) 


If thus we apply to the problem (27.29-30) the Fourier transformation, we 
will come to the Cauchy problem (27.35-37) for an ia differential 
equation, where £ is a parameter. 

The solution of (27.35) is the function 


v(£, 1) = Ci(£) cos att + C2(é) sin аё. 
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We find from the conditions (27.36) and (27.37) that C,(& = (t), 


C2(t) = 0, so that v(£, £) = p(Ẹ) cos a£t. Applying inverse Fourier transfor- 
mation, we will get 
+ ов +o 


u(x, t) = 3 | v(t, (еа = A | a(t) cos att е аЕ 
- 1. | a(t) | ]« 


—‹о 


= L + at) + e(x — at) 
; . 


This is a special case of the D'Alembert solution of the problem (27.29-30) 
(see Chap. 30). 

(2) Fourier transforms can be used to solve some integral equations, 
i.e., equations in which the unknown function appears under the integration 
sign. 

Consider, for example, the equation 


to 


| ф(х)е ‘ах = 2ке” ltl, (27.38) 


where ф(х) is the desired function. Having written (27.38) in the form 


To 


| pe dx = V2re 7 Tl, (27.39) 


1 
V20 
we notice that the left-hand side of this relation can be regarded as the 
Fourier transform of the function ф(х), so that (27.39) is equivalent to 


F [o] = V2ze ^ Il. 


Then, by the inversion formula 


+ 0 +œ 
p(x) = | ele at = | e tinge + | M STE 
—‹ - = 0 
_ e +) E-0 _ ес%@-9 f= +o 2 
+h [i-e 1—{х [6 1+ х2 








The function ф(х) = 2/(1 + x?) is a solution of (27.38). 
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27.5 Multiple Fourier Transforms 


Let x = (xi, X1, ..., Xa) € R”. We define the Fourier transform of 
the: absolutely integrable function f/(xi, хә, ..., Xn) by 


F(t, 5, .. En) 


= Wu | en. ху... Xe. tht ES qe dy, dx, 
т 


or, for short, 





F(t) = s aua | see" dx, 


R" 


where (£, x) = ёх + Бю +... + хь, dx = ахах... ахл. Integration 
here is over the whole of R". 
The properties of the n-dimensional transform are similar to the ap- 
propriate properties of the Fourier transform of a function of one variable. 
In the special case of f(xi, x2, ..., ха) = Лх) А)... J (vn) we have 


SI... = SASAE Б]... FU Sal 


Table 27.1 Fourier transforms 


Г FB = FN = — | jet dx 
Дах), а> 0 g ш Е (9 
a a 
J(x - a) e "^ F(E) 
eor? е Е ga 
ау? 
2 a 


eth, a>0 DEL E 
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Table 27.1 (concluded) 


te 





fo FQ) = FIN = | | mete 
Jio 
1, К <а 2 sin a£ 
0, bi >a T t 




















хе, а> 0 -2 2 iat __ 
т (Е? + а?)? 
т 
cos ax, © <— 
А 2a 2 a nt 
* = 21 = z cos Ja 
0, М > — 
2a 
1- Ы, |< |2 sin ¢/2\? 
0, fx] > 1 T t 
Exercises 


Represent by the Fourier integral the following functions: 


I, ix«t 


a«x«b, 


l, 
1. f(x) = j: х= +1, 2. ло = fo x«a, x» b. 
0 


3. f(x) = e Vl, 4. Ах) = 214 ; а> 0. 5. fo) = тз * - 2 


+ с 


6. Solve the integral equation: [w cos £t dt = Ten : gs 
o 


Exercises 


Answers " u 
S LE | 3n E cos tx dt, mig. 
1 = : : 
HON 
2m Lt ip n cin 
o 





+o 


+? 


зл) = IE соз Ex ip 
0 


to 


4. f(x) = [e tsin xt dé. 5. f(x) = 2 | TI dn xt dt. 6 foxy e, x20. 
i : 
0 J | 


Chapter 28 


Laplace Transform 


28.1 Basic Definitions 


In Chapter 27 we were concerned with the integral Fourier 

transform 
+ со 
Fel | f(tye “at 
У2т 
with the kernel K(t, £) = e^" 742. 
The Fourier transform is inconvenient in that it is associated with the 

condition for the function 


+ 


| Wold = А < +0 (*) 


to be absolutely integrable on the entire г-ахіѕ. The Laplace transform en- 
ables us to lift this constraint. 

Definition. We define the inverse transform (the original function) to 
be any complex-valued function /(¢) of a real argument ¢ obeying the fol- 
lowing conditions: 

(1) (1) is continuous on the entire ¢-axis, except for individual points 
at which f(t) has discontinuities of the first kind, and in each finite interval 
of ¢ there can only be a finite number of such points; 

(2) f(t) is equal to zero for negative £, ie, f(t) = 0 for t < 0; 

(3) as t increases, the modulus of f(t) increases not faster than an ex- 
ponential function, i.e., there exist numbers M > 0 and s, such that for all £ 


AD] < Me“. (28.1) 


It is quite obvious that if (28.1) holds at some s = sı, it will hold for any 
$2 > З. 

The greatest lower bound so of all numbers s obeying (28.1) is called 
the infimum of f(t), ie., so = inf s. In the general case the inequality 


UG) < Me™ 
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does not hold, but does the inequality 

001 < Me”, 
where є > 0 is any number. So, the, function /(/) = t, t > 0, has the infi- 
mym So = 0. The function does not obey the inequality |r| < M for all 
7 > 0, but instead we have || < Me“ for all € > 0 and t 20. 


Condition (28.1) is far less stringent than (+). 
For example, the function 


fü = v for t<0, 


е for 120 


does not satisfy the condition (+), but condition (28.1) is met for any s > | 
and M > 1, and so ѕо = 1. Therefore, f(t) is an inverse transform. 
On the other hand, the function 


0 for f(«0, 
' for (z0 


is no inverse transform: it grows infinitely, i.e, 5o = +œ. 


f = f 


el 


Fig. 28.1 


The simplest inverse transform is the so-called илїї (or identity) func- 
tion (t) (Fig. 28.1): 


w= f? for («0, 
"UT fo (20. 


If some function e(t) meets the conditions (1) and (3) of the definition 
but not (2), then the function /(t) = e(t)n(£) will already be an inverse 
transform. To simplify the notation we will as a rule omit the factor n (^) 
on the assumption that all the functions that we will consider are equal 
to zero for negative ¢, since if we deal with some function /(/), e.g., sin f, 


35* 
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cos Г, c', etc, then we always mean the following functions (Fig. 28.2): 


0 for («0, 0 for (<9, 
A) = b t for fz0, 4) = lee t for t20, 
0 for («0, 
{б = 
50 |5 for t20. 


Definition. Let /(/) be ап original function. The Laplace transform of 
S(t) is a function F(p) of the complex variable р = s + io defined by 


F(p) - {fe “Pde, (28.2) 
0 


where the integration is along the positive f-axis the transform kernel being 
K(t, p) =e”. 





...Fig.282 Fig. 28.3 


We will use the following notation to indicate that a function f(t) has 
a transform F(p): 


fü) = Fe), Fe) = Д) ог Fip) = Z200). 


Example. Find the Laplace transform of the unit function 100). 
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, or t<0 
-4 The function n(t) = O юг ipe is an inverse transform with 
1 for *>0 
the infimum so = 0. Ву (28.2), the transform of s(t) will be 
? += | 
F(p) = | l-e 7?' qr, 


If p = s + io, then for s > 0 the integral on the right- hand side of this 
relation will converge, and so we will get 


ЕФ) = [rena = EA 


0 


-pt |ї= +a 





l 
— (Re ES 
a es P (Re p = E ) 


so that (t) will have as its transform the function 1/p. We ы to write 
that n(£) = 1 and then the result obtained will be | 


LN 
p 1 

Theorem 28.1. The Laplace transform F(p) of any inverse transform 

S(t) with the infimum 5o is defined in the half- plane Re p =5 > 50 


(Fig. 28.3) and is there an analytic function. 
9 Let 


IAD < Me™. ' | (28.3) 


To prove that F(p) exists in the indicated half-plane it is sufficient to 
establish that the improper integral (28.2) converges absolutely for 5 > So. 
Using (28.3) gives : | 


+o +o 


[aera < | Volle- ** "1a , 


9 0 | 


I=. 








+% : 
«Mie Sat EN. 09 | 
Б S — So’ | 
0 i 
| 
which proves the absolute convergence of (28.2). At the same time this is 
an estimate of the Laplace transform F(p) in the half-plane Re p = S$ > s, 


which is called the half-plane of convergence Е 


+œ 


IF = | poena 2А ШУ 
0 


-$9 i 
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Differentiating expresion (28.2) formally under the integration sign with 
respect to p, we lind 
rà 

Е'(р) = — | t f(t)e dt. (28.5) 
a 

The existence of integral (28.5) is established in the same way as of in- 

tegral (28.2). So, if we integrate by parts, we obtain the estimate for F' (p) 





+o 
IF’ (p)| « M | te W a 
0 
+ со 
= М Тола Еде" l e C7 q 20M. 
—(s — so) и=0 5 — So (5 — s 
0 





We infer from this that (28.5) converges absolutely. (The first term in the 
brackets has a limit equal to zero when /— +œ.) 
In any half-plane Re p > Sı > so the integral (28.5) converges uniformly 
in p, since it is dominated by the convergent integral 
+o +o 


| (fie dt] <M | te М 


NN ЧИЙЕТ, | , 
(sv — So)” 
0 0 








which does not depend оп р. Accordingly, it is legitimate to differentiate 
with respect to p, and so (28.5) holds. 

Since the derivative F’ (p) does exist, the Laplace transform F(p) every- 
where in the half-plane Re p = s > so is an analytic function. > 

The inequality (28.4) has the following 

Corollary. If a point p tends to infinity so that Re p = s grows unbound- 
edly, then F(p) > 0, ie, lim F(p) = 0. 

$— +a 


By way of example we find the transform of the function (N = с", 
where a = a + if is any complex number. The infimum of f(t) is equal 
to a, ie, 59 = a. 

If we assume that Re p = s >a, we will get 


+ а + оо 
| ее di = | e 70g = 
0 0 


(Re p » a). Thus 


e 0-70! f= ta 1 


-(p-aj|-e р-а 





e” = 1 
LI p-a’ 


At а = 0 we again obtain the formula 1 = 1/p. 
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Notice that the image of e" is an analytic function of p not only in 
the half-plane Re p > c, but also at all points p, except for the point p = u, 
where the transform has a simple pole. Later in the chapter we will often 
encounter a situation where F(p) is an analytic function in the entire plane 
‘of the complex variable p, except at some isolated singularities. There is 
no conflict with Theorem 28.1 here. The theorem only states that in the 
half-plane Re p > se the function F(p) will no longer have singularities: 
they are all lying either to the left of the line Re p = So or оп the line itself. 

Remark. Operational calculus sometimes uses the Heaviside transform 
of a function /(/), given by 


Еч) = р Taerar 


Therefore, the Heaviside transform differs from the Laplace transform by 
factor p. 


28.2 Properties of Laplace Transform 


We define by f(t), (t) ... inverse transforms, and by F(p), 
Ф(р), ... their Laplace transforms 
Гр) = | Side Made, Фр) = \ NeT dt, (28.6) 
0 0 


Above all, it follows from the dclinition of the transform that if /(r) = 
for all z, then F(p) = 0. 

Theorem 28.2 (on uniqueness of tlie Laplace transform). /f two continu- 
ous functions f(t) and p(t) have the same transform F(p), then they are 
identically equal. 

Theorem 28.3 (on linearity). 7f f(t) and e(t) are inverse transforms, then 
for any complex constants а and f. 


a f(t) + B e(t) = a F(p) + В Фр). (28.7) 


This proposition follows from the linearity property of the integral that 
defines the transform 


| (a f(t) + B e()e dt = а [ /(0e -"'at: 
. 0 
+B | е(ђет"а = a Ер) + В Ф) 
0 


(Re p > max (5o, 51], where So, Sı are infimums for the functions f(t) and 
y(t), respectively). 
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From this property we obtain 


e" — ertt _. | 1 1 в 
[ - ———————-—q[———-——.-——- = 
SS 1: 2 (С ats) prol 














i.e., 
+ è о 
sin wt = > 28.8 
Likewise, we find that 
‚__р 
cos wl = Я 28.9 
te, (28.9) 
Further, 
Li -f 
inh- ъд. al 1 |! Е l А 
sin 7 =» (44 [pel oa (28.10) 
cosh¢=—? —, (28.11) 
р“ – 1 


Theorem 28.4 (on similarity). // f(t) is an inverse transform and F(p) 
is its Laplace transform, then for any constant а > 0 


flat) al F (2) | (28.12) 


-4 Setting af = т, we have 


+ +оо e, 
flat) = | sane rat = [ле a drag (2). 
o Q а 
0 0 


Using this theorem we deduce (rom (28.10) and (28.11) 


sinh at oe , 
p -o 


p . 
p! - ої 


cosh wt = 





Theorem 28.5 (on differentiation of inverse transform). Let f(t) be an 
inverse transform of F(p), and let f' (t), f" (t), ..., f" (t) be also inverse 
transforms, апа $ = max (so, 51, ..., Sn), where sx is the infimum of f (t) 
(К = 0, 1, ..., n). Then 


Г) = p Fp) — f() (28.13) 
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and, in general, | 
J?(0 = p"F(p) - p"^'f()) - р" 727 0) - ... – Л 90). 


Е | (28.14) 
Неге JOO (k=0, 1, ..., (л — 1)) stands for the right limiting value 
f? (t): | 


/®@) = lim P(A. | 
_0+0 : 
- Let (г) = F(p). We want to find the image of /' (I). We have 
+æ 
Г) 2 | SNe "at. | 
0 d 
Integrating by parts gives 
eo +a i 
Г) = | /' (Oe dt = (f(Ne "fe" + р | f(t)e ^ "at (28.15) 
0 0 j 
The first term on the right vanishes at / ^ +œ, since for| Re p = 5 > 5 


we have |/()e "| < Me^C7?' — 0; substituting г = 0, gives — (0). 
t+ +0 


The second term in (28.15) is equal to p F(p). And so rélation (28.15) 
becomes 


f'() = p F(p) - /(0), 


which proves formula (28.13). Specifically, if /(0) = 0, then ff (t) = p F(p). 
To find the Laplace transform of f™ (t), we write | 


i 
j 


JOD = дета, | 
0 | 





whence, integrating by ini n times, we get i 
SON = p"F(p) - р" (0) – p^*?f'(9) – ... ~ A-0. > 


Example. Using the theorem on differentiability of the|i inverse trans- 
form, find the Laplace transform of the function f(t) = sin? t. 
* [et f(t) = F(p). Then ; 
f'( = p F(p) - fO). | 
But /(0) = 0, and /'(r) = 2 sin t cos ( = sin 2t = 2/(p? + 4). Therefore, 
2/(p? + 4) = p F(p), hence F(p) = 2/p(p? + 4) & sin? t. э» 
Theorem 28.5 establishes the remarkable property of the integral 


Laplace transform: it, like the Fourier transform, converts differentiation 
into the algebraic operation of multiplication by p. | 
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Inclusion formula. If /(/) and f' (t) arc inverse transforms, then 
lim p F(p) = f(0). (28.16) 


Re р- to 
Really, f’ (t) = p F(p) – /(0). By Corollary of Theorem 28.1, any transform 
tends to zero as Re p = 5 > +. Therefore lim [р F(p) — /(0)] = 0, 
R 


c p^ +a 
hence we obtain (28.16). 
Theorem 28.6 (on transform differentiation). Differentiation of a trans- 


form reduces to multiplication of the original function by — t. In general, 
Ер) = (-D"r"f(0. (28.17) 


-4 Since F(p) in the half-plane Вер = s > so is an analytic function, it 
can be differentiated with respect to p to yield 


F'(p-- алде "dr, . F” (p) = { Pre Pli uos 
0 0 
F™(p) = Te De dt. 
0 


This exactly means that Е"! (p) = (— D'C. > 

Example. Using Theorem 28.6 find the transform of the function 
p(t) = t". 
- it is well known that | = 1/р. Here f(t) = 1, F(p) = 1/р. Hence 
(Vp)! = (—)-1 or Мр? = t. Again using the theorem we find that 
(1/р?)' = (-0-t or (l x 2)/p! = t). In general ¢” = n!/p"*'. 

Theorem 28.7 (on integration of inverse transform). Integration of an 
inverse transform reduces to division of the transform by p: if f(t) = F(p), 


then 
t 


| оа = FO) | (28.18) 
p 
94 We put 
el) = | far. B (28.19) 
0 


lt can be readily verified that if f(r) is an inverse transform, (f) is 
also an inverse transform and: (0) = 0. Let g(t) = Ф(р). By (28.19) 


f(t) = е' (0) = p $(p) — Ф(0) = p Ф(р), 


so that f(t) = p P(p). On the otherhand, /(/) = F(p), hence F(p) = р.Ф(р), 
ie, Ф(р) = F(p)/p. This is equivalent to the relation (28.18) we seek to 
prove. i 
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Example. Find the transform of the function . 


f 
e(t) = | cos t dt. 
0 
. 4 Here f(t) = cos t, so that F(p) = p/(p? + 1). Therefore, 
1 


1 
+17 





LIT. 


Theorem 28.8 (on integration of transform). If the integral f F(p)dp ` 
converges, then it is the transform of the function f(t)/t, ie., d 


A) 2 | F(p)dp. (28.20) 
0 


-4 Indeed, 
| F(p)dp = | { [roe mar} dp. 
p p 0 


Assuming that the integration path (p, œ) lies in the half-plane 
Re p 2 a > So, we can change the order of integration for t > 0 


| F(p)dp = | { poa] dp 


- (ло [f “ap at = j4 e`” qt. 


0 0 


This means that | F(p)dp is the Laplace transform of f(/)/t. »- 


p 


Example. Find the transform for the function —— sint 


-4 |t is well known that sin 1 = 1/(p? + 1). Therefore, 


dp 


sin f ‹ ` -i e т -l 
Nx = tan = = — tan = cot . 5 
І ee py d Í 





Theorem 28.9 (on delay). [f (H = F(p), then for any positive т (delay) 
Jt- т) = e~” F(p). 
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"4 Since /(f — т) = 0 for ¢ < т (Fig. 28.4), we have 
+o 


Д-т) = oe - ne “dt = f f - ġe” qt. (28.21) 


T 


Putting £—(— т, we find dt = d£. At Г = т we obtain £ = 0; when 
{= +œ we will have Ё = +œ. 
Therefore, relation (28.21) becomes 


ft-)2z {se “PESO dE = ете" T/be-"tat = e7PF(p) 
0 0 


ie, we indeed have f(t — r) = e77” F(p). & 





aelft-c) 





Fig. 28.4 Fig. 28.5 


Example. Find the transform for the function f(t) presented graphically 
in Fig. 28.5. 
~ We write f(t) in the form 


Л) = 100) - 29 — 1) + 106—2). 
This expression can be derived as follows. Consider a function /1(t) = (0) 
for t > 0 (Fig. 28.6a). We subtract from it the function /(/) = 2n(¢ — 1) = 

0 for г<1 : ; Я 
P for d» The шеше ЛЧ) — AA will be equal to unity for 
t € [0, 0 and to =i for í> 1 ‘ie. 28.66). То the difference we add the 
0 for t<2 

function f;(f) = «(t - 2) = H for (22^ 
(Fig. 28.6c) so that 

KO = a(t) — 2n(t — 1) & (t - 2). 
Using the delay theorem we obtain from this 


иет: 
2. 
р 


As a result, we obtain f(t) 


ЕФ) =} – ehe rinde x: 


di 


28.2 Properties of Laplace Transform. 557 





Fig. 28.6 


Theorem 28.10 (on displacement). // f(t) = F(p), then forany complex 

number po | 
S(t) = F(p — ро). 

-4 Indeed, 


+ eo Ue n | 
PNN = | PNN” dt = | J(e 7 "7 P'at = Еф – po). > 
i 
| 
The theorem enables us from known mite of functionsito determine 
the transforms of the Bom multipl dd by e^, е.р., 


. 7 а ш 
sin ot = , hence e~™ sin wf = — 4 
MT Paw (p + X^ o 
E P Mine . 9 "ы À : ' 
OS wt = » h e™ COS (ELE: 
COS w m ence И w DX т 
Convolution of functions. Multiplication theorem: It will be recalled 
that if functions /(t) and e(t) are defined and continuous for all г, then 
we define the convolution (f * e)(t) of the functions as à new function of 
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! viven by 
+ 


Озо = | Ael- ndr 


(if the integral exists). 
For inverse transforms /(/) and e(t) the convolution operation is always 
possible, and 
t 


f+ 9) = | felt - nar. (28.22) 
0 
-4 The product of the inverse transforms f(7)e(/ — 7) as a function of r 
is a finite function, ie, it vanishes outside of some finite interval (here 
outside of the interval 0 < т < ¢). For finite continuous functions convolu- 
tion operation is possible and so we will arrive at (28.22). »- 
It can readily be verified that 
г [А 
| /(0e(t - Ndr = | oK- Dar, 
0 0 - 
ie, that the convolution operation is commutative. 
Theorem 28.11 (on multiplication). If f(t) = F(p), e(t) = 9(p), then the 
convolution (f * X(t) has the transform F(p)& (р): 
t 
| Sel — т)ат = Р(р)Ф(р), 


0 
or 
(f+ 9t) = F(p) ®(p). 


< We can show that the convolution (f * ¢)(t) of inverse transforms is an 
inverse transform with the infimum s* = max (51, 52} where si, 52 are the 
infimums of /(/) and y(t), respectively. We now find the transform of the 
convolution Hetis. 


| felt — дат = fe Tp [ | Delt — nar} dt. (28.23) 
0 © ы 0 
Making use of the fact that 
{ /(0e(t - Ndr = | felt ndr, 
0 0 : 


ТФ т) 240 for г>! > BP 
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we will obtain 


jen pee - nar} ar 
0 


0 


dii = fe ZRI [Trove - nar} dt. 


0 0 
Changing the order of integration in the integral on the right-hand side 
(for Re p = s > s* the operation is legitimate) and using the delay theorem, 
we get 


Í fem | ftne - nr} dt 
0 0 ы 
= Гло (fene - nar} dr 

0 0 Ur 


- | De" pdr =:$(p)F(p). (28.24) 
0 
From (28.23) and (28.24) we thus find 


t 

| /(De(t - ndr = Р(р)Ф(р), (28.25) 
0 

ie., multiplication of transforms corresponds to convolution of the ipverse 

transforms 


F(p)®(p) 5; (/* pX). 


Example. Find the transform for the function 
t кесер 
y(t) = | T sin (f — т)ат. 
} 0 ed 
“4 The function (ft) is the convolution of the functions /(f) = t and 
y(t) = sin t. By the multiplication theorem, 


ze " 1.5; 
y(i) = Е(р)®(р) = pos) > 


: Problem. Let a function /(f) with period Т be an inverse transform. 
; Show that its Laplace transform F(p)(will be 
2 T А 
ЕФ) = уся | Aed (Repo s» 0). 
-— e ' ia 
0 
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28.3 Inverse Transform 


Let us formulate the problem: given a function F(p), find the func- 

tion f(t) whose transform is F(p). 

We will now formulate conditions that are sufficient for a function F(p) 
of a complex variable p to be a transform. | 

Theorem 28.12. // а function F(p) that is analytic in the half-plane 
Re p=S> 5 

(1) tends to zero as lpi - — + ео in any half-plane Re p > a > so uniformly 
in arg p, 

а + ію 


(2) the integral f F(p)dp (a > so) converges absolutely, 
а ~ ію 
then F(p) is the Laplace transform of some inverse transform f(t). 

Problem. Can the function F(p) = (p + 1)/р be the transform of some 
function? 

We will describe some of the methods of recovering the original func- 
tion (inverse transform) from the Laplace transform. 

(1) Recovering the inverse transform using tables of transforms. There 
can be found in the literature fairly extensive tables of Laplace transforms 
of various functions. 

To begin with, one attempts to reduce a function F(p) to a simpler, 
“table” form, e.g., when F(p) is a fractional rational function of the argu- 
ment p, one expands it into elementary fractions and uses suitable proper- 
ties of the Laplace transform. 

Exainples. (1) Find the inverse transform for F(p) = p/(p? + 2p + 5). 
-4 We write F(p) in the form 


fim e cl cup oo. 
v) p-2p*5 (р+ 1)? + 2? 
pt+i 1 2 


"p+r I 2(р+11+27?` 
Using the displacement theorem and the linearity property for the Laplace 
transforms, we obtain 
S(t) = e7" cos 2t -3 e^' sin 2t. > 


(2) Find the inverse transform for F(p) — E 


-« We write F(p) in the form... 
F(p) = 1 ud __1 
рф? +1) p pti 


Hence f(t) Si — sin /. > 
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Use of inversion theorem and its corollaries. Theorem 28.13 (inversion 
theorem). // a function f(t) is an inverse transform with the infimum So 
and F(p) is its transform, then at any point where f(t) is; i continuous, it 
will be 


7 


FEN 


д0 = 55 | Foa, (28.26) 


5- ію | 


where the integration is along any straight line Re p = s = const > So and 
the integral is understood to be the principal value, ie., 
s+iN : 
. . lim | | F(p)e' dp. j 
Nate gi | 
Formula (28.26) is known as the inversion formula for the Laplace 
transform or as the Mellin formula. 
-4 Suppose that /(/) is a piecewise smooth function on each finite interval 
(0, a] with the infimum so. Consider the function y(t) = /(0)е 7", where 
5 is any real number such that 5 > so. 
The function e(() meets the conditions for the Fourier iformula to be 
applicable, and so holds the inversion formula for the Fourier transform 


ERN itt | 
e) X | Ф( уе dt, (28.27) 
where 
Ф(® = 7 | yle- "tdt = E | едет. 1 Q828) 
— сео 0 i 


Here e(t) = 0 for г < 0. | 
Substituting the expression e(t) = f(t)e ^" into (28.28) | gives 


e 7 "te fidt 


+ со 


ы d. 
A | есм) = 1 F(p), 


T | 
20] o |„-е+юг‹ 
Vis |: Ados 3: 


where F(p) is the Laplace transform for S(t) when p =s + it. 
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Formula (28.27) can be rewritten as 
+оо 


v(t) = Ле" = 5. | e F(s + it) dt. 
T * 


-w 


From this we derive the inversion formula for the Laplace transform 


+ а 5 + іс 
f = z | et "FG + idt = z | e"F(pdp, s> зо. > 
-% $ — ico 


As a corollary of the inversion theorem we deduce the uniqueness 
theorem. . 

Theorem 28.14. Two continuous functions f(t) and p(t) with the same 
transform F(p) are identical. 

Direct calculation of the inversion integral (28.26) is usually a hard exer- 
cise. But with certain additional constraints on F(p) recovering the inverse 
transform from its transform is much simpler. 

Theorem 28.15. Let a transform F(p) be a fractional rational function 
with poles Pi, рг, ..., pa. The inverse transform for F(p) will then be the 
function f(t)u(t), where 


n 


ЛИ) = У) res (F(p)e^). (28.29) 
k=l р= 
-@ Let the transform F(p) be a fractional rational function, ie, F(p) = 
A(p)/B(p), where A(p), B(p) are polynomials in p (mutually simple). The 
degree of (he numerator must be smaller than that of the denominator, 
since for any transform we have 
lim F(p) = 0, 


Re p^ + о 
whereas for rational transforms lim F(p) = 0, whatever the manner in 
р оо 

which the point р tends to infinity. 

Let the roots of B(p), which are poles of F(p), be pi, р, ..., Pu, and 
their multiplicities be ri, r2, ..., Fn, respectively. 

If the number s in the inversion formula (28.26) is larger than all Re px 
(К = |, 2, ..., n), then by the inversion formula, which is applicable under 
these conditions, we will get 


$4 io 


fü =55 | F(p)e" dp. 


5— io 
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Consider the closed contour Га (Fig. 28.7), which is traced in the posi- 
tive direction and which consists of the arc Cr of a circle of radius R with 
centre at the origin, and the chord AB that subtends it, which is a segment 
of the straight line Re p = 5 = const, the radius R being so large that all 
the poles of F(p) lie inside Гк. 





Fig. 28.7 


By the Cauchy theorem on residues, for any R satisfying the above con- 
dition we will have 


n 


UN TUN NS Р 
уп | Fedo = 2, res (FOE, 
ГА К=1 


ог 
-L | Ре" dp + -L | Ере? ар = 25 res (F(p)e”"). (28.30) 
27i 2a р=р 
АВ Cn k= 
The second term on the left of (28.30) tends to zero as R > œ. This 
follows from the Jordan lemma, if we replace iz by p and take into account 


that F(p) ^ 0 as p > œ. 
If in (28.30) we pass to the limit as R > «o, we will obtain on the left 


fq) = i | F(p)e"'dp: 


36* 
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and on the right the sum of residues over all the poles of F(p), i.e, 


n 


/@) = 2 res (F(p)e”). > 
k р=рк 


We will make use of the formula to compute residues (see Chap. 26) 
to find that 


0) = 2; EO NE i [2 ep - pa). (28.31) 
ko 





(re = 1)! p-p dp^^! ( Вр) 
- If all the б ү. Pi, р, «++, Pn are simple, then res (F(p)e^^) = 
р=рь 
A(px)/B’ (р)е”* (К = 1, 2, ..., n), and (28.31) becomes 
A (px) р, 
(t) = ей 28.32 
fi ‹ 1B) ( ) 


Example Find the inverse transform for the function F(p) = 
1/(р? + 1). 
- Function F(p) has simple poles p; = i, p; = —i. Using formula (28.32), 
we find 


oe a тте 


_ e" 5 e7" 


2i 
Theorem 28.16. Let a transform F(p) be an analytic function at the 


point p = œ. Suppose that its expansion in the neighbourhood |p| > R of 
the infinite point has the form 





= sin t. > 


e 





CI C2 Ca Ck 
Еф) = 2+5 +... +—— +... = ра (28.33) 
р р р" n d 


The inverse transform for F(p) will then be the function S(On(t), where 


со 


x Ck k-1 
ло = У) палу" (28.34) 
kat 
By way of example, we again take F(p) = 1/(р? + 1). We have 
1 
2 m ham ot Ne =) GZ c. 
p +l p 
0 + 4) n0. 
p 
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so that 


E (-D' msi 
S(O = Qn+ ji l sin f. 
n=0 


2 


at 
28.4 Applications of Laplace Transform 
(Operational Calculus) 


Solution of linear differential equations with constant coefficients. 
Suppose that we are.given a linear differential equation with constant 
coefficients 


aox” (t) + ax’ (t)  aix(t) = f(t), | (28.35) 


where ao, d;, d; are real numbers. We want to find the solution x(t) of 
equation (28.35) for г> 0, such that it obeys the initial! conditions 


x(0) = хо, х'(0) = х. | (28.36) 
We will take f(t) to be the inverse transform, such that | 

fit) = Еш), x(t) = ХО). | 
By the theorem on differentiation of the inverse transform, 

x'(t) = pX(p) — хо, 

x" (t) = p X(p) — рхо — ха. 
Using the property of linearity of the Laplace transform and Theorem 28.5 
we pass in (28.35) from inverse transforms to transforms 
ap^ X(p) — арх — avi + арх) — ах + aX (p) = F(p) 

! 


(аор? + ap + аз) Х(р) = F(p) + аохор + aoXi + ахо. (28.37) 


or 


But this is no longer a differential equation; instead, this is an algebraic 
equation in the transform X(p) of the original function, It is called an 
operator equation. Solving this gives 


F(p) + аохор + aoxi + aixo 


X(p) = 
(p) ар + ap + аз 


which is the operator solution of the problem (28.35-36). 

The inverse transform for X(p) will be the required solution x(t) of the 
problem. 

The general case of the linear differential equation of order n (n2l) 
with constant coefficients is.essentially the same as for the case л = 2. 
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We will now provide the general scheme of solution of the Cauchy 
problem 


Cauchy problem in the Solution of the 


f space of inverse transforms Cauchy problem IV 





VA a! 


Operator equation in Solution of the 
I the space transforms operator equation TI 





Here Z7 is application to I of the Laplace transform, Z^ ' is application 
to [II of the inverse Laplace transform. 
Example. Solve the Cauchy problem 
x " (t) + x(t) = 2 cos t, 
x(0) 20, x'(0-2 1 


- Here f(f) = 2cos ( = 2p/(p? + 1). Let x(t) = X(p). Then x"() = 
p^X(p) – 1. 
The operator equation is 





PXI) - 1 + Хр) = 2? 
p +1 
hence 
2p 1 
X(p) = —,:2—.9-—. 
ч (xn pa 


Ву the theorem on dilferentiation of transforms 


po - (= ra), = (зїп f. | ш, 


Therefore, 
x(t) = t sin Г + sin f. » 


Duhamel formula. In applications of operational calculus to solutions 
of differential equations one often uses the consequence of the multiplica- 
tion theorem, known as the Duhamel formula. "uH 

Let f(t) and e(t) be Inverse. transforms, and /(/) be.continuous on the 
interval [0, + оо), and e(t) be continuously differentiable on [0, .+ co). If 
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S(t) = F(p) and e(t) = (p), then by the multiplication theorem 
‹ 
v(t) = [iret = т)ат = F(p)®(p). 


IL can easily ж, verified that the function V (t) is continuously differentiable 
on [0, +œ), and 


ve = $ (rec - nar) = Loe + [rete дат 
0 0 


By virtue of the differentiation rule for inverse transforms and considering 
that ¥(0) = 0, we will obtain the Duhamel formula 


J()e(0) + [see (t - т)ат = p F(p)®(p). (28.38) 


We will now illustrate the applications of the forrnula. Suppose that 
we wish to solve a linear differential equation of order n (л > 1) with cons- 
tant coefficients ` 


L[x(t)] = f(0) (28.39) 
with zero initial conditions 
x(0) = х'(0) =... = x*-"(0) = 0 (28.40) 


(the last limitation is of no significance: a problem with nonzero initial 
conditions can: be reduced to a problem with zero conditions by a change 
of the desired function). 
If we know the solution ху (/) of the differential equation 
Lix] = 1 (28.41) 


with the same left-hand side and the right-hand side equal to unity, also 
with zero initial conditions 


х1(0) = x((0) = ... = x^ 0) = 0, (28.42) 


then the Duhamel formula (28.38) allows us directly to obtain the шш 


of the original problem (28.39-40). 
The operator equations for the problems (28.39-40) and (28.41 42) will 


be, respectively, 
A(p)X(p) = F(p), (28.43) 
and m * 


АХ) =<, ©; 08.44) 
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where F(p) is the transform of f(t). From (28.43) and (28.44) we readily find 
X(p) = p Х.(р)Е(р). 


From this, by the Duhamel formula, we have 


х@) = f()xi(0) + Vox - 1)dr 
0 


or, since x,(0) = 0, 


x(t) = (лоха = т)ат. (28.45) 
0 


Example. Solve the Cauchy problem 


x - x0 = 5, 


x(0) = x'(0) = 0. 

~ Consider the auxiliary problem - 
xi) — x(t) = 1, 
x1(0) = x((0) = 0. 

Using the operator technique, we find that 


t 


i - | sinh ¢ dt = x(t). 
0 


Ху (р) = р(р? =f} 


From (28.45), we get the solution x(t) of the original problem 


t 
Е 1 А - ERE 
x = | "ue sinh (t — 7)dr = (е — te- 1) 


0 





1+е' 
=: 


+ sinh ¢ In > 





Integration of systems of linear differential equations with constant 
coefficients.. The integration occurs as in solving one linear differential 
equation, namely, by passing from a system of differential equation to a 
system of operator equations. Solving the latter as a system of linear al- 
gebraic equations for the transforms of the desired functions, we will get 
the operator solution of the system. Its inverse transform will be the solu- 
tion of the: original system of differential equations. 
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Example. Find the solution of the linear system 


i» = -y(0. 

(0 = 2x(0 + 270), : 

the initial conditions being (0) = у(0) = 1. 

@ Let x(t) = X(p), v(t) = Y(p). Using the linearity property of the 


Laplace transform and the theorem on differentiation of inverse trans- 
forms, we reduce the original Cauchy problem to the operator system 


pY(p) — 1 = 2X(p) + 2Y(p). 
Solving the latter for X(p) and Y(p) gives 


Noyes tx pc i ке 
p-22p*2 (р -– 1)? + 1 (р – 1) +1 


= е! cos Г — 2e' sin г, | 


Ү(р) = pt2 .. p-1 3 
p-2p*2 (р- 1)? +1 ЕЕ 


‘= e! cos t + 3e' sin /. 


And so the original Cauchy problem has the solution . 
x(t) = e' cos t — 2 e' sin г, 
y(t) = e' cos t + 3 e' sin t. 


Solution of integral equations. It will be recalled that we define an in- 
tegral equation as an equation in which the unknown function appears un- 
der the integration sign. i 

We will only consider an equation of the type 


еш) = ЛО) + [KU — т)е(т)ат | (28.46) 
à | 


which is called the linear Volterra integral equation of the second kind with 
kernel K(f — 7) that depends on the difference of arguments: (convolution- 
type equation). 
Here e(t) is the required function, /(() and K(t) are specified functions. 
Let f(t) and K(f) be inverse transforms, J(t) = F(p), K(t) = %(p). Ap- 
plying to both sides of (28.46) the Laplace transform and using the multipli- 
cation theorem, we will get * | 


Ф(р) = F(p) + (peg), | (28.47) 
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where Ф(р) = (t). From (28.47), 


Ф(р) = 20 (X (p) # 1). 


- (р) 
The inverse transform for (p) will be the solution of the integral equation 
(28.46). 
Example. Solve the integral equation 
t 
e(r) = t + (sin (t - )e(ndr. (28.48) 
0 


* Applying the Laplace transform to both sides of (28.48), we will obtain 


1 1 
(p) = — 
(р) т e ENT 9 (p), 





hence Ф(р) = 1/p? + 1/р* = t + 12/6. 
The function e(t) = t + (2/6 is the solution of the equation (28.48) 


(substitution e(t) = t + (2/6 into (28.48) turns the latter into an identity 
in 4). > 

Remark. The Laplace transform can also be used in solutions of some 
problems of mathematical physics (see Chap. 30). 


Table 28.1 Some Original Functions and their Laplace Transforms 


Original (unction Laplace transform 





p 
P E ! 
1" (n=1,2,...) — 
p" 
К Tr(a + 
t" (а> —1) Меч) 
i: р" 


e = о + 8) бег. 


28.4 Applications of Laplace Transform 571 


Table 28.1 (concluded) 





Original function Laplace transform 



























































——————— 
sin wf 
p! +o? 
cos wt р 
p 4 w? 
sinh wt vo 
P- ы! 
cosh wi p 
p! - w? 
e™ sin wt w 
(р - rd»)? + w? 
e" cos ot р- № 
(p — d)? +? 
" e^? 
sin(¢- 7) r»0 
рї +1 
ет?" 
cos (f- т), т> 0 
р? + 1 
Int) (nm 0,1, ..) (резер), 
Мр? + 1 
At (2) 24 pb ea ПЭР 
2t, т p 
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Exercises 


Which of the following Functions are inverse transforms? 
ре : FaN EN! 
1. f(t) = e' cos t. 2. f(t) = lvi 3. f(t) = (- DU 
Using the properties of the Laplace transform find the transforms of 
the following functions: 
4. f(t) = sin? t. 5. f(t) = cos mt cos nt. 6. f(t) = tcost. 7. f(t) = 
(i + 1) sin 2t. 8. f(t) = e" sin t. 9. f(t) = е^“ cos 2t. 
Find the transforms of the functions specified graphically: 
10. In Fig. 28.8а. 11. In Fig. 28.85. 12. In Fig. 28.8c. 











Fig. 28.8 


Find the inverse transforms from the given transforms: 





= 1 EE. 2 D 
16. F(p) = 4—EL—. 1. Ер) = 2. 18. Fp) = —*§ 
po -2р+3 р +1 р(р — 1) 
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Solve the Cauchy problem: for the МНЕ, differential equations: 


(9. x' +x=e7' 20: x” ET 21. X" + x = 0, 
| x01 0) = 0, x70) = 1. — X0-1x'(0-0 
labxtex-4 7o Maja &x-6 
| x(0) = -1, x'(0) = 0. x(0) = x'(0) = 0. 
24. x^ 4 x = cos t, 25. x" +x’ 3 d, 
x(0) = 0, x'(0) = x(0) = x'(0) = 37(0) = 


Solve the Cauchy DN for the folowing systems of differential 
i equations: 


| Е + у= 0, 
| 26. x(0) = 1, yO à 
| BA T i fe 











| 
| х' = -y, Ut D: 
i 27. o 1, 0) = 
an LI Oed 90 
om '- —2у={ 
an TX ' 
- 2х- у = /, 


| Solve the integral equations: 
| ! 


9. e(t) = sint + 2jes t - etd. zi 


x(0) 22, }(0) = 4. | 


130. y(t) = sint + dr (i Siod 
ò- 


Answers 


1. Yes. 2. Yes. 3. No. 4. F(p) = ns 

ada 

"mn 2p! + 4 +8 
PUN C с 6. F(p) - P . TEL EDIT 
(p! + m? + n! – 4т?п Qs 0 (pha y 





5. F(p) = 


! -ep 

iA =i. Rue lli cd pipe tg sa +?” 
| p-2?41 (ps4 n 

| 

| 


= 26-р -2p + р- е" 
ПИ. F(p) = pese 12. Fip) =! PTE. IRA eM esr 
i p re -N 





m A) = 0 - nem" 15. ЛО) = зі 1. 16. f(t) = c cos VZ + 2. sin v2 f. 
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17. 


23. 


26. 


28. 


30. 


t - 
f ace (o$, + шр!) - ze 18. Л) = e'n 0) – ne 0). 


. x(t) = (t ет“. 20. x(t) =t. 21. x() = cost. 22. x(r) = 1 – 2 cos (. 


t 
x(t) = 2e^' + te"! +f — 2. 24. x(t) = sin t + sint. 25. x(1) = í - sins. 


x(t) = е, y(t) = —e 27. x(t) = e' - te’, y(t) = te. 
1 


wer 29. v(t) = te’. 


1 
7" 


win 


хе) = Зе Hi) ре" ee 


v(t) = > sinh t+ sin /). 


Chapter 29 


Partial Differential Equations 


29.1 Essentials. Examples 


We define a partial differential equation to be 


ди, ди 
IEEE EE 


anu ) -0 29.1) 

6) = 0. { 
дх\'дх)' ... OX," 

It relates independent variables xi, X2, ..., Xn, the desired function 

и = u(xi, Xo, ..., Xa) and its partial derivatives (there must be at least 

one of them). 


Here ki, ky, ..., kn are nonnegative integers, such that ki + 
Ap +... + ky = т апа 7 is a specified function of its arguments. 


The order of a differential equation is the highest order oi the partial 
derivatives present. So, if x and y are independent variables and и = 
u(x, v) is the required function, then 

ди ди 


асе 59 


is a differential equation of the first order, and 
dy _ ay 2g ди Du _ 
ax дуу > ax oy 

are differential equations of the second order. 


For the sake of simplicity use is somctimes made of the following no- 
tation: 


= 2и i — дч _ ĝu _ u 


A D p EE ДОЛ ТУ дудук 


Definition. Suppose that we are given a partial differential equatin (29.1) 
of order т. 
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A solution of equation (29.1) in some domain D of the independent 
variables xi, X2, ..., Xa is any function и = u(xi, x», ..., x») € C"(D)), 
such that substitution of the function and its derivatives into (29.1) turns 
the equation into identity in xi, x2, ..., x» in D. 

Examples. (1) Find the solution u = u(x, y) of the equation 


ди 

К = 0. 29. 
дх (23.2) 

-4 Equality (29.2) means that the desired function u is independent of x, 

but can be any function of y, i.e., 


ute vy. (29.3) 


The solution (29.3) of equation (29.2) contains thus one arbitrary function. 
This is the general solution of equation (29.2). » 
(2) Find the solution u = u(x, y) of the equation 


д?и 

=——— = 0. 29.4 

дх ду 9 (299) 
4 We рш ди/ду = v. Then, equation (29.4) will become àv/àx = 0. Its 
general solution will be an arbitrary function v = w(y). Since v = du/dy, 
we have the equation du/dy = «(y). Integrating with respect to y (we take 
x to be a parameter), we obtain 


u(x, y) = [e0)dy + в(), 


where g(x) is an arbitrary function. Since w(y) is an arbitrary function, 
its integral is an arbitrary function as well; we denote it by /()). As a result, 
we obtain the solution to (29.4) in the form 


u(x, y) = ЈО) + g0). (29.5) 


Here f(y) and g(x) are arbitrary differentiable functions. > 

Solution (29.5) of the second-order partial differential equation (29.4) 
now contains two arbitrary functions. It is called the general solution of 
equation (29.4), since any other solution of the equation can be obtained 
from (29.5) by suitably choosing the functions f and g. 

We see thus that partial differential equations have entire families of 
solutions. But there exist partial differential equations that have quite nar- 
row, or even empty, sets of solutions. 


ЭС” (р) is the collection of functions that are continuous in D together with all deriva- 
tives through order т. 





So, for instáne&, thé Set of real solutions of the equation 


au\? | uN _ 
(3) * ($) vs 


Assthe only function u(x, y) = const, and thé” equation | 


OHORE 


has no real solutions at àll. . : : 

For the time being wè will ñot bé interéstéd ih Seeking párticnlar solu- 
tions. We will make précisé later which additional conditions must be speci- 
fied to obtain a particular solution, i.e, a function sátisfying boto the 
differential equation and the additional conditions. 





29.) Linear Partial Differential Equations. 
Properties of. Their Solutions 


A partial différential equation is said te oc linean, if itis linear reia- 


: tive to the required furtction and all its derivatives that enter into the equa- 


tion; otherwise, the шша is called nonlinear For example 





д?и х? д? u. = 
у = р г: 
ax? 9у? $ 
is a linear equatiot; . the абон 
ди ди 
y= ax -x dy lu u? = 0, 


+ — = : 
"an ау"? 


: are nonlinear. 


In the general case, a linear differential equation of the! аспа order 
for a function of two independent variables v, y has the form 


ðu ‚ ѓи д?и ди 
A(x, + 2B(x, у) — + C(x” *, y) 2— 
(x, у) a (x, у) ax ду (x. ~) ye + ett y) 3x 
+ b(x, y) » + с(х, um Ј(х, у, | (29.6) 
where A(x, у), B(x, y), ..., c(x, y), f(x, у) are functions of x. v defined 
in some domain D on the xy-plane. 


If f(x, у) = 0 in D, equation (29.6) is said to be homogeneous, otherwise 
it is inhomogeneous. | 
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Denoting the left-hand side of (29.6) by L [1], we write (29.6) in the form 


L|[u] = fy, у). (29.7) 
The corresponding homogeneous equation will be 
L[u] = 0. (29.8) 


Here L is a linear differential operator defined always in a linear space 
C?(D) by the function u = u(x, y). 

Using the linearity property of the operator L, we obtain the following 
theorems, which express the properties of solutions of linear homogeneous 
partial differential equations. 

Theorem 29.1. [f u(x, y) is a solution of the linear homogeneous equa- 
tion L{u] = 0, then cu(x, y), where c is any constant, is also a solution 
of the equation. 

Theorem 29.2. If ui(x, у) and u(x, y) are solutions of the linear 
homogeneous equation Г [и] = 0, then the sum u(x, y) + u(x, y) is also 
a solution of the equation. 

Corollary. If each of the functions ш; (х, y), (х, y), ..., ux(x, y) is 
a solution of the equation £[u] = 0, then the linear combination 


cu(x, y) + caux(x, y) +... + скик(х, y), 
where €i, C2, ..., Cx are arbitrary constants, is also a solution of the 
equation. 


These properties are also inherent in solutions of linear homogeneous 
ordinary differential equations. But a linear homogeneous ordinary 
differential equation of order л has exactly л linearly independent particu- 
lar solutions, whose combination gives the general solution of the equation. 

Partial differential equations can have an infinite set of linearly in- 
dependent particular solutions, i.e., a sct of solutions such that any finite 
number of them will be linearly independent functions. Consider a simple 
example. The equation ди/ду = 0 has the general solution u = ф(х), so that 
its solutions will be, say, functions 1, x, ..., x^, .... In this connection, 
in linear problems involving partial differential equations we will have to 
deal not only with linear combinations of a finite number of solutions, 


but also with the series У) слип (х, y), whose terms are products of some 
n=l 


constants c, and solutions ил(х, y) of the differential equation. 

Cases are possible where a function u(x, y; №) for all values of the 
parameter À in some interval (Xo, 41), finite or infinite, is a solution of the 
equation L [u] = 0. We say then that solutions of the equation depend on 
the constantly varying parameter А. 
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If we take a function C(X) such that the first and second derivatives 
of the integral 
м 
U(x, у) = | С0)ибх, у; Nad 
at № 


‘<a 
with respect to x and y can be obtained using differentiation under the 
integration sign, then the integral will be a solution of the equation 
L[u) = 0. 

Concerning the linear inhomogeneous equation L[u] = f, we can make 
the following statements: 

Theorem 29.3. [f u(x, y) is a solution of the linear inhomogeneous equa- 
tion L(u] = f, and v(x, y) is a solution of the corresponding homogeneous 
equation L[u] = 0, then the sum u + v is a Solution of the inhomogeneous 
equation. 

Theorem 29.4 (on superposition). If 1 (х, y) is a solution of the equation 
L[u] = fi and u(x, y) is a solution of the equation L[u] = fo, then u, + i 
is a solution of the equation L[u] = /\ + fr. 


29.3 Classification of Second-Order Linear 
Differential Equations in Two Independent Variables 


Definition. The linear partial differential equation of the second 
order 


au ч. + 2B(x, y ы. + се, у È 21 T + a(x, у 5и 





+ b(x, у) » * c(x, y)u — f(x, y) (29.9) 
in some region Q in the xy-planc is said to be: 

(1) hyperbolic in Q, if 

A=B- AC» 0 in 0; 
(2) parabolic in Q, if 

A-B'-ACs0 in Q; 
(3) elliptic in Q, if 

A-B'-AC«O0 іп 0. 


Using this definition, we can readily verify that the equations д20/дх> = 
д?и/ду? and д?и/дх ду = 0 are hyperbolic for all x and y, the equation 
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ди/дх = д?и/ду* are parabolic for all x and y, and the equation d2u/ax? + 
д?и/ду? = 0 is elliptic for all x and y. The equation у(д?и/дх?) + 
д?и/ду? = 015 elliptic for y > 0, parabolic on the line у = 0 and hyperbolic 
in the half-plane y « 0. 

It can be shown that under certain constraints on the coefficients of 
equation (29.9) there exists à nonsingular change of independent variables 


E = ots, ») 2 
1-49 VEC) 


that transforms equation (29.9) to a simpler, canonic form, peculiar for 
each type of the equation. If equation (29.9) is hyperbolic (A > 0), then 
it transforms to 


ðu _ "Qu ди 
xa, (to u, t ’ x) 


ðu ðu ðu ðu 
= = ф Ф 4, ss —— |. 
ae ane (é ые: au.) 


or 


These are two canonic forms of the Ayperbolic equation. 
If equation (29.9) is parabolic (A = 0), then it can be transformed to 


u _ ðu ди 
дт? = ф (t 9, U, t" аи. 


This is the canonic form of the parabolic equation. 
If equation (29.9) is elliptic (A < 0), then it can be transformed to 


д?и аи, ди ди 
— + = $ ; th Жаы р |. 
ae ат (: ЕТ: 2) 


This is the canonic form of the elliptic equation. Here F and Ф are some 
functions dependent on the required function и, its first derivatives du/dE, 
ди/дт and independent variables £; у. The form of the functions F and 
ф is determined by the original equation (29.9). In some cases the carionic 
form of an equation enables one to find the general solution of the original 
equation. 

As a rule, the reduction of equation (29.9) to canonic form by a change 
of independent variables is local in nature, i.e., it is only feasible in some 
sufficiently small nephbourhood of a point Мо(хо, yo) under con- 
sideration. 
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When therë are móré than two independent variables, equations may 
also be hyperbolic, parabolic and elliptic. For example, at л = 4, the sim- 
plest canonic forms of the equations will. be. E 











2 1 2, ia 
A LT Pm eee carbons, 


Here u = u(x, y, 2, t). | 
. But if there are more than two independent variables, then i in the general 
case of the linear med with variablé coefficients 





n ES | 
21 М) ki > x Db, X, dias х) и 
1, j=l = 


+ cQa, 2, ..., X)u = ЈО, Xr, oss Xn) 


reduction to canonic forin Is only possible at a given point Mo(x{, x$, ..., 
x) but not in an arbitrarily. small neighbourhood of the point. 
We will confine oat discussion to linear differential equations s.f the 
second order. Such equátiótis occur in à wide variety of physics problems. 
So, oscillatory processes of various nature (vibrations of! бїгїп gs, Mem- 
branes, acoustic vibrations öf gas in tubes, electromagnetic oscillations, and 
50 on) are described by hyperbolic equations. The simplest of such equa- 
tions is the equation of the vibrations of a string (unidimensional wave 
equation) 
ĝu _ з д?и _ | 29.10 
a^ ae" и = u(x, t). | (29.10) 
| 
Here x is a Spatial coordinate, t is time, a^ = T/o, where T is the tension 
of the string, o is its linear density. 
Thermal conduction and diffusion are described by йы of para- 
boli¢ type. In thé unidimensional case the simplest equation of heat con- 
düction has the fórm 


ди 2 à: с | aide 
— = = Ж { 29.1 
ча y RN 
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Here a? = k/co, where о is the density of a medium, c is the specific heat 
capacity, k is the thermal conductivity. 

Lastly, steady-state processes, i.e., ones in which the required function 
is time-independent, are described by elliptic equations, a typical example 
of which is the Laplace equation 


Au = — + у 0, u= u(x, у). (29.12) 


We make sure by direct check that a solution of equation (29.10) is any 
function u(x, t) of the form 


u(x, t) = ф(х — at) + (x + at), 


where e(£), Y(n) € C. 
It can be shown that solutions to (29.11) are functions of the form 


u(x, t; X) = Ает sin Qx + a), 


where A, о are arbitrary constants, and À is a numerical parameter. Integrat- 
ing, the solution u(x, t; N) = с“ cos Ax of (29.11) with respect to À 
from ~œ to +оо, we will obtain the so-called fundamental solution 
U(x, t) = Майе ""** of the heat transfer equation. 

Finally, we can easily see that the real-valued functions P,(x, y) and 
Q«(x, y) defined by the relation 


(x + iy)” = Р„(х, y) + їО„(х, y) 


are solutions to the Laplace equation (29.12) for n = 0, 1, 2, .... This result 
is a particular case of the general statement that the real and imaginary 
parts of the analytic function f(z) = u(x, у) + iv(x, y) of a complex varia- 
ble z = x + iy are each a solution of the Laplace equation (29.12). 
The equation (29.12) being lincar, the series У) o4P,(x, y) and 


п= 0 
$1 BaQn(x, y) will also be solutions to (29.12), if they converge uniformly, 
n=0 


just like the series that result from them by double termwise differentiation 
with respect to each of the arguments x and у. 

As regards the simplest, or canonic, form of equations of hyperbolic, 
parabolic and elliptic types, we can sketch some ideas about their solutions. 


Formulation of basic problems for linear differential equations of the 
second order. To achieve a complete description of a physical process it 
is not sufficient tó have just the appropriate differential equation. We will 
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also need to know the initial state of the process (initial conditions) and 
the conditions on the boundary S of the domain Q C R” in which the 
process occurs (boundary conditions). This stems from the inherent non- 
uniqueness of the solution of a differential equation. 

“ For example, the general solution of the equation д2и/9х dy = 0 has 
the form u(x, y) = f(x) + g(y), where f and g are arbitrary differentiable 
functions. Therefore, to isolate the solution describing a given physical 
process, we will have to specify additional conditions. 

We distinguish three main types of problems involving partial differen- 
tial equations: 

(a) the Cauchy problem for hyperbolic and parabolic equations: given 
are the initial conditions, the domain Q coincides with the entire space R”; 
there are no boundary conditions; 

(b) the boundary problem for elliptic equations: given are the boundary 
conditions on the boundary S of the domain Q; the initial conditions are 
absent; 

(c) the mixed problem for hyperbolic and parabolic equations: given 
arc the initial and boundary conditons, Q # R". 


Exercises 


Find the general solution of the equations (и = u(x, y) 








2 2 2 2 
j 349 oq PE coy. p Е o ы ыш у 
ay? ду ax ду ax ay ay 
2 n 
gH uu a ge go: 
дх ду x day ду" 


7. Assuming и = u(x, у, z), solve the equation 
eu _ 
дх ду dz 


Find the domains where the following equations are hyperbolic, para- 
bolic and elliptic: 


0. 








д?и д?и д?и 
8. —--2 —3 = 0. 
ax? ax ay ду? 
2 2 2 
9, и), ди ðU ul 


SE ge 
ax? ax ay ^ ay! 
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Answers 
1. u(x, y) = di) + BHD. 2. u(x, у) = &i(oe" + &)0). 


2 y 
«2 


3. u(x, y) = e'*" + diy + Ф, 0). 4. и(х, у) = em + 9$10)y + (x). 


Ф А 
5. u(x, y) = 20 + $lx). 6. u(x, у) = BAYT! + bay”? +... + Ф„(х). 


7. u(x, y, 2) = *i(x, у) + a(x, 2) + $,(y, z). 8. The equation is hyperbolic throughout. 
9. In the region x? — y > 0 the equation is hyperbolic; in the region x? — y < 0 it is elliptic; 
the curve y = x? consists of parabolic points. 
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Hyperbolic Equations E b ES 





" 


'30.1 Essentials 

Hyperbolic equations occur in problems associated with oscillatory 
{ processes (vibrations of strings or membranes, electromagnetic oscillations, 
! ete). One characteristic feature of the processes described by hyperbolic 
; equations is the finite speéd of propagation of perturbations. 

Consider, for example, the equations of an electromagnctic field. Classi- 
ically, electromagnetic phenomena are described by Maxwell's eauations. In 
‘the simplest case of a nonconductive, homogeneous, isotropic medium in 
‘the absence of charges and currents, the equations will be 


cur! H = EIE P (30.1) 
curl E = — p (30.2) 
div H = 0, (30.3) 
div E = 0. (30.4) 


Here E and Hi аїё the strengths of the electric and magnetic Fields: = is 
the permittivity of the medium, д is the permeability of the medium 
(Ё, и = const), c is the velocity of light in vacuum. 

Differentiating (30.1) with respect to ¢, we will obtain: 


| 60 Е д?Е = cur! 2H oH 
c o t 
Substituting dH/d¢ from (30.2) gives 
E a = —@й curl E. (30.5) 


It is well known that 
curl curl E = [V, [V, EJ] = V(V, E) - VE = gred div E - AF. 
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Since div E = 0, from (30.5), we have 


ш КЫЙ 
c! аг? 
Thus, for the vector field E we get the equation 


= AE. 


This is one of the most fundamental equations of mathematical physics. 
It is called the wave equation. 

We can readily find that the. vector field H obeys exactly the same 
equation 


H с AH. 

дг? Eu 
And so each of the components Е,, E, E; and H;, Hy, H, of E and H 
in this simple case obey the wave equation 


3u zı (9и ди u 
= а {= + TI. 30.6 
дг? (2s ay? ag (30:6) 


This is a hyperbolic equation. Here a = c/Vep is the speed of propagation 
of the process, so that electromagnetic processes propagate in a noncon- 
ducting medium with the velocity a = c/N ep. Specifically, in a vacuum 
(E = н = 1) they propagate with the velocity of light c. 

If u = u(x. y, t), then equation (30.6) becomes 


aus (ди atu 
"Y =a sw + paz}: 
д дх ду 


When и = u(x, t), we obtain the unidimensional wave equation 


au rou 
ae? 

We will begin our discussion of hyperbolic equations with the unidimen- 
sional wave equation (the equation for vibration of a string) 92/91? = 

a ди 

àx ^ 

We will define the string as an ideally flexible thin thread that is elastic 
only when it is taut and resists extension. 

Suppose that the string vibrates in the xy-plane and that the displace- 
ment u is perpendicular at any moment of time / to the x-axis. The vibration 
process can then be described by one function u(x, t) characterizing. the 
vertical displacement of the string. 


30.2 Solution of the Cauchy Problem 
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We will assume the vibrations to be small and will neglect the quantity 
(ux)? as compared with unity. We.can show then that if the linear density 
of the string is @ = const and there are no external forces, the equation 
of free vibrations of the homogerieous string has the form 


af 


F 


дг? ax? ' 


where a? = 7/9, T is the tension of the string. 


30.2 Solution of the Cauchy Problem 


. (Initial Value Problem) for an Infinite String’ 


Running wave method. D'Alembert solution. We would now like to 
integrate the equation of free vibrations of the homogeneous string 


дг? ax? ^ 


(30.7) 


Here u(x, t) is the displacement of a point of the string at a time f relative 
to the equilibrium position. For each value of ¢ the graph of the function 


и = u(x, t) gives the shape of the string at /. 


We introduce new independent variables £, ņ by 


In terms of £, т}, equation (30.7) becomes 


Really, 


f=x-at, 
77x at. 


Ty = 0 





x 


2 2 2 
„ч дЕ рди dn ди 





an dE àx дл! Ax 
ди _ du ðt je ot =o (HE 


й 9+9: ay Ot — an 





2 2 
org (#)-S H+ 


au дд 
дЕ ду Ox 





ar? 


ди 
ot)’ 


2 
+294 


9^u 
+. " 
df dn — Ow! 


2 а?и 





д?и ð f ðu 2 д?и- 2 д?и 
d ort. (pede) E -2P LL | 
a а (#) "eg о aper д 


(30.8) 
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Substituting the expressions for à?u/3r? and à? u/ax? into (30.7), we will 
arrive at 


„дш _ 
8E an 


This equation is fairly simple to integrate. If we write it in the form 


а fau\ _ 
э (x) 7^ 


we will have ðu/3 = w(t), where w(é) is an arbitrary function. Integrating 
the resultant equation with respect to £ (here у is treated as a parameter), 
we will find that 


u = fo(Ddt + 0), 


where 62(y) is an arbitrary function of т. Putting [edat = 0,(), we 
obtain 


и = 0.(#) 060). 
Returning to the old variables x and f, we get 
u(x, t) = 0 (x — at) + @б›(х + at). (30.9) 


Direct test shows that the function u(x, t) defined by (30.9), where 6, and 
0; are arbitrary, twice continuously differentiable functions, is the solution 
of (30.7). This is the general solution of the wave equation (30.7), since 
any solution of (30.7) can be represented in the form (30.9) with an ap- 
propriate choice of 6; and 62. This solution is called the D'Alembert so- 
lution. 

Each term in (30.9) is also a solution of (30.7). The solution 


и = 61(х — at) (30.10) 


has the following physical meaning. At t = 0 this solution assumes the form 
и = 01(х) (Fig. 30.1). Imagine an observer who at t = 0 has set off from 
the point x = c on the x-axis and travels along the positive x-axis with a 
speed a, sœ that for his abscissa we have dx/dt = a, whence x = at + с, 
іе. х— а = с. 

Consequently for him й = 61(x — at) = 01(с) = const. In other words, 
for the observer the displacement u of the string given by (30.10) will at 
all times be constant and equal to 01 (с). Solution (30.10) is thus a forward 
wave, which propagates along the positive x-axis with the speed a. If we 
take 0ı(¢) to be sin Ё, then we will have a sine wave. 

The solution и = M(x + at) is the return wave, which propagates along 
the negative x-axis with the speed a. 


0. 





E 


Solution (30.9) is thug thé sum of the forward and return waves. This 
yields the following graphic method of constructing the shape of the string 
at any moment of time f: we construct the curves u = 6;(x) and u = 62(x) 
representing the forward and return waves at the initial moment of time 
t = 0, and next, without changing their shapes, we shift them simultancous- 
ly by at > 0 in the opposite directions, the curve v = бү(х) to the righi, 
the curve u = 62(x) to the left. 

To obtain the graph of the string it is sufficient to construct the algebraic 
suin of the ordinates of the shifted curves. 

Solution of the Cauchy problem for an infinite string. The Cauchy 
problem consists in finding thé function u(x, £) € C?, which obeys equation 
(30.7) for ( > 0, =œ < x <: + $, with the initial conditions 


цао = воб), E! „т, cem <х<+ә, — QUID 





where polž) é CR! j зуе С'(К'). Here the function «п(х) defines the 
shapé of the string Gt’? = 0; the function y(x) gives the distribution of 
velocities àu/àt along the string at / = 0. 
Suppose that the solution of the problem in question exists; it is then 
given by (30.9). 
We define 6, and @ so that they obeyéd the initial conditions (30.11) 
u(x, 0) 6:6) + бо(х) = pol), | (30.12) 
u(x, 0) = —а{@{(х) — 0262] = ei). (30.13) 


Integrating the second of these gives 
x 
89 = hG) = - 1 (еда +с, 
4, . | | 


where C is an arbitraty éonstant. 
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From 
A(x) + h(x) = фо(х) 


0.(х) — 610) = — HL + С, 
0 


we find 


x) = = 1 об) - ¢i(a)da +С 5 


YJ- 


+L 


55 vi(a)da — = 


6) = = E 


| 
| 


Substituting (30.9) into the expressions for 0, and 62, we obtain 
x—at 
1 1 
u(x, t) = 2 €o(x — ar) – 24 | vi(a)da 
ў bis 


xtaf 


1 
+ 3 eo(x + аг) + 5. | vi(a)da 


or 
х+аг 


(x — at) + + at 
пао Etn, L | piladde. — (3014) 


x—at 


u(x, t) = 


This is the so-called D'Alembert formula. 

It can easily be tested that if yo(x) € C'(R'), pi) € C'(R'), then the 
function u(x, /) given by (30.14) obeys (30.7) and the initial conditions 
(30.11), i.e, it solves the problem. 

This solution is unique. Really, if there existed a second solution of the 
problem (30.7), (30.11), it would be represented by formula (30.14) and coin- 
cide with the first solution. 

Problem. Using the D'Alembert formula for the solution of the Cauchy 
problem 

д?и sa дѓи 
әй Әх’ 


u(x, 0) = p(x), 


1> 0, -w<x< +, 


2465 0) „ү, —е < x < +оо, 
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show that if both g(x) and у(х) are odd, u(x, {)| о = 0, and if they are 
even, du/dx|,-0 = 0. 


Dependence region. It is seen from the D'Alembert formula (30.14) that 
thé value of the solution w at a point P with the coordinates (x, /) is only 
dependent оп the values of yo and o, in the segment yp: [x — af, x + ai) 
on the x-axis. 





Fig. 30.2 


Actually, the solution includes the values of pı on the entire interval 
yp, and the values «o only at the ends of the segment. We say that the 
solution «(P) "ignores" the conditions of the problem outside yp. 

The interval yp of the x-axis is called the region of dependence ior the 
point P (Fig. 30.2). 


30.3 Examination of the D'Alembert Formula 


Consider two special cases which give some idea of the behaviour 
of the solution of the equation 
д?и _ „д?и 


(30.15 
ar ax? ) 





in the general case. 

(1) Let ф(х) = 0, and the graph of the function фо(х) have the form 
as shown in Fig. 30.3а.. For simplicity, we will consider that a = 1. Then, 
the D'Alembert formula will be 


go(x — t) + фо(х + 1) | 


u(x, t) = 7 


To obtain the graph of u(x, г) viewed as a function of x at some fixed 
positive /, we proceed as follows: at first we draw two identical coincident 
graphs, each of which is derived from the plot of go(x) by halving the or- 
dinates (the dash line at the top). We then shift one of the plots as a whole 
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by t to the right along thé pátitive x-axis, and the other by ¢ to the left. 
We then construct anothér graph such that the ordinate of each value of 
x is the sum of the ordinates of the two shifted graphs. 

In this way we have constructed the plots of u(x, 0), u(x, 1/4), 
u(x, 1/2), u(x, 1) in Fig. 30.3. 





Fig. 30.3 


We see that with the initial conditions chosen at each point of the string 
after both waves have passéd (aitd for points that lie outside of the region 
of the initial displacement after the passage of a single one) comes a rest. 


1 for |xX € 1/2 ,... 
(2) Let go(x) = 0, arid e) = fo for |x| > 1/2 (Fig. 30.4). 


иу (х) 





Рір. 30.4 





30.3 D'Alembért Formula 





We then say that the string has only thé initial pulse. Solution (30.14) 
becomes (wë set й = 1)- i 
E I+ 
oo ue =F | е!(о)де. 
х-( : 
For each fixed x the solution u(x, t) will be zero as long as the intersection 
of the interval (x — f, x + t) with the interval (— 1/2, 1/2), where gi(f) = ? 
i$ empty; u(x, f) will vary during the period of time while the growing inter- 
val (x — t, x+ t) will be embracing évér larger part of the interval 
( —172, 1/2). After the ifiterval (x — t, x + t) wil! have engulfed the interval 
(= 1/2, 1/2), the quantity u(x, t) will remain unchanged апа eqval to 
1/2 | | 
1 «1(a)da. | (30.16) 
-1⁄2 ; 


To obtain a curve répresenting the shape of the string at various / we pro- 





Fig. 30.5 
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ceed as follows. We denote by Ф(2) some antiderivative for «(z). Then 
ux, 1) = i [Фо + 1) - Ф(х — 0]. 


To plot the curve of u(x, г) we first obtain the graphs of the functions 
1 (x) and — 1 (x), and then each of these graphs we shift as a whole 
2 


by £ along the x-axis, the first graph to the left, the second to the right. 
If we add together the ordinates of the shifted graphs, we will obtain the 
plot of u(x, t) (Fig. 30.5). 

After a sufficiently long period of time each point on the string will 
shift and achieve a stationary displacement i4 given by the integral (30.16). 
We then have a residual deformation (hysteresis). 


30.4 Well-Posedness of a Problem. 
Hadamard's Example of Ill-Posed Problem 


Correctly posed problem. Investigation of physically deterministic 
phenomena calls for the introduction of the concept of a well-posed 
problem. 

Definition. We say that a mathematical problem is posed correctly if 

(1) the solution of the problem exists in some class Mı of functions; 

(2) the solution of the problem is unique in some class M? of functions; 

(3) the solution of the problem is continuously dependent on the condi- 
tions of the problem (initial and boundary conditions, coefficients, etc.), 
ie, the solution is stable. 

The set M, NM of functions is called the class of correctness. 

In the theory of ordinary differential equations it is proved that the 
Cauchy problem 


dy = f(x, y) убо) == Yo 
ax 


is well posed, if the function /(x, y) is continuous in the collection of argu- 
ments and has a bounded derivative д//ду in some domain that contains 
the point (Xo, Yo). 

Consider the Cauchy problem for the infinite string 


u _ ›д?и 


— =a —5, {> 0, —-=о<х< +оо, (30.17) 

ar ax 

Пра а, би IG), -=<х<+о (30.18) 
i= Е 


ev() € CHUR!) р(х) = CU). 
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We have established that | 

(1) the solution of the problem (30.17-18) exists; 

(2) the. solution is unique.. 

We show that as the initial conditions vary continuously, so does the 
csdlution. 

Theorem 30.1. Whatever the interval [0, to] of t and whatever ғ > 0, 
there exists б = 5(€, to) > 0 such that for any two solutions u(x, t) and 
u(x, t) of equation (30.17) meeting the initial conditions 


u(x, 0) = Фо(х), из (х, 0) = фо(х), 


dur(x, 0) _ диз(х, 0) _ 


at pı (x), 21 


e (х), С 
there holds |ux(x, t) — ш (х, t) < Е for0<t<gt, - о <х < +оо, as 
long as 


der — eo(x)| < à 


le69 — $69] < ô (30.19) 


for — ео <x < +œ, ie., a minor change in the initial conditions causes 
a minor change in the solutions. 

-4 The functions i (x, /) and u2(x, t) are connected with their initial condi- 
tions by the D'Alembert formula, so that 


n(x, t) - u(x, t) = Se 


xX+at 
Zo(x + at) — eo(x + at 
Ent ee d | Gne – eda 
a 
X—af 
hence 


Ж ООЛО e А0 ам cani 


X atf 
фо(х + at) — фо(х + ar) 1 ME 
„+ шеек de | Jaia) - шоудо, 
x—at 
or, using (30.19), 
роб 0) — n(x, DI < > +3 + 3; &at < &(1 + t). 


If we put à = &(1 + fo), we will have from this inequality 
[ш2(х, ')— (x, D| <e for 0</< о, -© <х< +оо, 


which proves the theorem. > 


38* 
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Therefore, for the wave équation 
acd ax? 
(hyperbolic type) the Cauchy problem is well posed. 


Hadamard’s example of an ill-posed problem. Consider the following ` 
Cauchy problem for the Laplace equation: find the solution of the Laplace 
equation 


2 2 
ILE =® t>0, -o<x< +0 (30.20) 


meeting at / = 0 the conditions 


и|,-о = 0, (30.21) 
ди bs 
SU п sin nx, (30.22) 


where л is a natural number. 
We can readily check that a solution of the problem will be the function 


u(x, t) - = sinh nt sin nx. (30.23) 
Since 
диб, Of |l innej «1, 
ot n n 














for sufficiently large n the absolute value of u(x, 0) will be arbitrarily small 
throughout. At the same time the solution u(x, f) of the problem under 
consideration, as follows from (30.23), will have arbitrarily large absolute 
values for arbitrarily small t > 0, if n is sufficiently large. 

We assume that we have found the solution uo(x, £) of the Cauchy 
problem for equation (30.20) under certain initial conditions 


u|izo = Фо(х), 


ди = 
3t = ф(х). 


f=0 





Then for the initial conditions 


и|=о = ‹фо(Х), a "o Ф1(х) +1зш пх 





the solution of the Cauchy problem will be 


u(x, t) = uo(x, t} + S sinh nt sin nx. 
n 
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| = 
| It йон that a nilüor change i in thé tidal бойоп may result in 
Í arbitrarily large changes in the solutioi-éf the Cauchy problem, and in 
any neighbourhood of the line of initial; values t = 0. 
Therefore, the Cauchy problem for thé Laplace шайр (elliptic type) 
7“is ill posed. 
On the other hand, we return to the hyperbolic equation 


= 0 | (30.24) 


| and formulate the followirig ptoblein: find the solution u(x, у) of (ће equa- 
| tion (30.24) in the tectangle О with sides рагае: to theicoordinate axes 

: (Fig. 30.6), such that on the boundary Г of that rectangle it assumes the 
| specified boundary values (T' is closed). This boundary problem, generally 
| speaking, has no solution. We will see this. 
| 


where f, & TD Ajé Arbitrary functions. Moreover, we cannot arbitrarily 
specify i bouridáty values, since the derivative иу = g' must take on the 
same values at respective opposite points of the sides x — const. The same 
i$ true of the ópposite points of the sides y — const. 

The valües of u(x, y) can only be specified arbitrarily on two adjacent 
sides of the rectangle (e.g., on OA and OB), but not.on the entire boundary 
T' of thé rectangle, so that for thé hyperbolié’ equation the formulated 
boundary problemi appears to be dverdetétmined. | 

In à word, we should not try to make thé solütión Of theiabove equation 
беў boundary coriditions of an arbitrary Should not try to poke 
a squaré pég iñtò à fóühd hole, $ö tó Spea zi 

Remark. ll:pósed problems-oftén i ications. among them 
there are many well-known mathematical problems. Iu particuiar, the above 
Cauchy problem for thé Laplacé equation i; concérned with the inverse 
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‘problem of gravimetry on determination of the shape of a body from a 
gravitational anomaly it produces. 


30.5 Free Vibrations of a String 
Fixed at Both Ends. Fourier Method 


The Fourier method or the method of separation of variables is óne 
of the commonest methods of solving partial differential equations. Con- 
sider it beginning with the simplest problem on free vibrations of a 
homogeneous string of length / fastened at the ends. 

The problem comes down to solving the equation 


2 2 
P ago Uu. үзбө беке (30.25) 
ot” дх 
subject to the boundary conditions 

Ulreo = Ufras = 0, (20, (30.26) 


and the initial conditions 


ulr=0 = Фо(х), КРА ei), O<xX<l. (30.27) 


du 
ðt 

Problem (30.25-27) is called a mixed problem, since it contains both 
initial and boundary conditions. 


We will seek particular solutions of equation (30.25) that are not identi- 
cally zero and meet the boundary conditions (30.26) in the form 


u(x, 0) = (X(x). (30.28) 
Substituting u(x, í) in the form (30.28) into (30.25) gives 

T” (OXW = a? T().X(9), 
or 

ru) _ X" 

a^T() Xw ` 


The left-hand side of this equation is only dependent on f, and the right- 
hand side only on x, and so it is solely possible if its both sides are depen- 
dent neither on ¢ nor on x, i.e., both sides are equal to the same constant. 
We denote this constant by — (separation constant). We thus have 


T'( Хо). 
a^TQ) XÙ) 











X (30.29) 
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From this we will then obtain two ordinary differential equations 
T"(t) + M^ T(t = 0, (30.30) 
X* (x) + AX(x) = 0. (30.31) 


othe boundary conditions (30.26) give 


u(0, t) = х(0) T(t) = 0, 
ull, D) = X(I)T(I) = 0. 


Since 7(t) # 0, we deduce from this that the functions X(x) must meet 
the boundary conditions 


X(0) = 0, X) = 0. (30.32) 


Problem (30.31-32) has the obvious solution X(x) = 0 (trivial solution). In 
order to obtain the nontrivial solution u(x, t) of the type (30.28) meeting 
the boundary conditions (30.26) it is necessary to find the nontrivial solu- 
tions of the equation (30.31), satisfying the boundary conditions (30.32). 

We thus arrive at the following problem of finding the value of X at 
which there exist nontrivial solutions of problem (30.31-32) and also the 
solutions themselves. 

Such values of ^ are known as eigenvalues (or proper values), and the 
corresponding nontrivial solutions as eigenfunctions (or proper functions) 
of the problem. 

Formulated that way, the problem is called the Siurm-Liouvilie 
problem. 

Now let us find the eigenvalues and eigenfunctions of problem 
(30.31-32). We will consider in some detail three cases: А < 0, \ = 0, А > 0. 

(1) For А < 0 the general solution of (30.31) has the form 


X(x) = Сүе Cyt M 
Requiring that the boundary conditions (30.32) be met, we will have 


+ С = 0), 


30.33 
Cie 7M acce М = o PER) 


Since the determinant of (30.33) is nonzero, then C, = 0 and C; = 0. Con- 
sequently, X(x) = 0, ie, for А < 0 there exist no nontrivial solutions. 
(2) For \ = 0 the general solution of (30.31) has the form 


Х(х) = Cix + О. 
The boundary conditions (30.32) yield 


p + С, = 0, 
С\-1+ С, = 0. 
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Hence C, = C: = 0, and so Хо) = 0, i.e., at \ = 0 there are also no non- 
trivial solutions to the problem. 
(3) For А > 0 the general solution of equation (30.31) has the form 


X(x) = Ci cos Ух + Cy sin Мх. 


Requiring that the boundary conditions (30.32) be met, we obtain 


Су-11 + C,-0 = 0, 
30.34 
p cos VAI + Cz sin УА! = 0. ee 


System (30.34) has nontrivial solutions if and only if the determinant of 
the system is zero: 


1 0 


cos УМГ sin ail =0 





or sin VA/ = 0, hence УА! = k, where k is any integer. 
The nontrivial solutions of the problem are thus only possible for the 
values 


А 2 
ws (E) фе Би 9, 


These are the eigenvalues of the problem (30.31-32). 
From the first of the equations (30.34) we find that C, = 0, and hence 
the functions 


Xx (x) = sin К х 
will be the eigenfunctions of the problem determined up to a factor, which 
we have taken to be unity. | 
Corresponding to positive апа negative values of k of the same absolute 
value are eigenfunctions that only differ in a constant factor. Therefore, 
it is sufficient to take for А only positive integral values: k = 1, 2, 3, ..., 
n.... 
At А = № the general solution of equation (30.30) has the form 
Tk(t) = Ак cos Era t + By sin m і, 
where Ax and Вк are arbitrary constants and Ap: + By: > 0. And so the 
functions 
kra 


wax, t) = Хе) Те) = (^. cos ET? 1 + By sin кка ) in 24 A 
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obey equation p 25) atid boundary cónditions (30. 26) for any Ax and Вк, 
k = 1, 2, А, .. 
| Equation (30. 25) being linear and hoifiogeneous, any fi nite sum of solu- 
tions will also be a solution of the equines The same holds for the sum 
d "of thé series | 


j u(x, t) = 2n (^ cos ame t+ By sin Ere ) sin х, (30.35) 
Ral | 
j if it converges uniformly and it can be differentiated twice term by term 
'. with respect to x and t. Sincé each term in series (30.35) meets the boundary 
conditions (30.26), these conditions will also be satisfied by the sum 
; u(x, t) of the series. It now remains to find the constants А, and Ay in 
(30.35) so that to meet the initial conditions (30.27). 
We differentiate formally the series (30.35) with ate to f 

k 


zc —— (-^ sin T t + By cos Кта ) in ET x. (30.36) 
kal 


| Putting in (30.35) and (30. 36) t = 0, we will, by the initial conditions 
! (30.27), have 


| 
| фо(х) & Sia А LE 22 
| ех | Q037) 


wi = = уш | біп i 


ойша 0 (30.37) are éxpatisions of the specified functions фо(х) and vi (Y) 
‘into a Fourié? séries іп ines in the interval (0, /). 
The coefficients of the expansion (30.37) are worked, out from the 
known formulas (see Cliap. 17) 
П 


Q» i 
~ 
~ 





| 
| 
| 
1 ' 
П 
i 
1 








A ed | nn sin ÉT x dx, | 
"у ; | (30.38) 
! an 2 л ate, KT E 
| Bk = kia | ei (X) sin T x dx, È 


‚0 
Théorem 30.2 if о é C? [0, d and meets the conditions 
vo(0) = &(ЙЎ = б, Д0) = Ф) = 0 
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and р(х) ЄС? [0, [|] and meets the condition 
v1(0) = oi () = 0, 


then the sum u(x, t) of the series (30.35), where Ax and By are given by 
Jormulas (30.38), has in each argument continuous partial derivatives up 
to the second order in the domain (0 < x < l, {> 0), meets equation 
(30.25), the boundary conditions (30.26) and the initial conditions (30.27), 
ie., u(x, t) is a solution of the problem (30.25-27). 

Example. Find the law of the free vibrations of the homogeneous string 
of length / fixed at both ends, if at ¢ = 0 the string has the shape of the 
parabola Ax (| — x), h > 0 = const, the initial speed being zero. 

-4 We have the equation 
Ju — 18?u 


1 


ad ai О<х< 1, t>0 (30.39) 
under the boundary conditions 

ц.о = 0, ul-:-0, t20 (30.40) 
and the initial conditions 


ди 


ш|«о = Ax(/ — x), a lus 


-0, 0<x<i. (30.41) 
Using the Fourier method, we seek the nontrivial solutions of (30.39) meet- 
ing the boundary conditions (30.40) in the form 

u(x, t) = T (t) X (x). (30.42) 


Substituting u(x, г) in the form (30.42) into (30.39) and separating the varia- 
bles, we obtain 





уту = ОУУ ы =) (30.43) 
a^ T(t) X(x) 
Hence 
T" (t) + M? T(t) = 0, (30.44) 
X") + AXW = 0. (30.45) 
From this, by (30.40), we get 
Х(0) = 0, X(/)-90O. (30.46) 


It has already been established that the eigenvalues for the problem аге 


м = (7) (021,2, ...), 
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and the corresponding eigenfunctions are 
Xi(x) = sin Tx (п = 1, 2, ...). 


For \ = №, the general solution of (30.44) is 


Т„(Ф) = An cos a t+ B, sin = 1. 


We will seek the solution of the original problem in the form of the series 


u(x, t) = >> (^. cos "е, + By sin шы ) sin + x. (30.47) 


nzi 


To determine the coefficients A, and B, we will make use of the initial 
conditions (30.41) 


ul-o- hx - x) = 25 A, sin T x (30.48) 
n=l 
Р E (О(<х< 1л 
ы zs ind e 
x ho 0 ] 2j B, sin 7% (30.49) 





We immediately have from (30.49) that B, = 0 for all n. And trom (30.48) 
1 


2h aan AT А 
А, = ] |^ (/ — x) sin | х ах. 


0 
Integrating twice by parts gives 


8/^h 


(2m + ly (m = 0, l.i.) 


Alam + = 


Substituting the found values of An and B, into (30.47), we will obtain 
the solution of the problem 





2 
u(x, joak 1 зво ОЛЕ Шке 
т” 4 От+0) І 
X sin (mt a я >- 
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Remark. If the initial functions yo(x) and еі (х) do not meet the condi- 
tions of the theorem, then there can be no twice continuously differentiable 
solution of the mixed problem (30.25-27). But if yo(x) € C'[0, /] and meets 
the conditions yo(0) = (Г) = 0, and v(x) € C(O, 1), and y(0) = &1(/) = 
0, then the series (30.49) converges uniformly for 0 < x < / and any г and 
it defines the continuous function u(x, £). In that case, we can speak only 
about the generalized solution of the problem. 


Each of the functions 


{ l і 


defines the so-called natural vibrations of the string fixed at both ends. 
The string undergoing natural vibrations at k = 1 produces the fundamen- 
tal, i.e., the lowest, tone. For larger k, it produces higher pitches and over- 
tones. Writing ик(х, t) in the form 


ux(x, t) = TOX) = (^. cos kra t + By sin kra ) sin Кт x 


ux(x, t) = Hy sin Er x sin (Ss t+ “) , 


we conclude that the natural vibrations of the string are standing waves 
in which points of the string undergo harmonic vibrations with the ampli- 
tude Hy sin (kxx/I), frequency ок = kva/I and phase ax. 

We have discussed the case of the free vibrations of the hornogerieous 
string fixed at both ends. Similar results will be obtained if the string is 
subject to other boundary conditions. Suppose, for instance, that the left 
end of the string is fixed, i.e., u(0, £) = 0, and the right end x = / is elastical- 
ly linked to its equilibriurn position, which corresponds to the condition 
их(1,1) = — hu(l, t) (h > 0 = const). We will again seek the nontrivial solu- 
tion u(x, t) of the equation 


д?и — з д?и 

at I ax? , (30.25) 
satisfying the established boundary conditions, in the form 

u(x, t) = T() X(x). 


As a result of the substitution u(x, 7) = T(t).X(X) into (30.25) we come to 
the following eigenvalue problem: find the values of À for which the 
differential equation 


X” + AX) = 0 (30.50) 
with the boundary conditions 
X(0)=0, X'() + АХ) = 0 (30.51) 


has nontrivial solutions X(x). 
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| 

| 

| The general solution of the equation (30.59) has the form A > 0) 
X(x) = Ci cos Vax + C, sin Ухх. 


The first of the boundary conditions (30.51) gives C| = 0, sa that the 
functions X: (x) up to a constant factor are sin УХ х. 
From the sécond of (30.51) we have 


| 
| 
VÀ cos УМ + A sin УХ/ = 0. | (30.52) 
| 
We put ^ = »?, then, if А #0; we have from (30.52), | 


tan (и) = — T (30.53) 


We thus obtain for » a trariscendental equation. The roots of this equation 
' бап be found gfaphiéally, by taking the intersections of the successive 





Fig. 30.7 


branches of the curve z = tan v/ in the (v, z)-piane by the straight line 
= —wh (Fig. 30.7). 
' Both sides of equation (30.53) are odd füfictions in >, therefore cor- 
‘ responding to each positive root v, is а negative root öf the same absolute 
value. Since a change of the sign of ук does not cause new eigenfunctions 
: to appear (they will only change their sign, which is of no|significance), 
itis sufficient to confine ourselves to the positive roots of equation (30.53). 
As a result, we again obtain a sequence of eigenvalues №, №; .... А, .... 
and of the corresporiditig éigerifunctions sin vix, sin vax, vein Pads oy 
and also of the natural vibratiofis (A; cos avi + B; sin avi nt) sin mx, ..., 
(An cos ava! + B, sin avast) sin vax, .... | 
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By the way, for the nth natural frequency v, we have the asymptotic 
relation 


Specifically, for / = т, lim v,/n = І. If the right end of the string x = / 


п— = 


is free, i.e, ^ = 0, and hence и‹(/, t) = 0, then from (30.52) we obtain 
cos vl = 0. We thus have v/ = 1/2 + пт, so that the eigenvalues will be 


_ Qn + Ia 


5] (n 20, 1, 2, ...), 


and the corresponding eigenfunctions 


(2n + Da 
21 


Xn(x) = sin x (n=0, 1, 2, ...). 


30.6 Forced Vibrations of a String 
Fixed at Both Ends 


Consider the vibrations of a homogeneous string of length / fixed 
at both ends under the action of an external force f(x, t) per unit length. 
We have the equation 





ou ug 21 и (30.54) 
ә? 
with the boundary conditions 
ujx=0 = 0, и|, = 9 (30.55) 
and the initial conditions 
ди 
и |, =0 = фо(х), 3i = wi. (30.56) 
t r=0 
We will seek the solution u(x, t) of the problem as the sum 
u(x, t) = v(x, t) + w(x, t), (30.57) 
where u(x, f) is the solution to the inhomogeneous equation 
a? U 2 ð? v 
z = а + SO, t 30.58 
3g 3d ЈОХ, t) ( ) 


meeting the boundary conditions 
оао = 0, vhk=-1=0 (30.59) 
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zuo Ao m vr OT 
and the initial conditions 


до 
v|r-o = 0, ЕП ке = 0 (30.60) 


айа w(x, f) is the solution to the homogeneous equation 


д?» д? 


= = = 30.61 
ad ax? (uen 
satisfying the boundary conditions 
и|к-о = 0, w-;-0 (30.62). 
and the initial conditions 
мато = e), E| = n. (30.63) 
t 1-0 


The solution u(x, t) represents the forced vibrations of the string, i.e., 
such vibrations which occur under the action of an external disturbing force 
f(x, t), when the initial perturbations are absent. 

Solution w(x, t) represents free vibrations of the string, i.e.. those which 
occur only due to initial perturbations. 

The method of finding free vibrations w(x, t) has been discussed above, 
so that it only remains to find the forced vibrations v(x, г), i.e., the solution 
to the inhomogeneous equation (30:58). 

We will apply the method of expanding in eigenfunctions, which is one 
of the most powerful tools of solving inhomogeneous linear partial 
differential equations. i 

The basic idea of the method consists in expanding the external lorce 
S(x, t) into a series 


fix, 0) = 2 Л) XQ) 
=1 


in eigenfunctions (.¥,(x)} of the corresponding homogeneous boundary 
problem and finding the responses vi (x, t) of the system to the action of 
each component /; (г) X« (x). Summing up all such responses, we will obtain 
a solution of the original problem 


v(x, t) = >) v(x, t). 


kzt 


We will seek the solution v(x, f) of the problem (30.58-60) in the form 


u(x, N= ST) sin sx X. (30.64) 


k=l 


608 30 Hyberbolie Equations — 


Here sin krx/l are eigenfunctions of the homogeneous boundary problem 
and the boundary conditions (30.59) are automatically met. 

We will define the functions T(t) (k = 1, 2, ...) so that the function 
u(x, t) would obey equation.(30.58) and initial conditions (30.60). Substitut- 
ing v(x, t) in the form (30.64) into (30.58) gives 


21m [т k(t) + cae то] sin ЯТ x = f(x, t). (30.65) 
"k=! 


We expand the function f(x, t) in the interval (0, /) into a Fourier series 
in sines (eigenfunctions) 


fx 0) = AO sin £r x, (30.66) 
К=1 
where 
1 
At) = 2 ле t) sin Er E dt. (30.67) 
0 


Comparing expansions (30.65) and (30.66) for the same function f(x, £), 
we will obtain the differential equations 


ke ga? 
T(t) + I Т0) = fk (kK = 1, 2, ...) (30.68) 
for the unknown functions 7%(¢). 

In order that the solution u(x, £) defined by series (30.64) may satisfy 
the initial conditions (30.60), it is sufficient to require that 7; (/) obey the 
conditions | 

Tx(0) = 0, TÓ) = 0 (К=1,2,...). (30.69) 
We will see that this is so. Putting in (30.64) ¢ = 0, we will obtain 


u(x, 0) = 0 = Ууто) sin ET x = 7;,(0)=0 vk. 
k=l 
Differentiating (30.64) with respect to г and putting / = 0, we will find that 
T'(0) = 0 for all k: | 
Using, say, the method of variation of constants, we will find that the 
solutions of equation (30.68) for the initial conditions (30.69) have the form 
i 


Т0) = L— x | Ж(т) sin x ((—7dr (-1,2,..., (30.70) 


ò 
where fll) a are given by (30.67). 





Substitutifig thé (боба expressions for Tk(¢) into series (30.64), we ob- 
tain the solution v(x; 7) of the problem (30.58-69) if the series (30.64) and 
the series détived From it by. double termwise differentiation with respec! 
to x and ? convetge uniformly. ^ 
? [t can be Shown that such a convergericé of the series will be provided, 
if the functiori f(x, t) is continuous, has contiriuous partialiderivatives with 
respect to x üp to the id order and all the values of г satisfy y the condi- 
tion (0, () =f, 0) = 

The solution u(x, t) к the original problem (30.25-27): is representable 
in the form 


u(x, ) uh (^ cos ETE + By sin “54 1) sin am x 
kay 


UE i Ships sin T Ту, 


kel 


where the полом no are E by (30.70), and 
І 









thüx г> 0, 0 <х<т, (50.71) 


иро = 0, ор. 20, t20, | (32.72) 
ц|(=о = 0, ди =0, 0<x& (30.73) 
ðt lero 








4 There аге tio initial perturbations, §6 that We have a "pure" problem 
on forced vibrations of the homogeneous string of length т fixed at both 
ends. : 

The systém f fiint (sin nx] i$ orthiógóhal on (0, ai; it i« п 
of eigenfuriction$ “of: thé boundary . problem X” (x) + v tayo 0. 
X(0) = X(x) = 0 (here / = x). 
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We seek the solution of the problem in the form 
u(x, t) = >) T«(t) sin nx, (30.74) 
n=l 


where 7,,(¢) are unknown functions. Substituting u(x, t) in the form (30.74) 
into equation (30.71), we will obtain 


Y) (TA) + n^ T«(0) sin nx = t sin x. 
п= 1 
It is easily seen that 
Ti) + T(t) = t (n-2, 3 ) (30.75) 
TAO + T.(020 СТ? (30.76) 
Using formula (30.74), we by the initial conditions (30.73) obtain 
u(x, 0) =0 = >) 7,(0) sin nx, 


п= і 





н. ek = 0 = 21040 sin nx, 
hence id 
T,(0) = 7,(0) = 0 (n=1, 2, ...). (30.77) 
We thus have for 7i(7) 
TK) + nO = t, (30.78) 
Т.(0) = T,(0) = 0. (30.79) 


The general solution of (30.78) is 
Ti(t) = Ci cos t + C» sin t + t. 


Requiring that the initial conditions (30.79) be met, we find С = 0, 
С, = —1, so that 


T\(f) = t — sin t. 
For n > 2 we have 
Trt) + n° Tat) = 0, 
Т.(0) = Т„(0) = 0, 
hence 7, = 0 (л = 2, 3, ...). 


Using formula (30.74) for the solution u(x, t) of the original problem, 
we will obtain the expression 


u(x, t) = (t — sin f) sin x. 
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30.7 Forced Vibrations of a String 
with Unfixed Ends 
Wé now consider the forced vibrations of a homogeneous string of 
_Jength / under the action of the external force f(x, f) per unit length when 
"the ends of the string are not fixed but move according to a given law. 
The problem boils down to solving the equation 
д?и › д?и 
— = a — + f(x, t, t»0, 0«x«1, 30.80) 
37 э! f(x, 0) ( 
with the boundary conditions 
ц.о = V(t), ирге 0200), t20 (30.81) 


and the initial conditions 


цү-о = wot, 04 о nO 0<х<1. (30.82) 


The Fourier method is not directly. applicable to this problem, since the 
boundary conditions (30.81) are inhomogeneous. But the problem can read- 
ily be reduced to a problem with zero (homogeneous) boundary conditions. 





Fig. 30.8 


Introduce the auxiliary function 


ot, 1) = WO + aD — AI 7 (30.83) 
It is easy to see that 
ш}, о = Yll), | = yaQ). (30.84) 


Function w(x, t) at the ends on the interval 0 < x < / thus satisfies the 
conditions (30.81), and inside this interval it is defined linearly in x 
(Fig. 30.8). 


39* 
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We say that the function w(x, t) extends the boundary conditions into 


the interval 0 < x < l. | 
We seek the solution of the problem (30.80-82) as the sum 


u(x, t) = u(x, t) + w(x, t), (30.85) 


where u(x, t) is a new unknown function. 
By virtue of the choice of w(x, t), the function v = u — w meets the 
zero boundary conditions 


vino = (t — о) = 0, о = (u о), 0 (30.86) 
and the initial conditions 
v|r-o = Uliano = @|гео 


= жо(х) - (100) – [¥20) – VO) = Go) 


(30.87) 
wj uj _ a 
Ot |‹=о Ot Irmo Ot temo 











= е0) - PO - (440) - WOLF = Ф100). 


Substituting и = v + w into add (30.80) gives 
2 2 
- oS PU. P + f t) 


or, taking into account fhe expression for w(x, t), we obtain 


a7u › д? U 
= , t), 
э? а 52 + Лб ) 


where 

As ) =f% 0 - w- (iO - VION - 
If ул (0), 0200) € C?, we thus бог to the following problem for the function 
v(x, t): find the solution öf thé equation 


Sx „д 
PT уа *Л® 0 


that meets the boundary conditions 
и|х=о = 0, {сег = 0 


and the initial conditions 


ulead = фо(х), 2 А = p), 
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ie, toa mixed proble with zero boundary conditions. The method of 
‘solving such problémi$ has been presentéd above. 

| pa Solve the mixed problem ^ 





+ t>0, 0«x«lc ii 

| ar =r, : (30.88) 
| uļz=0 =t, ul-i:i-2t, t20, | (30.89) 
| ди ; | 

ul-o-0, 5 =l+x, O£x&l. (30.90) 
! дг liao | 


| 4 The boundary conditions are inhomogeneous (the ends of the string 
.aré'not fixed). Here ya(t) = t, (0) = 21. We iniroduee the auxiliary 
-function ` 


att, ђ + à 1 i ша = ¢(1 + x. (30.91) 
We will seék. thé solution of the problem in the form 
u(x, t) = u(x, Г} + w(x, D. (30.92) 


| 
| where u(x, t) is a new unknown function. 
| For it we will obtà 









до l б 
.93 
ай. po 
(30.94) 
(30.95) 


| The problem (30.93-95) has the флеш solution iio t) = 0 and, as 
follows from physical considerations, this solution i$ the only one. Then, 
from (30.92), we will obtain the solution t(s- 1) for the ctiginal problem: . 


u(x, t) = t(l + х). > 





30.8 General Schéme of the Foüifer "Matkód 


Considér Ф tHe domain Q {>u °, 0<x</) ithe differential 
équation ` uie озат 


(30.96) 
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(the equation of vibrations of an inhomogeneous string of length /), where 
о(х) > 0, р(х) > 0, q(x) > 0 for 0 < x < Il, so that equation (30.96) is - 
hyperbolic in the domain Q. Further, we assume that 


об) є С[0, П, р(х) єС'10, A, а(х) e СІ0, П. 


We now turn to the mixed problem for equation (30.96) with the 
homogeneous boundary conditions 


au(0, t) + Bu,(0, 1) = 0, yu, t) + би, 0) = 0, (20, 


where a, 8, y, ё are some constants, such that o? + 8? = 0, y? + 6? #0. 
(Recall that a problem is called homogeneous, if along with the solution 
u of the problem, cu, where c is an arbitrary constant, is also a solution.) 
In particular, boundary conditions of the following types are possible: 
(1) u(0, = 0 and u(l, t) = 0 (a string with fixed ends; Fig. 30.9a); 
(2) ux(0, f) = 0 and и,(/, t) = 0 (a string with free ends; Fig. 30.95); 
(3) u.(0, t) = Aou(0, £) and u,(/, f) = —hiu(l, t) (a string with elastically 
fixed ends; Fig. 30.9c). 


(a) 





(0) о i x 


(d o Y 


Fig. 30.9 
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Numbers Ло and A, must be positive, if the position of rest is a stable 
equilibrium. 
For simplicity we will only confine ourselves to the case of the string 
with fixed ends, and so we come to the following problem: find the solution 
f(x, t) of the equation 
д?и 


е0) т = 5 2 (ро à) - боди, t»0, 0«x«l, (30.97) 


obeying the boundary conditions 

и|к=о = 0, ul]: = 0, £20 (30.98) 
and the initial conditions 
= ф(х), 0<х</. (30.99) 


и|,-о0 = фо(х), a 


{= 





We will solve the problem by the Fourier method. 
(1) We look for nontrivial solutions of equation (30.97) that meet the 
boundary conditions (30.98) as the product 


u(x, t) = T(0X(x). (30.100) 
Substituting u(x, 7?) in the form (30:100) into (30.97) gives 


T() D^ [co x] - а(х) XT) = о(х) XCOT" (0) 


or 
d 


d [г zl — g(x) ХО) тео 
`о(х)Х(х) EO 


The left-hand side of (30.101) is only dependent on x, and the right-hand 
side only on ¢, and the equality is only possible when the ratio (30.101) 
has a constant value. We denote this constant by —À. Then, from (30.101), 
we obtain two ordinary differential. equations 


T" (t) + ATO = 0, (30.102) 


(30.101) 


2. [Pe | + Ae) – 409)X(9) = 0. (30.103) 


If we wish to obtain nontrivial solutions of equation (30.97) of the form 
(30.100) satisfying the boundary conditions (30.98), it is necessary that the 
function X(x) be a nontrivial solution of (30.103) satisfying the boundary 
conditions 


Х(0) = 0, X) = 0. (30.104) 
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As we have seen, not for any à the problem has a solution that is not 
identically zéro. Just as ій the special case of the homogeneous string, we 
come to the Sturm-Liouville problem on eigenvalues: find the values of 
à for which there exist nontrivial solutions of equation (30.103) satisfying 
the boundary conditions (30.104), as well as the solutions themselves. 

The values of À for which the problem has a nontrivial solution are 
called the eigenvalues, and the solutions themselves the eigenfunctions cor- 
responding to a given eigenvalue. The collection of all eigenvalues is called 
the spectrum of a given problem. 

Equation (30.103) and boundary conditions (30.104) being homogene- 
ous, the eigenfunctions are determined up to a constant factor. We choose 
the factor so that 


; | 
[ об)Х G9 dx = 1. (30.105) 
9 


The eigenfunctions satisfying the condition (30.105) are said to bé normal- 
ized with weight о(х). 

We now establish some general properties of the eigenvalues and eigen- 
functions of the Sturtn-Lioüvillé problem. 

Theorem 30.3. Correspóriding to each eigenvalue up to a constant factor 
is only one eigenfunctióri (Wë exclude problems with periodicity conditions). 
-4 Suppose that there exist two eigenfunctions Xi (x) and X2(x) that cor- 
respond to the same eigenvalue do, i.e., ones that obey the differential equa- 
tion (30.103) for the samé А = Xs. As stated, X1(0) = 0 апа X2(0) = 0, and 
the Wronskian 
X) 50) 
Хо) Хх) 
for the solutions Ху (х) and X3) of equation (30.103) at the point x = 0 
becomes zero, arid liéücé the Soltitions Х\(х) and X» (x) are linearly depen- 
dent. > 

Theorem 30.4. Eigenfunié ions corresponding to various eigenvalues are 
orthogonal with weight o(X) ón the interval [0, I], ie., 

[i 


| e GO) Х„(х) Xn (x) dx = 0, 
0 


W(x) = 








where Xm(x) and X,(x) are eigenfunctions corresponding to various eigen- 
values Am and №, тёп. ` 


weeny 


right. We take the so-called Sturm-Liouville operator 
ao. dy\ _, 30.106) 
Ly 9 (ew 2) a)y ( 
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|where рб), p (а) G(x) € CIO, I], род) > 0. a(x) > 0 on (0, i), and consider 
it on the set e [0, /] óf functions that are twice continuously differentiable 
on (0, П and satisfy the boundary conditions y(0) = ne =0 


3 C, N = irlo) є C40, I]; 0) = у() = 
de Lemma. The Sturm-Liouville operator (30.106) on dn. I] is sym- 


| 
' metrical 


| (Lu, v) = (и, Lv). 
| QM 
“Неге u(x), v(x) € C710, Il; 8) = | Лдадах 
Indeed, Ы 
| АЖЕ . 
шь e | E (ew 42) - 40% 2 v(9dx 


- | eevoueod t [4 (ро) 32) v dx. 
0 t] 


Integrating by parts the а рт оп the right- hand side and con- 
sidering that She 











(Lu, j = 


Integrating by pài 
sidering thàt uj, 





des m D E 6 “| 4 
(Lu, ùj = ~ LE IE: (pto 2) dv u dx 
0 


0 


І 
| u [& (ee 2) - 40) ax = (и, Lv). > 
D 


We now turn to thé proof of the ео. We write equation (30.103) 
in the form . 


2 QES = qo) Xo) = Хох) | (30.107) 


and denote by LLX] thé operator on the left of (30.107). Tiis is the Sturm- 
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Liouville operator. On the set of eigenfunctions X,(x) of the problem 
(30.103-104) this is a symmetrical operator. 

Let Xin(x) be an cigenfunction of the problem (30.103-104) that cor- 
responds to the eigenvalue à», and X, (x) be an eigenfunction correspond- 
ing to the eigenvalue №, (An = №). We then have 

L[Xm(x)] = – №о(х) Хь. 09 

L[X.G0] = —\ло(х)Х„(х) 
We multiply the first identity by X,(x), the second by Х,„(х) and integrate 
the results with respect to x from 0 to /. We obtain 

(L[Xm], Xn) = -№(оХ, Xn), (30.108) 

(L{Xq), Xm) = —An(OXn, Хы). (30.109) 


We note that 
(L[Xm], Xn) = (Xm, LX = (АХ), Xm) 

and subtract (30.109) from (30.108) term by term to obtain 
0 = Qu — Am)(OXm, Xn). 


Since №, # №, it follows from this that (oXm, Xn) = 0, or equivalently 
l 


| eCOXs(x)Xn(x)dx = 0 Qu = №). > 


(0 « x « I). 


0 
So, in the special case of the homogeneous string (o = p = 1, q = 0) 
fixed at both ends, the eigenfunctions X,(x) = sin лптх// (n = 1, 2, ...) 


form an orthogonal system of functions in the interval [0, Л] 
t 


| sin SE x sin "Ex ox = 0, m zn. 


0 
Theorem 30.5. All the eigenvalues of problem (30.103-104) are real. 

-4 Suppose that there exists a complex eigenvalue \ = a + ifj, B = 0, and 
the corresponding eigenfunction is X(x) = u(x) + iv(x). The complex con- 
jugate number \ = а — if will then also be an eigenvalue, and the function 
X(x) which is a complex conjugate of X(x), will be the corresponding 
eigenfunction, since the coefficients of equation (30.103) and the boundary 
conditions (30.104) are real. Since the eigenfunctions corresponding to vari- 
ous eigenvalues are orthogonal, we have 

! І 

| обо) одах = | eCo|X Gol dx = 0, 


0 0 


hence X(x) = 0, ie, the complex number А is not an eigenvalue. > 
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Theorem 30.6. /f р(х) > 0, о(х) > 0, q(x) 2 0 on the interval [0, h, 
then all the eigenvalues of the problem (30.103-104) are positive. 
- Let А be an eigenvalue, and X4(x) be a corresponding eigenfunction 
normalized with weight o(x). We then have 
rq 
dx (ov a) = 1(х)Хк(х) = — dc X(x). 


Multiplying both sides of this by X;,(x), integrating the result with respect 
to x from 0 to / and considering that 


I 
| обо Хё()ах = 1 
-ò 
we will obtain 
1 1 


Af | «xt одах - E (e =) X) dx, 
0 о 


Integrating by parts the second term on the right gives 
П 1 
XN 
№ = | адход + (го (S) dx. (30.110) 
0 0 


We find that Хг #0, since otherwise Л (х) = const and from the 
boundary conditions (30.104) we would have Ху (х) = 0, which is impossi- 
ble. The right-hand side of (30.110) is thus positive, which suggests that 
all the eigenvalues \ of the problem are positive. > 
Theorem 30.7. The problem (30.103-104) has a countable set of eizen- 
values 
Мм№М<№ <... <№<..., lim, = +оо, 


nae 


with the corresponding eigenfunctions 
X (x), Х(х), eee Xn (x) уезге 


We will carry оп our discussion of the Fourier method. 
(2) We turn to the ‘differential equation (30.102). lis general solution 
at A = № (Àx 0, see Theorem 30.6) has the form 


Ty (t) = Ay cos Vix t + By sin Vix i: 


where Ак, Bx are arbitrary constants. 
Each function 


u(x, 1) = Trt) Xx (x) = (Ax cos Мхк t+ Вк sin VÀ. D Xx (x) 


will be a solution to (30.97) satisfying the boundary conditions (30.98). 
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(3) We set up the formal series 
u(x, t) = У, (Ak cos A t + Be sin Vie t)X«(9. (30.111) 
k=1 


If the series converges uniformly, just like the series obtained from it by 

double termwise differénitiation with respect to x and t, its sum u(x, t) will 

be a solution of equation (30.97) meeting the boundary conditions (30.98). 
To satisfy the initial conditions (30.99) it is needed that 





Uleno = фо(х) = > Ax Xx (x), (30.112) 
е 1 

a Q0 Pt) = > BV Хб). (30.113) 
k=l 


We have thus come to the problem on expanding an arbitrary function 
into a Fourier series in the éigenfunctions Хк(х) of the boundary problem 
(30.103-104). Assuming that Séries (30.112) and (30.113) converge uniformly, 
we can find the coéfficlént$ Az and В; by multiplying both sides of (30.112) 
and (30.113) by o(x) X; (X) айй integrating with respect to x from 0 to /. 
Assuming the functions Хх (х) to be orthonormal with weight (x) in the 
interval [0, /], wé obtain the following expressions for the Fourier coeffi- 
cients of the functions фо(х) and (х) in the system [{Xx(x)} 


" | 
Аһ = | о(х) ео(х) Xn(x) dx 
0 


I 
| 
Vn 

0 к 1 
We will look for A, айа B, leáning on the Steklov theorem on expansion. 

Theorem 30.8. Any iwicé continuously differentiable function F(x) 
meeting the boundary conditions of the problem can be expanded into an 
absolutely and uniformly convergent seriés in the eigenfunctions Xx(x) of 
the problem: 


B, = -L. | eG) ili) Kale) dx 





F(x) = y Cn Xn(X), 
п= 1 


where 


I 
c, = | об) F(x) Xali) dx, 
0 
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and X,(x) (n = 1, 2, ...) are the eigenfunctions normalized with weight 
g(x). 

Substituting the found values of A, and B, into series (30. 111), we obtain 
the solution u(x, 2) of the mixed problem (30.97-99), if series (30.111) and 
‘the series obtaifiéd from it by double termwise differentiation with respect 
to x and ? converge uniformly. 

Remark. We hàve considered the case of the simplest boundary condi- 
tions u(0, t) = 101, t) = 0. By slightly changing the above treatment, we 
can prove the analogous properties of (hé eigenvalues and eigenfunctions 
of the more general. homogeneous boundary problem | 


au(0, 0) + би,(0, t) = 0, yul, t) + dur(l, t) = ^ | 
a? + В? 0, Y + 8? #0. | 


30.9 Uniquenéss: of. Solution of a Mixed Protem 
We prove thé daigueness of the solution of the mied problem for 
the forced vibration of a homogeneous string 


2 Я 
ore “ыа 0, 120 б<х< || (30.114) 













(30.115) 


(30.116) 


these solutio 


dto _ PE. | UE 

a t » 0, Oe xs. | (30.117) 
with the zero boundary conditions | 

v0, 2) 20, vl, )=0, t20 | (30.118) 


апа zero initial conditions 
v(x, 020, u(x, 0) = 0, O€x£L 7 | (30.119) 


We will now show that the relations (30.117-119) are only obeyed by the 
function that is idefitically zero. 
Consider the’ function 


150,120) 
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and show that, provided it meets the conditions (30.117-119), it is indepen- 
dent of t. Differentiating with respect to / gives 
i 
dE(t) _ du du | 42 dv av | ox 
dt ðt ðt Ox dxdt 








1 t 
àv д?о з до du\ |=! 2 {до д?ь 
= — — dx + a — — = — 
| t at ( ax x) in T IE Te 
0 0 


[ 
àv [а?ь д? 
[т-а] wo, 
0 


since the second term vanishes by virtue of the conditions (30.118) and 
2 2 
èy — а? A = 0, since u(x, t) is a solution of equation (30.117). 
dE(t) 
Therefore, dt 


conditions (30.119), we will have 


1 
al dv\? ‚ 2 [3N = 
E(0) 73 | | @) +a (32) ll. = 0, 
n 


and so E(t) = 0. The integral of the continuous nonnegative function is 


zero: 
А 3 
dv\* 2 (àv = 
| Ic) Pm (S) ]e-? 
0 


and so 


àv V 2 dv\? _ 
(3) +а (3) = 0. 


It follows that 20/0; = 0 and dv/9x = 0, so that u(x, t) = const. By virtue 
of the first of the initial conditions (30.119), v(x, 0) = 0, and hence 
v(x, t) = 0, ie. u(x, 2) = ио(х, t). 

The integra! (30.120) can be rewritten as (a? = 7/0) 


t j 
1 av\2 2 {до 2 _l  /1 2,1 2 
о 


0 


= 0, ie, E(t) = const. Taking into account the initial 
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1 
The ту | i Qv? dx is the kinetic energy of the string at a time 


and E Tv? dx is its potential energy, so that the function E(t) up to 
0 

the factor @~ = const is the total energy of the string. The equality 
E(t) = 0 is the mathematical expression of the energy conservation law for 
free oscillations of any physical nature under zero boundary conditions, 
i.e., when there is no input or dissipation of energy in the process of oscilla- 
tions. The inhomogeneity of boundary conditions and the inhomogeneity. 
of the equation attest to the presence of constantly active factors feeding 
or dissipating energy. The inhomogeneity of the initial conditions implies 
that at the initial moment of time the process has some store of energy, 
which it retains throughout the oscillation. 

The above treatment of the uniqueness of the solution of the mixed 
problem is said to be energy-based and it is widely employed to establish 
various uniqueness theorems. 


30.10 Vibrations of a Round Membrane 


The Fourier method of separation of variables is also used to study 
the oscillations of bounded bodies, plane or having a volume. By way of 
example, we consider the problem on the free vibrations of a homogeneous 
round membrane of radius ro with centre at the origin of coordinates, fixed 
along the edge, that are caused by initial perturbations. 

The equation of the vibrations will then be 


2 2 2 
ди 4? ( ZEE 
at дх ду 


We introduce the polar coordinates г and e. The displacement of the points 
of the membrane will then be a function of the polar coordinates r and 
e, and time /: u = u(r, o, t). The expression for the Laplace operator 
Au = д?и/дх? + д?и/ду? іп the: polar coordinates is 


2 
Au =o! 4 1 ou 1 дѓи 


ar гаг rag 





and the equation of the membrane vibrations will be written as 


ACTES 
at? à? гдг r£. 


Therefore, the problem of membrane vibrations is posed as follows: find 
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the function u(r, e, t) obeying the equation 


aun (ди 1 ü , 1 u 
ar x ra to aot ) (30.121) 


with the boundary conditions 
и|,- = 0 (30.122) 


(the membrane is fasténed along the edge), and with the initial conditions 


= F(r, e). (30.123) 





ино ©), у |, _, 


We will concentrate of the important particular case of the axisym- 
metrical vibrations, when thé initial functions f and F are independent of 
ф. It is clear then that at any moment of time ¢ > 0 the magnitude of the 
membrane's displacement will not depend on the polar angle y and will 
only be the function of r and г: и = u(r, t). This means that for any fixed 
t the shape of thé vibratirig membrane will be a surface of revolution. 

Under these assumptions the problem reduces to seeking the solution 
u(r, t) of the equátion^ *. 


ðu _ z (du , 1ди 
i-o (5 Er) (30.124) 


under the boundary conditions 
и, = 0 (30.125) 
and the initial conditions 


иро = Д0), a 





= F(r). (30.126) 
tad 


Using the method of sepatation of variables, we will seek the nontrivial 
solutions of (30.124) satisfying thé boundary condition (30.125) in the form 


u(r, t) = T(OR(»). (30.127) 
Substituting the function u(r, t) in the form (30.127) into (30.124) and 
separating the variables, we will have 

e т 1 ae 
a’ T(t) |. R(n 


a) 


= -\ (A> 0). (30.128) 
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Relations (30.128) yield two ordinary differential equations 


| Т” (N) + da? T(t) = 0, | (30.129) 
bo RUD : В) +) = (30.130) 
] : 

| R(n) = 0, |R()| < +o. | ; (30131) 


| 
The condition 1800) < +0 stems from Ural requirement that the 
solution u(r, г) be bounded at the siéinbranes centre, ie, at r= 0. The 
problem (30.130-131) has thé obvious solution R(r) = 0, which is no good. 
- We thus come to the eigenvalue problem of finding those values of А 
for which thére exist nontrivial solutions of the problem ( Go. 130-131), and 
the Solutions themselvés. 
Ме writé the sae (30. 130) i in ‘the form 





This is a Bessel equation with > = 0 (see Chap. 19). Its general solution is 
R() = Cir) 4 ООЙ 











{ | 
‘It follows frorü the 
tion No (УХ (Жз 





R(ro) = 0 gives gu ^ hé Ка the timber Viro must 
be one of the zéros Of: th Bessel tünetiói (х), Le, УХго = pe, where pr 
is a zero of the funét д: It Ч well known that the function Jo(x) 


has an infinité: $ 
04s 


From this wé быш t the éirenválues 


TEES Ёл = i 
Мм = (=) (n 21,2, ...) 


and the corresponding eigenfunctions 


Ra(r) = „(£ ) (t. 1, 2, ...) 
to 


for the problem (30.130-131). 
АА = м thé сш solution of (30.129) has the fdrm 


Tut) = А, cos # г + By sin r, | 
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The function 


a 
Unt, t) = (4 cos ^^^ ¢ + p, sin 2^" ) Jo (= r) 
го то го 


will be а solution to (30.124) satisfying the boundary condition (30.125). 
It defines standing axisymmetrical waves of the round membrane. 

We seek the solution u(r, t) of the original problem (30.124-126) in the 
form of the formal series 


иб, t) = > | (An cos Ht + B, sim 2 г) Jo (Hr). (30432) 
To To To 


n=l 


The coefficients A, and B, are found from the initial conditions 


иф, 0) = f(r) = 214% (= r), (30.133) 
ðu "n ч арк jin 
a iig = F(r) = 2; de. Brn Jo (= r) s (30.134) 


ie, we arrive at the expansion of the given functions f(x) and F(r) into 
series in Bessel functions. 

lt can easily be verified that at m = п the functions Jo(pmr/ro) and 
Jo(par/ro) are orthogonal with weight г on [0, ro]. It is common knowledge 
that any function Ф(г) € C?(0, ro) satisfying the boundary conditions cf 
the problem can be expanded into an absolutely and uniformly convergent 
Fourier-Bessel series 


= Hn 
dir) = Уел (5 Je 


n=l 


where 


To 


Hn 
| гФ (r) Jo (= )а 
0 


ca = (n=l, 2, ...). 


| ri (= r) dr 
To 
0 


When the initial conditions f(r) and F(r) are sufficiently smooth, we 
can from this obtain the formulas for the Fourier-Bessel coefficients of 
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the functions f(r) and F(r) 
fa 


| г f(r) Jo (= r) ar 
To 
0 


> An = — = 


0 

| rJ (= r) dr 
To 

0 


| r F(r) Jo (= r) dr 
To 

ees 

| rJà (= r) dr 

0 


Substituting the found values of An and B, into (30.132), we obtain the 
solution of the problem (30.124-126), if the series (30.132) converges uni- 
formly, just like the series that are obtained from it by double termwise 
differentiation with respect to each argument ¢ and r. 


(п = 1, 2, ...). 


30.11 Application of Laplace Transforms 
to Solution of Mixed Problems 


It is required to find the solution u(x, f) of the equation 


д?и 2 д?и 
= а 


38 ax’ 1> 0, 0<х<1, (30.135) 
X 





satisfying the initial conditions 


u 0) = еб), 20 9 р), 0<х</, (30.136) 
and the boundary conditions 
u(0, t) = w(t), 4, 0) = m(t), (20. (30.137) 


The independent variable / varies from 0 to +œ. We will therefore apply 
the Laplace transform in ¢. Suppose that u(x, t), ди/дх and 9^ u/ax? viewed 
as functions of ¢ are inverse transforms. Let U(x, p) be the Laplace trans- 
form of u(x, £), ie, 
+ со 
U(x, р) = | u(x, t)e "dt. 
a 


dine 
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Assuming the орегандйё öf differentiation with respect to x and integra- 
tion with respect to ¢ in the Laplace transform to be interchangeable, we 
will get 


+a EI 
ER ди .- dU(x, p) 
Pdt = \ Z e~” dt = Na Е? 
| u(x, De" dt | Эх edt dp 
0 0 


js 


ou. 
ax 


+ о + со 
à^u . а epe Е zp 

u(x, tje” dt = za" rdt = 
àd' ax E , 


Here p is viewed äs a lodge and instead of the partial derivatives x 


d^ U(x, p) 
E 


k k 
we write Ak = 1, 2; 
By the rule of cuc of inverse transforms we have 
ди = pU — u(x, 0), 
8?u 


у _ дифх, 0) 
oe = p*U — ри(Х, 6 - E E 


Taking into account the Initial conditions (30.136), we obtain from here 


ди 
а ` 
Let the functions ш (г) and m(t) in the boundary conditions (30.137) 
be inverse transforms and let j1(t) = Mi(p), m(t) = M2(p). The boundary 
conditions (30.137) then give 


2 А 
= pU форд, Arp - рдж) — vi). 


жез og cus 
U(0, p) = | и(0, t)é ^P'gr = Mi(p), 
0 up 
+e А а + + 
u(i, p) = | u(i, tje” dt = Mi(p). 
0 
Passing to transforms, we also pass from the problemi (30.135-137) for the 
partial differential equation to the boundary problem for an ordinary 
differential equation of nang the solution U(x, p) of the equation 
U p 
а? d 


with the boundary conditions : 
U(0, p) = Mi(p), U(l, p) = Mi(p). (30.139) 


Us 2 Фо(х) — ^ i(x) (30.138) 
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Let Ux, p) bé à &ólütioi of the problem (30.138-139). Then the function 
u(x, t) (the iriverse tidtigform for U(x, p) will be a solution of the original 
problem (30.135-137). 
Example. A stritig of length /is fi ied: at the ends x = 0 and х = /. The 
dnitial hocanon öf the string is give 1: by: the formula u(x, 0) = 
A sin T, A = const. There are no initial Velocities, Find the dislocation 
u(x, t) of the string for ¢ > 0. p 
“4 The problem reducés to finding the. 











M t) of the equation 





ди au е 
= ,1»50, 0O<x</ 30.140 
àt 7 7 ad * | RET 
with the initial conditions 
uc, 0) = As sin in 5, диб 0—2, о<х<! (30.:41) 
апа the boundary eae 
и(0, 1) 20, ul, tf) = t 20. i (30.152) 





We will apply. the apis tr in i Le Ux, P) be the transform 
of u(x, t) Du. $i 


Then 





7 de 805 de 


By the rule of differentiation of inverse transforms with the initial con- 
ditions (30.141) taken into account we will -have 


ди Qu. cc. CX 0! 
a = pU - Asa TE, эй 7P U= M sin =. : 
The boundary conditiohs (30.142) in turn will give 
U(0, p) = | ü(0, r)é ""'at = 0 
Ж, 0 
+w. 


UU, р) = | u(t, He” dt = 0 


`0 
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In the space of transforms we thus come to the boundary-value problem 
for the ordinary differential equation 


d'U p! A 
P E ж U=- 8 sin = А (30.143) 
U(0, р) = U(l, р) = 0. (30.144) 


Solving equation (30.143) as a linear equation with constant coefficients, 
we will find 


px px 


U(x, р) = Cie? + Qe а + TX 


—^AP sin — 
| P+ar/P 1 
From conditions (30.144) we will obtain С, = С = 0, so that 
Ap . TX 
U(x, p) = m> sin —. 
% p) р? + а?т?/? 1 
The inverse transform for U(x, р) is the function 


rat TX: 
sin — 
Ex ГП 


which will be the solution to problem (30.140-142). » 


u(x, t) = A cos — 


In the space of inverse transforms 
a partial differential equation 

+ initial conditions 

+ boundary conditions 


In the space of transforms 
an ordinary differential equation 
+ boundary conditions 








| Solution in the space of transforms | 
id 
Solution of the original problem 


Exercises 631 





Using a similar procedure we solve mixed problems for more general 
equations of hyperbolic (and parabolic) types. — 

The course of the solution of a partial differential equation using the 
Laplace tranform can be represented by the scheme on page 630 (the num- 
ber of independent variables is n = 2). 


Exercises 


Find the solution of the following original problems: 
2 





д?и › ди -p ди 

]l — = 0 —5,1> 0, -~<x< +оо, ulo = е7", — = COS X 
at ax?’ sl "91 |r=0 
д?и › д?и ди 1 

2. — = а ‚1> 0, -œ <х< +оо, и|, 20 = 0, — Sie oer 
a ax? lue a fino qx 





3. A homogeneous infinite string is excited by an initial perturbation in 
the shape of a semicircle 


u(x, 0) = М1 = х2, —-1<х<1. 


No initial speeds. Draw the position of the string for the times / = 1/2, 
t= 1, t = 2, taking for simplicity a = 1. 

Using the Fourier method of separation of variables, solve the following 
mixed problems: 








4. du = gh Ou (>0,0<x</, ulxzo = ul-i:7 0, и.о = sin 27 x, 
at дх і 
au =0 5, Fu. grou t>0,0<x</, uj = Urns = 0 
дг treo * Е [2 axe’ , , х= 0 |х =! , 
Qu 0T д?и 3u 
ulizo = 0, — =sin—x. 6.— = с 120, 0cx« 
k-o a [i-o l ә” ax? SIM 
ul-o-ulz.-0,ulb-o-sinx — —sinx. 7. a*u = 2 ou 
9t |,-o 912 ax?’ 
ди 
1> 0, 0 <х<1, ulrso = ulr=1 = 0, иро = 0, — = 
at |,-о 
X, 0xx«7. 32 ay 
j 8. C = Get Sn ax, (> 0, 0« x«l, 
l — x, з <х<1 at à 


ди Ju au 
uly = o = ul|.-1 = 0, Meo = 0, = uu yh ae Pa м, 





EDT M 
ККК, ди 
1> 0, О<х< я, и|, 208 ül-.- 0, цао = x = 0. 
Solve the mixed problenis: È 


2 
ю. $2.9 SE 1> 0, 0 <х<1, ulrzo = 0, ujrat = t, иро = 0, 





ди au Ә?и 

— =0. 11. —5 в 21,12 0,0<х<1, =0 = 0, 
ðt |r-o ot M д ule 

ди -A= ди = 

ax y A const, u|t- o = 0, = ЕП = 0. 





Answers 
1. u(x, t) = ; [e^ 97 + eetan) g Sat ox 
a 


. u(x, t) = rie + at) - tan ^! (x —at). 4. u(x, t) = sin ŽE x cos 2744, 


t2 


5. u(x, t) = s^ i x sin im . Š. u(x, t) = (sin t + cos г) sin x. 
kat E í € m 
7. u(x, t) = A poto sin (2k Dr sin (2k 1) жа i 


ar’ kai (2k – 1} / 


o 





. u(x, t) = — ET. — cos xf) sin ax. 9. u(x, t) = (: cos 2t — = +í- 2) sin 2x. 


10. u(x, TRE x c | 


n=l 
k+l 
п. u(x, paar MERC (LONE in Gk + Dr uuu Gk + 0", 
т? (zo Êk + 1)? 21 21 


Hint: Put, и = v + Ax, where v li à new unknown function. 





тп. an 
sin — x sin — t. 
і 1 





/ Chapter 31 — 


/ Parabolic Eqitations 


d | 
/ | 


31.1 Heat Equation 


Parabolic partial differential equations of the second order occur 
in dealing with processes of heat conduction and diffusion. 

We will now derivé the equation that governs the distribution of temper- 
ature in à heat couducting máterial. We will denote by u(x, y, z, t) the 
temperature ій à médiiim át a point M(x, у, 2) at a time г. Considering 
the medium isotropié, we denote by o(M) its density, by 2(M) its specific 
thermal capacity, айа by k(M) the thermal conductivity ai M. Inside the 
body heat may be produced or absorbed (e.g., due to a chemical reaction). 
We will denote by М, t) the density of heat sources at the point M 
at a time /. : 

Next we caleulà 











IA, ghe 38 3,61 P 
normal to 5. If thé telifperdtute of thé: Чут i$ tónuniformly distributed. 
i ixés atis cordi ing Койын law hrsg the surface 
the ug 


| n an li, n°)ds dt, 


Where 00 is thé ünit Vector of the external normal to 5: 
To thé integral ón the right we apply the Estroanidskvo Gauss theorem. 
We will have ` 


Qo = | [| div(k pfàd u)dv dt. 
Thé input of thé heat sources inside: А is: 
Q = ||| F(x, у, t, 1)йо@. | 


Suppose. that iE the time interval (2, 7 i+ P the tempeiniuce in 
V increased бу. 


Ди = iii i+ dij — (М, 0 = St t. 
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ee 


The physics of the process dictates that for this change to occur it is 
necessary to have the heat input 


Q = \!| co D. du dt. 


From energy conservation law we have 
О, = О, + Q, 
therefore 


Nu | v sma w +F- га dv dt = 0. 
y 


Volume V being arbitrary, we obtain the equation 


co Du. = div(k grad u) + F(M, 0). (31.1) 


If the medium is homogeneous, ie, if c, о, and k are constants, then 
equation (31.1) becomes 





ди a Sd 
eap a^Au + f, (31.2) 
where 
2 k F au T. 9^u 
= =, Aus та AL 
ч со” / со ac t az? 


Equation (31.2) is called the heat equation. Similarly, we derive the 


equation of diffusion of particles. 
As in the case of the equation of oscillations, for heat conduction 


process to be described completely, it is necessary to specify an initial distri- 
bution of the temperature (M, ¢) in a medium (initial condition) and 
the conditions on the boundary of the medium (boundary conditions). 

We will confine ourselves to the heat equation with one spatial variable 





ди a д?и 
== + t 
at ad LD) 


(heat propagation in linear bodies). 


31.2 Cauchy Problem for Heat Equation 
We consider the homogeneous heat equation 
ди ENS д?и 


UE x. gp 
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which corresponds to f(x, t) = 0, i.e., to the case of no sources. We formu- 
late the Cauchy problem as follows: find a function u(x, t) satisfying the 
equation ` : 


2 


2 
P: du _ 21 ди 





E —— = 3 t2 0, -o <xX< + k 
а 3c ( о < x oo) (31.3) 

and the initial condition 
ц\,. о = px) (-=о<х< +9). (31.4) 


Physically, the problem is to find the temperature of а homogeneous 
infinite гоа at any moment of time t > 0, when its temperature. y(t) at 
t = 0 is known. The sides of the rod are taken to be thermally insulated, 
so that no heat leaves the rod through it. 

We suppose that: 

(1) u(x, t) and (х) are sufficiently smooth and as х? + £? > + co they 
decrease so fast that there exist Fourier transforms 


v(t, 0) = "m | ч, De "Pax, (31.5) 
200 = а | ele Mar, (31.6) 


(2) differentiation operations аге legitimate: 


+a 


( ди -ity Е dv 
N27 E ðt 





+ 20 


1 ( à^u - itx ET 2 





If then we apply Fourier transform to both sides of equation (31.3) and 
to the condition (31.4), we will thus come to the Cauchy problem for ihe 
ordinary differential equation 


dv 2 2 
I = 1.7 
di + fav = 0, (31.7) 


ој, о = ф(®), (31.8) 


the quantity £ here plays the role of a parameter. 
The solution to the problem (31.7-8) has the form 


v(t, t) = ple Fa". (31.9) 
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We have earlier estáblishéd (see Chap. 27) that 
1 Lp 
Fle} = ‚@-Ё'/4а, 
Ма 


where .Z[/] is the Fourier transform of f(x). 
Putting ¢ = 1/4a?a, we obtain 


12 1 2 
eU! u F e. 
Е 
Оп the right of (31.9) we have thus the product of the Fourier transforms 
of the functions g(x) atid exp ( — x!/Aa!ty/ a4 Dt. | 
Using now the convdlution theorém according to which 
FU *A] = V2 TA] US], 


we can represent (31.9) as 


vd) ma -Pa o. 1 1 —-x!/4a! t . 
(Es 1) = &(De- P? = —-— 9| «c are | 
(31.10) 


The left side of this is thé Fourie: transform (in x) of the required function 
u(x, ¢), so that we cari rewrité (31.10) as 


- 1 
al ; = 
F [u(x, 1) Perr 


Using the expression for the convolution of the functions ф(х) and 
exp ( x?/4a?t), we will obtain 








F [e(x) * e77], 





E. oW 
2а\ті | 

This formula is thé solution of the original problem (31.3-4) and is 
called the Poisson intérgàl. 5. © 

Indeed, we can show that for any continuous and bounded function 
p(x) the function u(x, 1) glvéi by (31.11) has dérivatives of any order іп 
x and ¢ for t » 0 and obéys equation (31.3) for ? > 0 and all x. 

We now show that the function (31.11) for ф(х) € C(— œ, +æ) obeys 
the initial condition ul;zà = p(x), -© < x< +, 


-M! 


u(x, t) = Ф(\)е =" Ф, |o t» 0. (31.11) 






We put 
х-л _ 
2ай '' 
{һеп 


h=x-2avip, Ф = —2aNtdy, 
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| so that 











1): 
Шш me < M: cab 2 xe +0, i> d) the solution of the Cauchy 
problem (31.3-4) is uhique and continuously dependent on the initial 
function. — Г | 

Example. Find. the: ition of ihe Cauchy próblém i 









Su d Ou KIS. кшш. x (31.3) 


uj sa e EAn d) a EE 31.4") 
a Using thè Po J |. 6 ТАЧ for о(х) = e722, а= 1 


і 


ü(x, 1) = | е2 ec ау, | (31.12) 
We transform the intégral on the right-hand side of (31. 12) 
+o +o 
f e Me. - (х М = | e 2-22 + XAU ру 
| UM NE 
= eztau | лү бте) an, 


(31.13) 
We now ie the variable | 


va Ene reg) | 
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The integral on the right of (31.13) will then become 
+o 
Jat. | е-#2 а = 2N at 


М+21 2 VIF 
+œ 


(We have here used the fact that | е-#/2 dt = VIr ). Therefore, we 


will obtain from (31.13) 


+ оо 
l е А72 е -(х- 0/4 gy = 2vat ех +). 
VI + 2t 


The solution u(x, t) of the original problem will thus be given by 


xr 
u(x, t) = ——e eX 4120 > (31.14) 


1+ 2t 
Remark. It follows from the Poisson formula (31.11) that heat instan- 
taneously propagates along the rod. Indeed, let the initial temperature e(x) 
be positive for а < x < В and zero outside the interval. The subsequent 
distribution of temperature will then be 


8 Т 
1 _W=-N 
u(x, t) = ———— Aye “ dh, г> 0. 
(х, б = — | (№) 


This suggests that for arbitrarily small ¢ > 0 and arbitrarily large |x! 
we have u(x, t) > 0. This is explained by inaccuracy of the theoretical 
premises in deriving the heat equation, namely the neglect of the inertia 
of molecular motion. Nevertheless, the heat equation provides reasonable 
agreement with experiment. A more rigorous description of heat transfer 
processes is given by the so-called transfer equations. 


Fundamental solution of heat equation. The function G(x, (; А) = 
exp [- (x — X)/4a?t]/2a s! іп the Poisson formula (31.11) is called the 
fundamental solution of the heat equation. Viewed as a function of x, t, 
the function G(x, t; №) obeys the equation ш = аги, ,, which can be verified 
by a direct check. The fundamental solution has an important physical 
meaning, which is associated with the notion of the thermal pulse. 

Suppose that the initial distribution g(x) of temperature is 


ils 
2E 


0 if Ix — xl >eE. 


if Ix xd < е, 
p(x) = øx) = 
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Using (31.11), we then find the temperature distribution u(x, £), t > 0, in 
the rod 


1 1 шү БАКСАК 
> u(x, £f) = —L— — се t d). (31.15) 
em 2€ avat 2, 
By the mean value theorem of integral calculus, we obtain 
xate (А) 0с 
| е wt dh = 26е I, 
Xo—€ 


where Х € [xo — E, Xo + £], so that by (31.15) 


| „aA 
u(x, t) = —— e da'r 
2avat 
Passing to the limit as є > 0, we will have 
1 „ктм 
u(x, t) = —————е = G(x, t; X). 
2a Y vt 


This means that the function G(x, t; xo) represents the temperature distri- 
bution in the rod for ¢ > 0, if at £ = 0 and x = хо there was an infinite 
peak of temperature (as є > 0 the function q,(x) > + оо), and elsewhere 
in the rod the ternperature was zero. Such an initial distribution of tempera- 
tures can approximately be realized as follows: at ! = 0 we bring up for 
an instant to a point x = хо on the rod a narrow flame of exceedingly high 
temperature (a heat pulse of density co). This initial distribution of tempera- 
ture is described by the so-called Dirac ô-/unction, denoted as 5(x — xo). 

Not a function in a conventional sense, ó-function is defined formally 
by 


: 0 at X z Хо 
бу; езше f. bor 
B 
(2) I: — Xo)dx = | in any interval (о, 8) that contains the point хо. 
The main property of -function is that for any continuous function 
f(x) 
Ло) if — x E (a, B) 
0 if x (o, 8) 


The fundamental solution G(x, t; хо) is thus a solution of the heat 
equation: for the infinite rod with the initial distribution of temperature 


B 
[s(x — Xo)dx = [ 
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Fig. 31.1 


(x) = 6(x — x). The graph of G(x, t; xo) for various values of г> 0 
has the form shown iñ Fig. 31.1. 

Curves 1, 2, 3 cortésporid to the moments of time 0 < h < h < ħ, 
respectively. The figuré shows how the temperature in the rod levels off after 
the heat pulse. The solutioii- 


vts Orien 


1 к À err ca 
0) =- 
u(x, t) uar i Ф(\)е 


of the heat condtiction problem іп the infinite rod with the initial condition 
ulr=o = v(x) can be tréatéd à$ a result of the superposition of temperatures 
at the point x at timé ? dué to heat pulses of intensity (à) at the point 
^ applied at ¢ = 0 and distributed uniformly over the rod. 


31.3 Heat Propagation in a Finite Rod 
If a rod is of finite length 1 and occupies the segment 0 < x < / 


on the x-axis, then to fdriiulate the problem of heat propagation in such 
a rod, in addition to the ‘equation 


ди _ а? д? и 
—— + f(x, t 
ap ae Дх, 0) 
and the initial condition 
u le=0 = (x) (31.17) 


it is necessary to know its temperature conditions at the ends of the rod 
x= 0 and x= l, i&, to spécify its boundary conditions. The boundary 
conditions may differ depending on the temperature conditions at the rod’s 
ends. We consider three main types of the boundary conditions. 








(31.16) 
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(1) At the ends of thé rod we jare thë temperature 
и(0, ) = ül ll, t) = (Р) 


+! - 
where д (£), a(t) ate functions definéd for thi iine span 0 < T during 
hich we study the process. a 
(2) At the ends of the rod we have the Values of the derivative 











Vc 


2u, 


ðu КОСТ 
9х x 1 = iin” 


OX |xut 





= p] (2), 
0 





These conditions occur if we know the valve of the heat flux Q through 
the end face of the rod. For example, if at v = / the quantity Q(/, N is 
given, then 
„уди 
; l, t) -k —— 
(0090 = ka 


sof 





| hence ди/дх|, 1 = v(t), Where v;(t) = — Q(, 0/k. If vi(f) or r(£) are 
‘identically zero, then we say that the corresponding end is thermally in- 
‘ulated. — , 

| (3) At the ends of the rod we have the following linear relations between 
thé function and its derivative: 





exchange coefficice is Кн ш condition corres;ontis to heat ex- 
change accorditig t6 Néwton's law on the boundary of a бойу with an en- 
vironment whosé temperature is 0(/). Using two dads for the heat 
flux through the cross section x = l: Q = A(u — 0) and О 4 -k 2. we 


will arrive at the following form of the third boundary condition: 


ди 


h 
dr = —Ми(1, t) — 0(0)), Е: = т 


For the étoss seétlo х= 0 of the rod the third boundary iedudition P» 





the form 90 en t) — 6(t)], sincé for the heat flux.— kå — 
at x = 0 we have dus. E „ди y (the external heal tó the tod at the end 


х = 0 has the NR Ше to the x-axis). 
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The above basic problems by no means exhaust the possible boundary 
problems for the equation ш = а?и,, + f(x, t). For example, at the differ- 
ent ends of the rod conditions of different types can be specified. 

We will confine ourselves to the first mixed problem for the heat 
equation. 

The problem is formulted as follows: find the solution u(x, t) of the 
equation (31.16) in the domain O0<x</, ¢>0, u(x, ye 
C? (0 < x < I, t > 0], meeting the initial condition (31.17) for 0 € x < /, 
and the boundary conditions 


и|с»о = p(t), и|к= = p(t), t 2 0. (31.18) 


We consider that the function u(x, £) is continuous in the closed domain 
D(O<x<l,0<¢t< T) (Fig. 31.2, which requires that the functions 
e(x), m(t), m(t) were continuous and that the conditions (0) = m (0), 
v (I) = puz(l) be met. 





Fig. 31.2 


Remark. Just as for hyperbolic equations, the function u(x, t) is sought 
only for 0 < x < l and t > 0, but not at ¢ = 0 and not at x = O and x = 1, 
where the values of the function u(x, t) are predetermined by the initial 
and boundary conditions. 

We formulate the maximum principle. 

Theorem 31.2. /f the function u(x, t) € C(D) obeys the heat equation 
ug eu 

at ax? 
mum and minimum values of u(x, t) are achieved either at t = 0 or on 
the boundaries x = 0 or х = 1. 

The physical meaning of the theorem is obvious: if the temperature of 
a body on the boundary or at / = 0 does not exceed some value M, then 
inside the body (no sources!) there may be no temperature higher than M. 
The following theorems are consequences of the maximum principle. 


in the domain D (0€ x «l,0«t < T), then the maxi- 
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Theorem 31.3 (on uniqueness). The solution of the problem (31.16-18) 
in the rectangle D (Oc x « l, 0« t « T] is unique. 

Theorem 31.4. The solution of the problem (31.16-18) is continuously 
dependent on the initial and boundary conditions. 
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We now turn to solution of the first mixed problem involving the 
heat equation. We find the solution u(x, t) of the equation 


2 
ди ou cx үү d»0 Qexel (31.19). 
or ox” 





meeting the initial condition 

и|,-о = ф(х), 0<x<i (31.20) 
and the boundary conditions 

и.о = mit), far =pr(t), t20. (31.21) 


(1) We will begin with the simplest problem of finding the solution 
u(x, t) of the homogeneous equation 


2 
u 2 O°" 
ou Ly 


" (31.22) 
àt “ax? 

satisfying the initial condition 
и|г=о = (x), (31.23) 


and the zero (homogeneous) boundary conditions 
и|к=о = 0, u|.-, = 0. (31.24) 


We will seek the nontrivial solutions of equation (31.22) satisfying the 
boundary conditions (31.24) in the form 


u(x, t) = T(t)X(x). (31.25) 
Substituting u(x, t) in the form (31.25) into (31.22), we will get 
T'(t).X(x) = a! T(t)X" (x) 
or 
тай) Хе) _ 
a^T(t) Х(х) 
whence we obtain two ordinary differential equations 
T'(t) + aà?XT(t) = 0, (31.27) 
X" (x) + AX(x) = 0. (31.28) 





A, (31.26) 
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To obtain the nontriviál solution u(x, £) of the form (31.25) satisfying 
the boundary conditions (31.24) it is necessary to find the nontrivial solu- 
tions of (31.28) meétirig thé Hn conditions 

X(0) = 0 xh) = (31.29) 

Thus to find X (x) ме Will have to solve an eigenvalue problem of find- 

ing the values of ^ at which there exist nontrivial solutions of the problem 
X" (x) + AX(x) & 0, (31.30) 
X(0) = 0, КЇН) = 0. (31.31) 


This problem has been corisidered in Chap. 30. It has been shown that 
only at 


m= (FE) (21, 2, ...) 


there exist nontrivial solutions X«(x) = sin(naxx/!) of the problem 
(31.30-31). 
At А = № the general solution of (31.27) has the form 


(пзу! 
т) = a EP) " 
where a, are arbitrary constants. The functions 


Un(x, f) = ane “CY sin tr x (m= 1, 2,...) 


obey equation (31.22) and the boundary conditions (Ch 24). 
We set up the formal’ series ` 


ип(х, t) = 2 ane (F) ‘sin 7 x. (31.32) 


We require that thé бой u(x, t) given by (31.32) satisfied the initial 
condition. uoo = ф(х) to‘obtain 


ебх) = Y a sin Tx. (31.33) 
nai 


Series (31.33) represents the ёхрапѕіоп of the given function ф(х) in a sine 
Fourier series in thé iritetVàl- (0, Г). The coefficients a, of the expansion 
are given by the well- known, formulas (see Chap. 16). 


i 


„ап =2 | e (x) sin DT sax (n212,...). (31.34) 


y 0 ` : 





Suppose that "S е (0, 1) atid (0) = 4 e) = 0. Series (31.33) with 







coefficients given by’ ga 34) will then conver 
> 


to p(x) absolutely and uni- 
formly.. Since for.’ 






0 E e «17 gl, 
\then series di 32) for t > Oalso converges: absolutely and uniformly. There- 
| fore, the furictión u(x, hi is the sum öf : 87031. 32), which is continuous 
ati: he initial and boundary con- 
ditions. It remáins to show that thé funton Ze; Ty ‘$atisfies the equation 
(31.22) in the domain Ò < x < l, t > 0. Ït is sufficient to show that the 
series obtained from (31.32) by termwise differentiation with respect to ( 
óncé ánd termwise UR with respect to x twice also converges ab- 















if n is sufficiently i 

The uniqueiiess Of thé;§ f próblémi (31.22-24) and the continu- 
ous dependence of thi Sofation ór thé fiis f fonction p(x) have already 
been established abovè:Thë 
versely, for ¢ < the p ёт i$ not correct. 


. Remark. hé équát PL 
nip Oe ax? 


tute — t for d Wë will then obtain an equation of анын form, i.e.. 





E. 2 2” 
Кыыс = -8 TL › whereas the wave equation Mc =a. ie is symmet- 
ric in time. | 


2 
The equation E = п? T describes itreversible processes. So, we can 
predict thé fortn of u in a period of time ¢, but we cannot with confidence 
tell what u was like a while before. This difference betweeni prediction and 
prehistory is typical for the parabolic equatior: and is not the case, for the 
wave edüatiói hich’ @ables us to look with ease both j into the future 
and into the 
Exainplé Fitid? ‘he distribution of temperature in а nitor bed а] 
length ~, if the initial temperature of the rod is г, -о = sin x (0 € x « т) 
and at the ends of е tod the temperature is zere. | 
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* We have the equation 


2 
дш ОШ usd redux (31.35) 
at ax : 
with the initial condition 
ul,-o = sin x, О<х< т (31.36) 


and the boundary conditions ` 
Ulreo = 0, и|, 2 = 0 t>0. (31.37) 


Using the Fourier method, we seek the nontrivial solutions of equation 
(31.35) meeting the boundary conditions (31.37) in the form 


u(x, t) = T(t)X(x). (31.38) 


Substituting u(x, г) in the form (31.38) into (31.35) and separating the vari- 
ables, we will obtain 


T'( | X'(x) _ 


a^ T(t) X(x) 


hence 
T'(( + ах T(t) 20 (31.39) 
and 
X" (x) + AX(x) = 0, (31.40) 
X(0) = Х(т) = 0. (31.41) 


The eigenvalues of the problem (31.40-41) are X, = л?п = 1, 2, ...), the 
eigenfunctions are X,(x) = sin nx. When X = X,, the general solution 
(31.39) is Tn(t) = алел", so that 


1,1 . 
Us(X, t) = aae ^" "sin nx. 


We will seek the solution of the problem (31.35-37) as the series 
u(x, f) = У) ае“ sin nx. (31.42) 
nzl 
If we require that the initial condition (31.36) be met, we will get 


u(x, 0) = sinx = 5} asin nx, 


hence а = 1, ак = 0(k = 2, 3, . . .). Therefore, the solution of the original 
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problem will be the function 
u(x, f) = e7?'sinx. >» 


(2) Now consider the problem of finding the solution u(x, 7) of the 
iphomogeneous equation 


du 2 Ou 
— = q 


3; Ad + f(x, t), t>0, 0«x«l, (31.43) 
X 





meeting the initial condition 
Uulrao = (x), 0<х<[, (31.44) 
апа the homogeneous boundary conditions 
ц\,-о = 0, и|х‹=1 = 0, t 2 0. (31.45) 
We now suppose that f(x, t) is continuous, has the continuous deriva- 
tive 2L, and for all г> 0 we have (0, t) = fU, t) = 0. 


ax 
We will seek the solution of the problem (31.43-45) in the form 





u(x, t) = v(x, t) + w(x, 0), (31.46) 
where u(x, £) is the solution of the problem 
ðv _ 2 dy 
ae + f(x, 0), 
FY a ad f(x, t) (31.47) 
vle=0 = 0, (31.48) 
v.-o2 0 fens = 0 (31.49) 


and the function w(x, f) is the solution of the problem 


aw 2 95w 
=a 








= i 31.50 
or ax? ( ) 
wle-o = g(x), (31.51) 
Wieso = Wirar = 0, (31.52) 


The problem (31.50-52) has been considered in (1). We will seek the solution 
v(x, t) of the problem (31.47-49) as the series 


v(x, t) = У T(t) sin ax (31.53) 
nal 

in eigenfunctions (sin птх//} of the boundary problem .X^(x) + 

AX(x) = 0, X(0) = X(/) = 0. Substituting v(x, £) in the form (31.53) into 

(31.47), we get 


2.2.2 
> (20 +-^ n rn) sin 7. x = f(x, 0). (31.54) 


azl 1 









We expand the funetioa (x, t) into a sine Fourier series 
Дх, 0 = X f) din Tx (31.55) 
nmi sts 


where 
П 


f) =; | Ji) sin 77. E at. (31.56) 


9 С 5 i 
Comparing the éxpansiófi$ (31.54) and (31.55) of f(x, t) into a Fourier ser- 
ies, we obtain 









i. 
Tn (t) + =) WOSAN (п=1, 2,...). (31.57) 
Using the initial cond or v(x, i): 
dui 
v(x,0) =0= > 7,(0)sin Tx 0«x«l, 
n=l 


we find that 
Т.0) =0 (л=1, 2,...). (31.58) 
The solution of (31.57) for the initial conditions (31.58) has the form 


Т,(0) = [tre CF) na, (п = 1, 2, ...). 
0 


Substituting these expressions for 7,(t) into (31.53), we will find the 
solution u(x, t) of the problem (31.47-49) 


o t пта\! Hee 
vx, {у= > | [oec C9 ‘ar | sin Tx. (31.59) 
dE. 
The function u(x, t) =, W(x, 1) + v(x, t) will be a solution of the 
original problem (31.43-45);° 
(3) Consider the probléni of finding in the domain (0 < x < /, t > 0) 
the solution -u(x, t) of the equation 


ди 2 д?и t 

ML = t . 
with the initial condition 

ul,-o- p(x) (31.61) 


and the inhomogeneous boundary conditions 
и} о = m). и} ы = m(t) ; (31.62) 







are pee а 
We now introduce a new unknow indi v(x, f) by setting 


u(x, DE = p(x, 1) + w(x, d) 
where d 
w(x, t) = m(t) + 10300) - м? 


. The solution of thé próblém (31. 5. @ f then Bone dosi to the solu- 
tion of the problem (31.43-45) considered 1 in (2) for ihe function u(x, f). 


Exercises... 
1. Given z an infinite uniform rod, show that if the initial temperature 


mE -о<х< to (ио > 0, о> 0 = const), 
| 


then at any moment f > 0 the temperature of the rod will be 






initial рае i ‘ei S us я. 2 
the rod for any tüórmient of time ? 5 b 
3. The ends of a tod; Of. fon d áre máintained at zero | tempersewre The 





did léngth / are maintained at zero тшне Тһе 
initial distributi її of temperature is 





= x, <x <> 
(x)=. 2u І (ио = const). 
Г — (0 - x), z<x8 «1 


Find the не of the rod for any moment of time г> 0. 


mm" ahy! 4g! c! 
-6ar s. E TE NE т. m 
sin3x. 3.u(x.() 2 de " sin;xi-Se 7" sin а 


os (4 + D y MOIS 
“4 <a wf 





Chapter 32 


Elliptic Equations 


32. Definition. Formulation of Boundary Problems 


Elliptic equations turn up in studies of stationary, i.e., time-in- 
dependent, processes of various physical nature. The simplest equation of 
elliptical type is the Laplace equation 

u u Әди ; 

Aus + +—-=0. 32.1 

| ox! ду? az” eM 








This equation characterizes gravitational and electrostatic potential in 
points of free space and the temperature of a homogeneous isotropic medi- 
um with an established heat motion. 

In the case of a function u = u(x, y) of two independent variables 
x, y, the Laplace equation has the form 

ðu au 
Ди = FRE t ay? 0. (32.2) 
It lies at the heart of the theory of analytic functions of a complex variable. 
Its solutions are the rcal and imaginary parts of the function 
J(z) = u(x, y) + iv(x, y) that are analytic in some domain D. For a func- 
tion of one argument u = u(x) we have 
d'u 
Au = quc 0. (32.3) 
Solutions of (32.3) are the functions u = Сух + Cz, where С, and C; are 
arbitrary constants. 

Definition. The function u(x, у, z) is harmonic in the domain Q C R?, 
if u € C(Q) and obeys in Q the Laplace equation (32.1). 

Let a domain Q be bounded by a.surface У (Fig. 32.1). A typical 
problem for the Laplace equation is to find a function u(M), Me Q, that 
is harmonic in Q and satisfying in E the boundary condition that can be 
taken in any of the following forms: 

(D ик = Л(р), РЄ U—the first boundary problem, or Dirichlet 
problem, 
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(2) ди/дп|у = hlp), pé E—the second boundary problem, or the 
Neumann problem, 

(3) (du/dn + hu)|z = Ap), p€ £ —the third boundary problem. Here 
NT Sr, fs, h are predetermined functions, du/dn is thé derivative along 
7 the external normal to the surface X. 

The geometrical meaning of the Dirichlet problem for the unidimen- 
sional Laplace equation is trivial. Unidimensional harmonic functions 
и = Сүх + С, are direct lines and the Dirichlet problem reduces to the fol- 
lowing: to draw a straight line through two points AA (xi, ui) and B(x, m) 
(Fig. 32.2). 





Fig. 32.1 Fig. 32.2 


Depending on where we seek the solution of the problem (inside the 
region bounded by a surface E or outside of ©) we distinguish internal 
and external boundary problems for the equation Au = 0. 

Another representative of elliptic equations is the Poisson equation 

Au = g(x, у, 2), 


which corresponds to an equilibrium state under the action of an external 
force with a density proportional to g(x, y, z). 
Let us take another example, namely, the wave equation 


Au — a ин = 0. (32.4) 
а? 


We will seek solution of (32.4) in the form 
u(x, у, т, t) = v(x, y, z). (32.5) 


Substituting (32.5) into (32.4) gives 


2 
a a 
e" Ay + ре" = 0, 
a 





hence 


Av + kj = Go 
where k? = w/a’, 

We have thus obtáinéd for u(x, у, z) the elliptic equation 
Av + у = 0, 


which is called the Helmholtz equation. 
As with the Laplacé équátion, typical boundary problems for the Pois- 
son and Helmholtz edüátións are those of the first, second and third types. 


32.2 Fundaiüéütal Solutions of Laplace Equation 


The coinínoiést Goórdinátes are the Cartesian, cylindrical and 
spherical coordiriates. Thé Laplace operator in the Cartesian coordinates 
x, y, 2 is given by 





eu au au 
Aus + 
на 02 x 92 ' 
in the Е coorilitiates r, 9, Z, by 
=! 25 1 E a 


in the spherical coordinates r, 0, o, i 
1 ð gu\ 1 ð du 1 uw 
hile MM ELA NE еи) r3 
на 72 ar ( ан) r'sinü 30 3 (9902 sin? 0 dy" 
Of great interest are solutions of the Laplace equation featuring a spherical 
or cylindrical symmetry, i.é, ones that only depend on one variable г. 


In spherical cooidiriátes, we find that the solution u = u(r) that has 
a WEE syrmmetry:i foünd from the ordinary differential equation 


dr G 4. 0. 


Integrating this equation gives: 











С, 
и = = + С (Ci, C; = const). 
Putting, say, Ci = 1 and С = 0, we will get the function 
1 
uo(r )= P 


which is called the fundamental solution of the Laplace equation in space. 
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| The function щъ : 17Р óbéys thé éduAflón Ай = 0 everywhere except for 

| the point r = 0, where us bécomes infinite. If we look lat the field of a 

| point charge. é plated at the origin, theti otential of the field wili be 

u-e/r. . | А 

> Using thé cylihdtiéal бейш, we ind. hat. the solution u = u(r), 

. which shows a cylindrical or circular уйе! yi (for two independent varia- 

| bles), i$ found from the ordinary differential 
| 
| 











d („ау E т 
“dr \ dr | ? n : 


We integrate this to obtain 


|. и = Суп + C. 
| Choosing C, = =1 айй С, = 0, we will have 


u(r) = Int. iim 


The function uo(r) is called the fundamental solution of the Laplace 
equation in a plane. This function satisfies iic. Laplace! equation every- 
where, nad for the point г = 0), зае и = In (1/7) becomes infinite. 






323 Green's 
| 16. OS Ögrádsky-Gauss formula (see 


(32.6) 





V grad à Ла assume that и and v have continuous second 
erii їй 0 айа arè continuous together with their fitst derivatives in 
Q= QUE, ië, 


ü, vé СО) СЧ). 
We have 





(a, н) = t (grad u, n°) = v A 


| divas Соо) = (Vv, Vu) + vV?u = (gradu, ma U) + v Au. 






ү v) + ашай = (fv FF do. | dd 


This is the first Green's fórmula. 
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Interchanging u and v in (32.7) gives 


iU ((grad v, gradu) + u Av) dQ = [| u 25. do. (32.8) 
й D» 
Substituting (32.7) from (32.8) termwise, we find 
du ди | 
i [(u Av — v Au ) dì = jj (^ TEE x) da. (32.9) 


This is the second Green's formula. 
Lastly, setting in (32.7) v = u, we will obtain 


i ((grad u)? + u Au } dù = [fje 2и do. (32.10) 


This is the third Green’s formula. 

Everywhere here n is the external normal to the surface E, where © 
is a smooth or piecewise smooth closed surface. 

The boundary X of the domain Q can consist of several closed surfaces. 
In this case, the surface integrals on the right-hand sides of Green’s formu- 
las must be taken over all the surfaces that bound the domain 0. 


32.4 Basic Integral Green's Formula 


We have established that the function v(M) = l/ruas where 
runa = V(x — ж)! + (y — yo} + (Z — zo is the distance between the 
points M (x, y, х) and Мо (хо, yo, zo) satisfies the Laplace equation Su = 0 
for all M, M = М. Let 2 be a domain in R? with a boundary E, and 
u(M) є CQ) СЧ(0). Consider the function v = 1/rasam, where Mo is 
some internal point in Q. Since this function is continuous at point Ms Є 0, 
we may not directly apply the second Green's formula 

n (и Av — v Au)dQ = i (« i5. -v à) da 

ü $ n ðn 
to u and v. Consider the domain Q* K, with the boundary E U E,, which 
we obtain if from the domain Q we exclude a sphere K, of radius = and 
centre at Mo and surface X, (Fig. 32.3). Applying the second of Green's 
formulas to the functions u(M) and v(M) = 1/rman in the domain Q\K,, 
we obtain 


ШС е) ~ 9 48) 


д [1 1 ди 
7 (Dae ы Пе аа 46 Gai) 


A | 
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We transform the second integral on the right of (32.11). Calculating the 
derivative along the external normal to the region QNA, on the surface ©, 
(Fig. 32.4), we find that 


ett = aft 
И дп Ar J |=, дг {гу |, g^ 


Using the mean value theorem for the integral over the surface L, we find 


а fl l І j A 
|| ar) ntm a6 = 4ки”, (32.12) 


1 








where. и” is the mean value of u(M) over the surface ©,. 


Fig. 32.3 Fig. 32.4 


We now transform the third integral on the right of (32.11) 

[E Ou do = 1 |! дн do at dre ($2 = 47€ ЕЗ А 

Er дп E i дп - € on дп 
(32.13) 


where (ди/дп) 15 the mean value of the normal derivative ðu/ðn over 
the sphere L,. Substituting (32.12) and (32.13) into (32.11) and considering 
that А(1/ллем,) = 0 in QXK,, we will have 


Ш Cem EGO ан) 


NK, 
i ey c day ($4) | (32.14) 
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Let us how the. raditis efid to zero. We then obtain: 
(1) lim и" = (Mo), : ainee u(M) is a continuous function and и is its 





mean ш over thé sphere Of radius ё with centre at point Mo; 
(2) lim xe Quan) : 0, since the normal derivative 





ðu _ ĝu- "Qu ди 
"A CA — COS ё + Ex t Fz Y 
is bounded in thé néighbourliood of the point Mo, because the first deriva- 
tives of u(M) are continuous inside Q; 
(3) by the definition orte improper integral we have 





The limiting process in (32.14) when & — 0 leads us to the basic integral 


Green's formula 
9 [1 1 Аи 
B 12.0) "acp e 


(32.15) 


We can thus represent any function u(M) € C?(2)NC'(Q) as the sum of 
three integrals 


1 Аи 1 | ди 1 à f1 
pte. aere cue n Ge 


which are referred to as the volume potential, the potential of the simple 
layer and the potential of the double layer, respectively. 

If u(M) i$ à harrtionic function i in 2, then Au = 0 and the formula 
(32.15) assumies the form: 


"(9 à (1 
u(Mo) = d ali (с xe (32.16) 


(the point Mo lies insidé 0). 

This is the príncipal formula of the théory of harmonic functions. Yt 
tells us that the value of à harmonic function at any internal point in a 
domain 0 is expressed through the value of the function and its normal 
derivative on the boundary X. of the domain 0. It follows from (32.16) 
that any harmonic function u(M) i in Q i$ the sum of the potentials of a 













For the Laplace éqüátióri in the plane the fundamental solution has . 
the form v = In(I/r). Using exactly the same arguments, we. obtain the ; 


e Funétio БЕТКЕ Eas _ В uoc AY 







two arguments 
; (is 1) | ds. (3217) 


hé nórina! to the houndary 
is thus the sum of two 







ue 324) Any i cato furtétion " 
potentials * 


1 ¢f,1)\ 9u uc B “д f 
ae § (3) 6 Du » < 


¿The first of this is thë logarithmic potential of the simple layer and the 
песен one 4 ds шк potential of the doubic iayer. 









‚ MefZoYo! 


i i fiction u(M) is harmonic i ina |! domain Q and 
eihar vih -its first кепше in Q = QUE. then its nor- 





=0. (32.18) 


4 Applying Green's second formula 


TERT TREE RM du du 
{ff (Av - vanan = [| (« des A) da 
{ба harniont А u(M) and to the function v(M) = 1, we will obtain 







d= о, Њ. 


This propérty suggests. thàt there ate no Sources inside Q. 
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Theorem 32.2. If there exists a solution to the Neumann problem for 
the Laplace equation, then it is defined up to a constant addend. 
“4 To prove this statement we additionally suppose that u € C'(Q). Let there 
be two solutions u1(M) and (М). Then 


Au, = 0, Аи = 0 
апа 


ди, 
дп 


ди» 
„= АР), ðn E 








= f(P). 








The difference u = ш — uw will be a solution of the problem 


ди 


amigos 


b» 





Using Green's third formula 


[11 (grad uy + и Au)dQ = || u T T. do 
ü 


we will have for such a function u(M) 


{|| (grad udQ 2 0 ог 
n 


WE) + GE) + (GS) ) о-о 


The integrand being continuous and nonnegative, we get 
ди M du MN ди \? _ 
( ax) ^ ( ду tx) * : 


ди ди ди Я 
лаа A) -к-- = ер жЕ | 
ax р ду 0, jz ) in О. 
so that w(x, у, 2) = 0, and hence i(M) — и›(М) = const. > 
We stress that in the Neumann problem the function /(P), P€ E, must 
meet the condition 


{| (P) do = 0. (32.19) 





Or 


If this condition is not satisfied, the Neumann problem has no solutions. 

Theorem 32.3 (on the mean value of a harmonic function). 7f a Junction 
u(M) is harmonic inside a ball of radius R with centre at a point Mo and 
continuous together with the first derivatives up to the boundary. гі, 
then the value of u(M) at the centre Мо of the sphere Uk is equal to 
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И 


the arithmetic mean of all the values u(M) on that sphere, ie., 


шма) = yor j ] и(Р)ао, (32.20) 


ah F M 

Where R is the radius of the sphere. 

-4 We will apply the basic integral formula of the theory of harmonic 
functions 


wa Lenaro E 
uo) = n || (x и 3n (De 


to the sphere Lf. For this sphere (Fig. 32.6 r= МР = А, 
д/дп = ð/ðr, therefore 


u(Mo) = d || (5 ou "T x) do. (32.21) 





Fig. 32.6 Fig. 32.7 


ди 


By Theorem 32.1 we have if an do = 0 and formula (32.21) yields 


Ей 


(М) ЕБЕ їр undo. > 


For the unidimensional Laplace equation d^u/dx* = 0 this theorem is 
a theorem on the median of a trapezoid: the length of the segment Mo M 
is equal to half the sum of the lengths of the segments аА and 28 
(Fig. 32.7). 

Theorem 32.4 (on the extrema of harmonic functions). Let a function 
u(M) be harmonic in a domain Q and not identically equal to a constant. 
Then it has no local extrema inside Q. 





Mo € Qa local maximuri zy 


u (Mo) > u(M) an (32.22) 
at all points М of the ball of a sufficiently small radius with centre at 
Mo. By the theorem ой Ње mean value of a harmonic function 

ln : с 
u(Mo) = 4? | 


(EX is a sphere within thé above ball). By the theorem on the mean value 
for the double integral We.have - 


“м--н 








Ма) = u(Mm). 


This is at variance with (32.22), and thus proves the theorem. > | 

A function u(M), harmonic їп a bounded domain Q and continuous 
in aclosed domain 2 = QU Р; attains its absolute maximum or minimum 
on the boundary © òf () (thé maximum principle). 

From this we cari readily: déduce the following theorems: 

Theorem 32.5 (uniquenéss theorem). The solution of the internal 
Dirichlet problem 


Au=0 
ulz = (P), PEL, 


continuous in a closed domain Q = QUE is unique. 
4 Suppose that we have two solutions of the problem: ui (M) and u;(M). 
Then the difference u(M) = (M) — u2(M) is harmonic in Q, continuous 
in Q and equal to zero бї Б. By Theorem 32.4, the absolute maximum 
and minimum  valuéà, u(M) in are zero. Consequently, 
u(M) =u (M) — (М) n D, ie, (M) = (M). > 

Theorem 32.6 (on cóntinüóüs dependence of solution of the first inter- 
nal boundary problem ой boundary values). Let uy (M) and (М) be solu- 
tions of the problems ` 


Au = 0, ule = = ё1(Р), 














апа 
Аи =0 Щу = exp) 


: QU E. Then, if everywhere on the boundary 







that are continuous in Q- 
E holds the inequality. 


lpi (P) – eP) «à, PEE, 
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i m азлар ——O———ÁNe$! 


| then throughout О will hold | 
ja (M) = (М < è, Met: 


. 4 The function &(M) = uu (M) -n(M) del irionié in Q and continuous 
“An 0, and це = : ei (P) = ¢2(P). Since -ë ФР) – ›(?) < £, by The- 
orem 32.4 the absolute tnáximum and mifiimurh values of (Af) are con- 
tained between —e€ and e. Hence !u(M)| <.е, ie, lin (M) — (М) < 
eyv Meg.» | | 





| 
32.6 Solution of the Dirichlet Problem for 
. a Circle Using the Fourier Method 
The ргоЫет is forthulated as.follows: find a function u(r, ø) that 


inside a circle Kr of. rádius го with centre at the origin obeys the Laplace 
equation 
Au = 0, (32.23) 
that is continuous in the closed region K,, and assumes specified values 
on the boundary of the circle, i.e., 
lil, = 5 = Fi 7 : 
Thé function fo 
period 27. 
The desired soluiióti бана šiñgle-valued, it must be periodic іп e with 
period 27, Le, u(r; à) (rie + 27). And since the solution is continu- 


ous in Kn; it i$ bounded in К. 
In polar cóótdifátes ' иал (32.23) has the form 


| д7; UN 1 õu 
LEUS a) eae ы 


We will seek particular solutions of equation (32.25) in the form 
u(r, e) = R(r)$(e). (32.26) 


Substituting u(r, e) itt thé form (32.26) inté (32.25) multiplied by г, we 
will get 














га (к) + оен) = 


, a (б 4n, 
| dr diJ. « Ф") у 


R(r) Ф() 


or 
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hence 
Фф” (о) + АФ() = 0, (32.27) 
rPR"(r) + rR'(r) - \R(r) = 0. (32.28) 
From the condition u(r, р) = u(r, +27) it follows that ®(y) = 
(y + 27). We then find from (32.27) that А = л? (n = 0, 1, 2, . . .) so that 


baly) = An cos ng + В, sin ng (1:50, 11, 2, 22.) 
Specilically, Фо(е) = Ао = const. 
We look for the solution R(r) of equation (32.28) (Euler equation) in 
the form R(r) = г". 
Assuming R(r) = r^ we find from (32.28) (at А = л?) 
o(o-l)+to-n’=0. 
Thus, 02 — л? = 0, o = xn (n >), and hence 
Ra (r) = anr” + bar" (n > 0). 
At n = 0 we find from (32.28) 
Ro(r) = ау + bo In r. 


To solve the internal Dirichlet problem we have to put bn = 0, л = 
0, 1,2, ... (since r7" + œ and In r ^ со as r ^ 0 + 0), i.e, we have to take 
В,(г) = aur" (п = 1, 2, ...), Ro(r) = ao. 

We will now look for the solution of the internal Dirichlet problem in 
the form 


u(r, e) = Ao + 2, "(An cos ne + В, sin no), (32.29) 


n=l 


where the coefficients An, B, are found from the boundary condition 
(32.24). 
At г = ro we have 


u(roy e) = (еф) = Ao + Y ro (An cos пф + Bn зіп пе). (32.30) 


п= 4 


We write the expansion of /(¢) into a Fourier series 


Ае) = A + > (a, cos ny + B, sin ny), (32.31) 


where 


2r 2x 
ао E joes On zo | 700) cos nt dt, 
T т д 


| f(t)sinnt dt (п=1,2,... (32.32) 


zr 
T 
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A comparison of (32.30) and (32.31) yields 


igus ee, An = жы $ Bs 6 (n= 1, 2, ...). 
2 To го 





The formal solution of the internal Dirichlet problem can thus be represent- 
ed as a sum u(r, e) of the series 


(n °, fr А 

u(r, p) = —-* 2 (2) (um cos лр + Ba sin nv), ($2.33) 
2 n=1 To 

where the coefficients ao, ол, B1, .. ., он, On, ... are given by (32.32). 

For.r « ro the series (32.33) can be differentiated with respect to r and 
e any number of times, and hence the function u(r, p) from (32.33) satis- 
fies the equation Au = 0. 

If we assume that /(y) is continuous and differentiable, then series 
(32.33) will converge uniformly for r < ro, and so u(r, q) will be continu- 
ous on the boundary of the circle and will meet all the conditions of the 
problem. 

The solution of the external Dirichlet problem should be sought for 
as a series 


u(r, Ф) = 25 LG. cos по + B, sin п), (32.34) 


п= 0 
where the coefficients An, B, аге to be found from the boundary condition 
uj, =» P Slo). 
For the annulus л < r < rz formed by two concentric circles with centre 
at point О and radii л and г (Гір. 32.8) we will seek the solution of the 
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problem іп thé fo 


u(r, ¢) = Ў, (Anr + =) cos пф 


E er Da! 

+ 25 (B T 2) sin ne + Ао lnr + Bo, (32.35) 
П з 1 

whose coefficients Ао; Bo, An, Cn, Bn, Dn (n = 1, 2, ...) are to be found 
from the boundary conditions и(л, e) = fi(e) and u(r, e) = fly). , 

Example. Find 4 furiction that is harmonic inside a circle of radius 7o : 
with centre at the origin, Such that u|,z = 3 + 5cos v. 
"4 The problem coinés dówi to solving the internal Dirichlet problem for 
the equation Au = 0 With the boundary condition 

Ии] = 3 + 5 cos P. (32.36) 


We will seek for the solution in the form of a series 
u(r, e) = Ao + Èra cos ny + В, sin ng). 
We have from (32.36) 
u(ro v) = 3 + 5 ċoś р = Ao + Y ro(An cos no + B, sin ne). 


п= 0 
Since the system of functions 1, sin e, cos ф,... is orthogonal оп [0, 27] 
we obtain 
Ao = 3, mA = 5, А, = 0 vn 22, В, = 0 vn. 
The desired solution will be 


‘u(r, e) = 34 Fees e or u(x, уу=3+——х. > 
№ .:; e To 


32.7 Poisson Integral ` 


We simplify foriiula (32.33). Substituting expressions (32.32) for the 
Fourier coefficients into (32.33) and changing the order of summation and 
integration, we will gét 


2x. eo 
2- 
u(r, $) -l | KJ) [2 + 2j (z) (cos rifcos n + sinntsin ne] dt 
0 С 
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2x 
po tu x cos n(o – n dt. (32.37) 


Хе will put for short r/r = т sind maké the following rearrangements 
е < 1): 


+ У 7' cos n(e — t) 25705 2. 1 r'[e^te- 0 + 2467 0] 
=l 


п= | 


— 


NS = 


1-—2reói(o — D) 4 £^ 


Substitution into (32.37) gives 


+7 

j Қе- 1) -i(e- I) 
2l TM 

ЕИО ое i getm 

1 

2 


2r | i 


T 
ү (= ea 





or 
Res; $0 m5 ; 
u(r, e) =a 4—— А (32.28) 


The resultifig: fortiula; Which is the solution of the first boundary 
ptoblem for thé équati6n Au = 0 inside the circle Kn, is called the Pois- 
son integral and the expression 

d-P | 
re — 2rro соѕ (ф — t) + ті 


i$ called the Poisson Kernel: > i 
It can be shown tha Jo) is oüly édütinuous on the circumference 
Кл, then the Мйне i | 











m d ipo. a ud aia г for r Fo, 
u(r, ф) = Р — 2rro cos(e > Zu 





Sie) for г = т 
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satisfies the equation Au = 0 for r < ro and is continuous on the closed 


circle Ks 
Remark. The solution of the external boundary problem has the form 
ax 
rer 
u(r, ar = at r> n). 
(г, e) z| SEE, P APT PT TH ( o) 
Exercises 


Find a function that is harmonic inside a circle of radius ro with 
centre at the origin, such that 


1. ular =2 + 3sin e. 2. u|,- = sin? e. 3. би. = А cos o 
гъ го 
ди _ - 2 
(A = const). 4. Srt 2sin* o. 


5. Find a function that is harmonic in the annulus 1 « r « 2, such that 
ul.i-1-c0ose, иј}, = sin2g. 


6. Find the stationary distribution of temperature in the uniform sector 
0<rga,0< ox a. The temperature on the straight sections of the 
boundary is zero, and on the arc of the circumference a linear distribution 
is specified. 

Hint: The problem comes down to solving the equation Au = 0 in the 
sector with the boundary conditions u|,-o = Ulpea = 0, Urea = Ap 
(A = const). | 


Answers 
7 ron гулу 
l. u(r, yg) =2+3—sing. 2. uir, фр) = = – = { — | соѕ 20. 3. и = 
s fo 2 2 \( љо 
Ao + ar cos e, Ao is an arbitrary constant. 4. The problem has по solution. 5. ur, Ф) = 1 – 





4 k*l 
ns + (5-4) ese tae (7-2) sin 2e. 6. u(r, p) = aA Өр = ы D 
rV SO ka kel 
a oS E Ps 
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Conformal Mappings 


In applications it is often necessary to transform a given domain 
into a simpler domain so that the angles between the curves remained un- 
changed. Such transformations enable us to solve problems in aero- and 
fluid-dynamics, elasticity theory, the theory of fields of all sorts, and so on. 

We will restrict ourselves to transformations of plane domains. 

A continuous mapping w = f(z) of a plane domain D into a domain 
in a plane is called conformal at a point 20 € D, if at the point it has the 
property that extensions and angles are the same. 

Open domains D, and D» are said to be conformally equivalent, if there 
exists a one-to-one mapping of one domain onto the other such that it 
is conformal at each point. 

Riemann mapping theorem. Алу two plane open simply connected do- 
mains, whose boundaries consist of more than one point, are conformally 
equivalent. 

In dealing with specific problems the main task is to construct from 
given plane domains an explicit one-to-one conformal mapping of one of 
them onto another. In the plane case one way is to lean on the tools of 
the theory of functions of a complex variable. 

It has already been noted above (Sec. 26.1) that a univalent analytic 
function with a nonzero derivative conformally maps its domain on its 
image. , 

In constructing conformal mappings the following rule is quite useful: 


Principle of boundary correspondence. Suppose that in a simply con- 
nected domain D of the complex plane z bounded by a contour y a func- 
tion w = f(z) is specified that is continuous on the closure D and maps 
the contour y onto some contour y’ in the complex plane w. If the sense 
of tracing the contour is the same, the functon w = /(z) is a conformal 
mapping of the domain D in the complex plane z onto a domain D’ of 
the complex plane w bounded by the contour у’ (Fig. II.1). 

We here wish, using the domains where basic elementary functions of 
a complex variable are univalent (see Sec. 26.2), to learn to construct con- 
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Fig. II.2 


formal mappings of open simply connected plane domains, which com- 
monly occur in applications, onto two standard regions— the upper half- 
plane and ийїї circle (Fig. 11.2). 

In order that the table given below be better used, we provide some 
simple transformations of thé complex plane. 

Plane transformations: (1) Parallel translation (shift by a predetermined 
compex numbet d (Fig. 11.3)). 

(2) Rotation (by. à prédétérmined angle o) (Fig. 1.4). 

(3) Extension (К 5 ;éontraction (0 < k < 1) (Fig. IL5). 

Therefore, à transis nation ‘Of the type w = az + b, a + 0, can make 
any circle into à unit circlé: With. centre at zéro, arid any half-plane can be 


ol 


тз z+a 











to 


C7 


5..7 mruw-0 





: Fig. 11:3 
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extension 





rofation contraction 


(d) (di 
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made into the upper half-plane, any segment of a straight line can be made 
into the segment [0, 1] on the real axis, and any ray into the positive x-axis 
(see Fig. II.6-8). | 

(4) A transformation of the plane z such that three different points 
Zi, %2, 23 go into different point wi, и», из in the plane (Fig. П.9) 





Fig. II.9 


Table structure and directions for use. The table is based on the follow- 
ing scheme: serial number, domain D in the complex plane z, conformal 
mapping (direct w = f(z) and inverse z = g(w)), domain D’ in the com- 
plex plane w, conformally equivalent to D. 

Each entry in the table is as a rule either the upper half-plane or the 
unit circle with centre at zero. As we will see later, such a standardization 
is convenient in practical applications. For the most part, a transformation 
is only provided that reduces a given domain to the one considered earlier. 
[n that case, a reference ís made to the transformation that transforms the 
resultant domain into a standard one (unit circle with centre at zero or 
the upper half-plane). 


Table [LI Basic Elementary Functions 





Imz>0 No. | e«cagw«mxto 





w= el#z 
z=e "w 
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Table 11.1 (continued) 





Nó. 2 [m w » [m a 





4 <1 No. 3 TES: 





No. 4 Im w»0 


wow? 
ny 
z= Vw 


n-2,;3,... 





No. 5 Im w»0 
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Table ILI (continued) 





Imz>0 | Мо. 6 Ray [0, +æ) on the real 
axis is removed from the 
plane w 





Imz »0, |z» 1 No. 7 Imw>0 








No. 8 Im w >0 








те > 0. |z <1 No. 9 Im и> 0 





Conformal Маррїй - eu | aii 
LM —————————————- 


Table ILI (concluded) 





imz«9 |> Ї , No. 10 Іт и> 0 









arg w’(w) = à 
Iti è > 0 Noli — ‚ Imw>0 


Gd 


a, b, c, d are real € a 
ad - bc» 0. 
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M 6 —————M—————— 
——————————_——__________ 


Table 11.2 Plane with Cuts 


l<: No. 14 и > 1 








1 
w=- 
z 
__t 
w 
imz>0 No. 15 |" < I 





0 < imz< x. No. 16 In w»0 


и = е 
z = Inw 





0<1пт<х, Rez»0 No. 17 
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Table {1.2 (continued) 





Plane cut along the ray No..18 т и> 0 


(0,4) 








wave 
* 
б z= ж" 
t. L 
Plane cut along the segment No. 19 Plane cut along the ray 
[0, 1] [0, +) 










ЕД 





P 











РА " "p 
7 УЛУУ а wo 77 ПГ 
77 Эд wl Ee 7 = 
; D Г 
Г Г Г П 
АСА 
z 
Plane with two cuts (— «o, 0] No. 20 Plane cut along the ray 
and (І, +) {0, æ) 













A LZ 
Ж Ж, Ys 


P4 "d 








676__ Аррёййіх ft us 


HIE |S Sons “ҮҮ |; | & S 
ji 18 18. 
NS 


a | СС T qp € МА 


- S 
. N \ 1 
2 "ls 


along the rays 








a j= 
ie |8 Mix 


No. 22 


iwo rays lying. — 
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Table 11.2 (concluded) 
Plane cut along the sernicircle No. 24 Plane cut along the ray 
‚Ш=Ке:>»0 7 | (0, + =) 








Plane cut; along the ray 


Plane cut along the arc of à No. 25 
[Q, ^"^: 


ёге |z – 2] = r, 
£219 + ге", wedge 










КРА 2 
2 = z($0, Ano 2(v2) ; 


ee pi + p 
= 
М 2 


Table i13 НЫЕ ане with Cits 











Half-plahe im 2 > 0 with à No.26 . Plane with ia cut along the 
éut along the segment {0, Л] 55 4. bay [-1, н) 
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Table 11.3 (concluded) 


Half-plane Іт z > 0 with a No. 27 Plane with cuts along the 
cut along the ray {i, iœ) of rays (- оо, —1] and [0, +) 
the imaginary axis 











w= 22 
Half-plane Іт z > 0 with cuts No. 28 Plane with cuts along the 
along the ray (bi, + ѓоо) and rays (7 о, —5?] and 
the segment [0, ai] of the im- [-a?, + ә) 
aginary axis, О <а <b 
w= 2 
Half-plane with a cut along No. 29 Half-plane Im w > 0 with a 
the arc of the circle — cut along the ray [i, foo) of 
Е Ц = 1, = 1+ е“, the imaginary axis 
т 
5 Søs 
z-1 
э = 
[4 
1 
z= 
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Table IL.4 Circle with Cuts 





Ciscle |z| < ! with a cut along No. 30 Plane with a cut along the seg- 
he radius: (172. 1 ment [-1, 5/4] 





Circle |z| < 1 with two cuts No. M Plane with a cut along the seg- 
along the diameter on the real ment [— 5/4, 5/4] 
axis 





Circle |z| < 1 with two cuts No. 32 Circle [иј < 1 with two cuts 
along the diameter on the im- along the diameter on the real 
aginary axis axis 


= L 








Apperidix IL... 


Table ILS The Outside of à Ciréle with Cuts 


The outside of the circle | > 1 No. 33 
with a cut along the segment 


(1, 2] 





The outside of the circle |z| >1 No. 34 
with two cuts along thé segments . 
[-2, -1] and [1, 2] ipo sik 





Plane with a cut along the seg- 
ment [—1, 5/4] 





Plane with cuts along the seg- 
ment ( — 5/4, 5/4] 





The outside of the circle [| No. 35 
with cuts along two seg- = 
ments of a straight line 








The outside of the circle |w| > 1 
with cuts along twó segments of 
the real axis 
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Fable 11.6 Semicircle with Cuts 

Semicircle |z| < Í, Im 2 5 0 witha. No.36 Circle [мј < 1 with ia cut along the 
cut along the segment’ (0, 1/2] on я segment [— 1/4, 1] on the real axis 






the imaginary. axis... 








: | 

Semicircle |z| < 1, Im z > 0 with a No. 37 Circle [ө] < 1 withi cuts along the 
cut along the segment [//2, i] on the segments (—1, —1/4] and (0, 1] on 
imaginary axis the real axis 









Semicirclé fz] : Ý with | No. 38 Circle |w| < 1 with! cuts along the 
two cuts along t ëihërits (0, ai] segments [—1, —5?] and [-a’, 1] 
and [bi, ij on the imaginary axis; on the real axis 


0<а<Ь<1 
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Table 11.7 Angle with Cuts 





Angle 0 < arg z < z/2 with a cut along No.39 . Half-plane Im w > 0 with a 
the ray arg 2 = т/4 originating at | + į cut along the ray on the imagi- 
nary axis originating at 2i 





Angle 0 < arg z < 2z/n with a cut along No. 40 Piane with two cuts along the 
the ray arg z = s/n with origin at rays (— с, —а”] and (0, +œ) 
‚Ж 


15 
Z% = е "а; ах 0 





Table 11.8 Band with Cuts 


Band 0 < Imz < т with a cut No. 41 Half-plane іт w > 0 with a 
along the segment [0, /z/2] on cut along the arc w = е”, 
the imaginary axis O<¢eK<x/2 
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Table ILS (continued) 





Wand 0 < Imz < s with a cut No. 42 Hall-plane lm w > 0 wih a 
alone the segment [ri/2, тї] on К cut along the arc w = e", 
the imaginary axis T/L < о я 





| > 
лі (2) 














| А 
oj w=e 
Band 0 < [m z < т with two No. 43 Half-plane with cuts along 
cuts along the segments [0, ai] the arcs w = e^", 
and [bi, xi], O< as b<a, О<о<а, Б<ұеќт 


on the imaginary axis 





Band 0 < Im z < 29 No. 44 Plane with a cut along the 
ray [0, + оо) on the real 
axis 





Band 0 < Imz «2b, b 50 No. 45 Half-plane Im z > 0 with a 
with a cut along the ray cut along the segment 
Imz=h, Rez <0 (0, ai} on the imaginary axis 








Table 11.8 (concluded) 





Band 0 < Im z < 2b, b > Ó No. 46 Band 0 < Im z € 2x 
with a cut along the ray 
Imz = b, Rez «0 





Band 0 < Imz < | with a cut No. 47 Band 0 < Im w< I 
along the segment Re z = a, 
0«Imz«&b«l 





Band 0 < im w« I 
Е- Ц>1 


















| Сота! Маррійв: 685 
Tahle IL9 (continued) 
| Region Rez «Lil sl No. 49 Band 0 < im w < | 


i Half-plane Im z Angle a < arg w < я 


Half-plane Im z > 0 4 
cut-out segment of à eii 


Half-band 0 < Im £ < r, 
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Table 11.9 (continued) 





Hall-plane Im z > 0 No. 53 
with cut-out semicircles 











4-2 
w = —— 
Half-band 0 < Re z < a, No. 54 
іт г> 0 
сага 
а 
woaz gp oo o 
i 
Angle Im z > 0, Rez > 0 with No. 55 


a cut-out sector |z} < 1 


Half-band 0 < Rez < 1, 
Imz>0 





Half-band 0 < Im w < з, 
Rew >0 








Halt-plane Im w > 0 





Angle Im z, Re z > 0 with a No. 56 
cut-out semicircle 


Half-band 0 < Rew < 1, 
In w»0 





elt 
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Table 11.9 (continued) 





The outside of the parabola No. 57 Half-plane Im w > 0 
У.Ф 2р (ei) oo 
г= х + іу 











Inside of the parabola No. 58 Half-plane lin w > 0 


= 2р («+2).p>0 


z=x+iy 






5 |: n 
w = iV2 cosh + I: p tm 
2p 5 





Мо. 59 Half. plane [m w > 0 














w- Са. z~c?\r- 2 
z ce? 








Table 11.9 (concluded) 


Inside of the right-hand brarich ! No. 60 Half-plane Im w > 0 
of the hyperbola 
ry 


а? b 


с = Уа? + b, 6 = їп! 


als 








72 Ww 2 cosh (go) 
28 c 





No. 61 Outside of the circle |w| > 1 





2 
x 
You да 1, 


a p 
a>b>0,c=Va— b! 





We will now illustrate by ай example how the table is to be used. 
Example. Find a one-to-óne and conformal mapping of the circle 


|z-(2+ 2), <3 
with a cut along the radius (Fig. 11.10) 
argz=-—, 1+ 22 < |4 <3 + 2/2 


onto the unit ciícle with centre at zero. 
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-4 (a) We will make usé of the elementaty plane trasformations to reduce 
the given domain to thé one available in the table. i TT 
| 1. We shift the centre of the given ciicle to zero (see ‘Fig. 11.11) 





а =ї- (@ +2). ' : 


| We have: circle [2:| < 3 with a cut агай e #/4, 1 & |n | <3. 









Fig. ИЛО: 








2. We turn thé res Їн & 


it 
о = де í 2 
ko ni т. 


We have: éiícle |z;| < 3 with a cut arg z = 0, 1 < |z] < 3. 
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3. We compress the circle so that (Fig. 11.13) 


Ag. 
3 3^ 


We have: circle |z| < 1 with a cut 1/3 < |z| < 1, argzy = 0. 
The given domain is thus reduced to a tabulated one using the transfor- 
mation 


z7—2-2i К 
Z3 - —————— (1 - У 
3 3/7 (l - i) 


(b) 1. The given region is a circle |z| < 1 with a cut arg z; = 0, 
1/3 < |z3| < 1. It is given in the table (No. 30). The Joukowsky function 


transforms this region into a plane with a cut along the segment [— 1, 5/3] 
on the real axis (Fig. IT.14). 





Fig. 11.14 Fig. 11.15 


`2. This domain is given in the table (No. 22). Using the linear fractional 
transformation 


Zs = 





7 


— £4 


Lo] Url es 


we transform the region into a plane with а cut along the ray [0, +оо) 
on the real axis (Fig. II.15). 


3. This region is given in the table (No. 6). Extracting the root 
Z6 = VZS, 


we transform this region into the upper half-plane Im zs >0 (Fig. П.16). 
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— ana 
Fig. 11.16 


Fig. (1.17 


4. This region is given in the table (No. 11). Using the linear fractiona 
transformation 


16 ~ 1 
оова is 
— 1% 


we transform the region into the unit circle with centre at zero (Fig. IT.17). 


[м< t. 


By successively expressing zi through z i, we will obtain a one-to-one 
conformal mapping of the given circle with a cut along the radius defined 


on the complex plane z onto the unit circle on the complex plane w. -> 





ETI 
| 


Fig. 11.18 


Conformal mapping is not uniquelly defined by given domains. 
Example. Find a one-to-one and conformal mapping of the semicircle 


1:1 < 1, Inz>0 
on the upper half-plane 
Im у > 0. 
4 (a) 1. The linear fractional mapping 
Za = atl 
l-z 
transforms the given semi-circle into a right angle (Fig. 11.18) 


Imz; > 0, Rez > 0. 





2. The domain i$ given ifi the table (No. 4, п = 2). Raising to the square 
w= zt, 


we map this doinain onto the upper half-plane Im w > 0. Thereby, the 
desired mapping is 





ЖЕ 
w= (< + 1 ) А 
4-1 
(b) The given domain 
izl < 1, tn z > 0 


is given in the table (No. 9)... 
The required’ fhapping has the form 


_ d | | qa : 
w= 2 (: +2) on: 


Both mappings 


ИЕ Р 
w= 2+1 апа owed zat 
are one-to-oné conformal: thappings of the given semicircle |z| < 1, 


Im z > 0 onto the upper half-plane 
Imw»0. > 





Abel's theorem 51, 478 .. 
Analyticity of solutión 189° 
Area of a cylindrical sutface 
Omnp- i 


Area of a plane figure 328 
Area of a plane region 268 
Asymptotic formula 259 
Asymptotically stable solution 
228, 231, 242 
Autonomous system 233 


Basic theorem of algebra 489 
Bernoulli's equation 130 
Bessel equation 190, 193, 194, 199 
Bessel function(s) 99, 193, 195 
norm of 198 
orthogonality of 196 
zeros of 196 
Bessel identity 102 
Bessel inequality 101, 102 
Beta function 433, 434 
Binomial series 60 
Branch point 470 
algebraic 470 
logarithmic 470 


Cauchy criterion 18, 426 ·. 
Cauchy-Hadamard formula ^ { 
482, 491 


Самсһу Inequalities 488, 499» DAT 


Cauchy integral forinulá 473 . 
Cauchy (initial value) problé, 
108, 147, 188, 587, 589, 

‚ 634, 637 
. . solution of 109f, 204, 259 
Cauchy-Riemann differential 
; equations 447 
Cauchy test 24 
Cauchy theorem 465- _ 
for multiply-connécted do: 
.. mains 471 
Céntre 239, 247, 252 
Centre of mäss 365 
Characteristic equation 165, 
ci $82, 184,217 2 
tharketeristle eaponént g ^ 
Km polyhóitilal 165 ; 
18 











Chebyshey-Hermite pm: 
als 99 

Circle of éonvérgénés 480 . 

Circulation of a vector field 378 
in curvilinear coordinated 
413 . 

Ctairaut equation 140 - 


Class of correctness $94 _ 
Closed systems 04, 
Comparison theorem 263 . . 
Complete system 103 ~ : 
Conformal mapping(s) 453, 
686 . 
Conformity criterion 453 
Contour of integration 4 
Convergence 13 
absolute 32, 34 
conditional 32, 34 
domain 38 
in the mean 100 
interval 38, 51, 53 
tests for 18 
unlform 40 
Convolution of functions 557 
Convolution theorem 538 
Coordinate lines 406 _ 
Coordinate suríaces 406 





‚ Coordinates of the centre of 





7 mass 303 ` 





А Correctly-posed problem a d 


Cur ots & vector field 379, 


plétewise-sriooth 313 
Cütvilinear coordinates 278, 
219, 360, 406, 408 

orthogonal 407 
Cylindrical body 265 
Cylindrical coordinates 297, 


pn 406 EE 
. , Cylindrical fünction 199 


D'Alembert formula 590, 591 
D'Amelbért solution 542, 558 
D'Alembert test 22 

Definite function 244 
Delta-function 639 — 
Dependence region 391 


‚; Differential operations of the 


second order 402 


"t Dimction field 13 — — — 
7 Directional derivative 335, 336 
+ Dirichlet problem 661 


Divergence of vector field 
371-3 
in orthogonal coordinates 
410 

Domain in the complex plane, 
441, 667 







boundary of 442 

closed 442 

multiply-connected 442 

open 442 

simply- -ccnnected 442 
Double integral, 267 

change of varibales in 278 

пп polar coordinates 281 

properties of 268 
Duhatnel formula 566 


Eigenfunction 599, 616, 618 

Eigenvaine 719, 220, 599, 616, 
618 | 

Elgenvectór 219, 220 

Elliptic equations 650 

Equations homogeneous in x 
and y 122 

Essential Singularity 507 

Estimation of Integral 269 


. Euler formula 457 


Euler integrals 435 
Eiler method 116, 217 


,, Exact differential equations 132 


Extended [complex plane 443 


К Extension of so:ution 226 


. Focus 238 


Fourier cac(ficienis 78, 80, 91, 
92. 100, 101 
Fourier expansion 78, 82 
Fourier integral 527. 534 
Fourier integral [nr muln 527, 
53 | 
Fourie: methed 598, 613, 643, 
66] : 
Fourier series 73f 
Fourier transform 528, 531. 535, 
$43: 
inverse 529 
Fresnci Wltegrals 517 
Function; 
integrable along a curve 
314; 
integrable over a domain 
261: 
even R2, R1 
Function 
oddi83, 84 
nf epustant sien 245 
periodic 75 
piccewise monotone 75 
Functiori(s? ot a солае 
variable 443 
analyticity of 446. 449, 475 
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Function(s) 
antidecivative of 467 
continuity of 446 
derivative of 451 
differentiabilily of 446 
exponential -t57 
lractional rational 456 
harmonic 451 
hyperbolic 459, 460 
integration of 470 
Joukowsky 456, 690 
limit of 444 
linear 453 
linear fractional 434 
multivalent 444 
multi-valued 444, 459, 470 
power 455 
rational 453 
trigonometric 459 
univalent 444 
Functional series 38 
absolutely convergent 38 
complex 477 
convergent 38 
dominant series for 44 
remainder of 39 
uniform convergence of 40, 
45 
Fundamental matrix 214 
Fundamental set of solutions 
161, 162. 163, 178, 194, 199, 
200. 213 


Gamma-function 431, 432 

General (complete) integral 111, 
136, 137, 149 

Gradient of a scalar licld 339-12 
in orthogonal coordinates 
409 

Green's forinula(s) 322, 653, 
654. 656 


Hamiltonian 399 
Hankel functions 201 
Harmonic functions, 650. 656 
extrema of 659 
mean value of 658 
Harmonic serics 19 
Heat equation 634, 045 
Cauchy problem for 634 
fundamental solution of 
631 
Helmholtz equation 652 
Higher-order differential 
equations, 147 
general integral 149 
general solution of 148, 
160, 178 
initial conditions for 147 
integral curve 149 
linear homogeneous 153, 
155, 160, 161 
particular solution of 149. 
182, 184, 200 
Iyperbolic equation 586 


Et-posed problem 596 


Improper integrals depending 
on parameter 425, 428, 410 
Improper multiple integrals 307 
Integrable combinations 210 
lategral curve 106, JH, 149, 
205,211 - 
Integral depending on parame- 
ter 420 ` 
Integral sum 266, 290. 314 
Integral test 25° %.. 
Integration of the differential 
equations 107.7 
Integration by elimilation 206 
Instability 247 ^ - 
Irrotational ficld 380 
Isoclinic line 113+. : 
Isolated singularities 499, 506 
Iterated (repeated) integral 270. 
Invariant(s) 341 
Inversion theorem 561 






Jacobian 279, 280 
Jordan's lemma 512 





Kernel 524. -, 






Lagrange equation 139 

Laplace equation, 403, 451, 652 
fundamental solution in 
space 652. - 
fundamental solution in a 
plane 653 

Laplace operatar 403 
in orthogonal coordinates 
415 

Laplace transsorm. 346, $48, 
560, 570, 627 ` 
inverse 346, 519, 560 
properties of 551 

Laurent series 491. 495 

Legendre polynomials 97 

Leibniz formula 422 

Leibniz test 30. 5! 

Level curves 334 

Level surface: 334 

LHospital’s rule 61 

linearly dependent functions 
155, 157 

Lincatly dependent vectors 212 

Linearly independent functions 
156  - $ 

Linearly independent vectors 
213 

Line integral 314. 386, 394 
in curvilinear coordinates 
414 
of the first kind 314-16 
of the second kind 317-19 © 

Liouville theorem 489 

Local theorem of existence 226 

Logistic equation 122 

Lyapunov's function 244, 245 

Lyapunov's theorem on stability 
245 


Maclaurin series 60. 61, 66 





Mass of a bady 305 

Mass of a curve 327 

Mass of a plane ligure 302 

Mean squarc approximation 
102 

Mean value formula 316, 475 

Mean value theorem 269, 394 

Meltin formula 361 

Method of isoclines 112 

Method of integrable combina- 
tions 209 

Method of Lyapunov's func- 
tions 244 

Method of successive approxi- 
mation 114 

Method of variation of con- 
stants 127, 176, 215 

Mixed problem 598, 609, 621, 
627, 643 

Mabius strip 352 

Moments of inertia of а plane 
figure 304 

Multiple integrals 265 

Multiplication theorem 557, 
558 

Multiply-counected domain, 
323 
Cauchy theorem for 471 

Multivalent function 444 


Natural equations 315 
Neumann (Weber) functions 
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